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Abstract
To maximise productivity and reduce scrap in high-value, low-volume production, Five-Axis
Machine Tool (5A-MT) motion accuracy must be verified quickly and reliably. Numerous
metrology instruments have been developed to measure errors arising from geometric im-
perfections within and between machine tool axes (amongst other sources). One example is
the Telescoping Magnetic Ballbar (TMBB), which is becoming an increasingly popular in-
strument to measure both linear and rotary axis errors. This research proposes new TMBB
measurement technique to rapidly, accurately and reliably measure all position-independent
rotary axis errors in a 5A-MT.
In this research two literature reviews have been conducted. The findings informed the
subsequent development of a Virtual Machine Tool (VMT). This VMT was used to capture
the e↵ects of rotary and linear axis position-independent geometric errors, and apparatus
set-up errors on a variety of candidate measurement routines. This new knowledge then in-
formed the design of an experimental methodology to capture specific phenomena that were
observed within the VMT on a commercial 5A-MT. Finally, statistical analysis of experimen-
tal measurements facilitated a quantification of the repeatability, strengths and limitations
of the final testing method concept.
The major contribution of this research is the development of a single set-up testing
procedure to identify all 5A-MT rotary axis location errors, whilst remaining robust in the
presence of set-up and linear axis location errors. Additionally, a novel variance-based sensi-
tivity analysis approach was used to design testing procedures. By considering the e↵ects of
extraneous error sources (set-up and linear location) in the design and validation phases, an
added robustness was introduced. Furthermore, this research marks the first usage of Monte
Carlo uncertainty analysis in conjunction with rotary axis TMBB testing.
Experimental evidence has shown that the proposed corrections for set-up and linear axis
errors are highly e↵ective and completely indispensable in rotary axis testing of this kind.
However, further development of the single set-up method is necessary, as geometric errors
cannot always be measured identically at di↵erent testing locations. This has highlighted the
importance of considering the influences on 5A-MT component errors on testing results, as
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This thesis documents the development of new testing procedures and data processing tech-
niques to identify position-independent geometric errors in the linear and rotary axes of a
Five-Axis Machine Tool (5A-MT). It discusses the identification of these errors, using mea-
surement strategies that remain robust in the presence of set-up errors. It also describes the
way in which a single testing set-up is used to facilitate automation of the testing procedure,
minimising operator intervention. This chapter gives an introduction to this research area,
placing this research problem within the context of machine tool metrology and contemporary
manufacturing.
1.1 Five-axis Machine Tools
The manufacture of machined components is a cornerstone of modern manufacturing, with
milling, turning and drilling forming a large proportion of material removal operations. Ex-
ploitation of machining is seemingly ubiquitous, with advanced machine tool manufacturers
servicing aerospace, automotive, medical and dental implants, mould and die manufacture,
the energy sector, sports industries and many more (Hermle A.G., 2015; Haas Automation
Ltd., 2015; Yamazaki Mazak UK Ltd., 2015).
The EPSRC’s vision for ‘Factories of the Future’ centres on flexibility, reconfigurabil-
ity, distributed manufacturing and networks of machines (Government O ce for Science,
2013). Longsta↵, (2015) suggested that accurate and repeatable Computer Numerical Con-
trol (CNC) machine tools will play a crucial role in developing these factories. In particular,
there are two trends that motivate this research: (i) the pursuit of more advanced and dex-
trous machine tools and (ii) the pursuit of greater accuracy in machining operations. Fur-
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ther to this, heightened sensory capabilities to improve machining accuracy and intelligence,
improved energy e ciency through de-materialisation and process optimisation (Galdabini,
2012; Siemens Plc., 2013) are emerging as popular trends. There is also a tendency towards
multi-axis and multi-functional machine tools (Moriwaki, 2008), self-calibration (National
Physical Laboratory, 2013), and machine tools that can operate in challenging environments
(e.g. snake-arm robots (Dong et al., 2014) and mobile machine tools (Axinte et al., 2011))
are also areas of increasing interest in research and industry. In addition, the undeniable
growth of additive and hybrid manufacturing processes has also created new machining ap-
plications in finishing complex three-dimensional metal components e.g. combined additive
manufacturing and CNC machining (Lorenz et al., 2015).
Highly dextrous machines, such as 5A-MTs, are inherently flexible, allowing manufac-
turers to accommodate new part designs, respond to changing market requirements and
‘future-proof’ themselves in terms of capital investment (Schwenke et al., 2008; HURCO,
2015). Consequently, 5A-MTs have become widespread in contemporary manufacturing due
to their ability to change the relative position and orientation of the tool-tip with respect
to the workpiece using three linear and two rotary axes of motion. Greater dexterity gives
greater tool-accessibility, permitting the use of shorter and more conventional tooling in sculp-
tured and overhanging features. It also alleviates the requirement to use multiple set-ups to
machine multi-sided components, which improves productivity and can reduce errors in the
geometry of the finished part.
Highly accurate and repeatable machines help to achieve increasingly challenging dimen-
sional tolerances and surface characteristics. They support automated assembly and part
miniaturisation, and can increase the in-service performance of machined components (McK-
eown, 1987). They are also critical in delivering ‘right-first-time manufacture’, which reduces
scrap and rework. In short, the accuracy with which a machine tool can position and ori-
entate a cutting tool with respect to the workpiece directly a↵ects the final accuracy of the
machined part and can also influence productivity and resource e ciency.
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1.2 Improving the Accuracy of Five-Axis Machine Tools
The final accuracy of machined parts is reliant on accurate and repeatable axes of motion;
the realisation of a stable machining process through appropriate tooling, coolant, lubrication
and parameter selections; controlling the environment in which the machine is situated; and
suitable (accurate) set-up of the workpiece and tooling. This research focuses on the need
for accurate and repeatable axis motion, helping to correctly position and orientate the
cutting tool with respect to the workpiece. Schwenke et al., (2008) identified five high-level




iv. Dynamic force or
v. Motion control and control software related.
Kinematic errors are the result of imperfect alignment and shape in the machine tool axes
within the ‘structural loop’. Thermo-mechanical errors are induced via thermal gradients
causing di↵ering expansions and contractions amongst structural elements. Load-induced
errors result from non-rigid body behaviour caused by the mass of machine elements or
the workpiece. Dynamic forces are caused by the engagement of the tool and workpiece,
the acceleration and deceleration of moving parts and vibrations resulting from excitation
of natural frequencies. Motion control and control software errors result from imperfect
responses and synchronisation issues within the control system of the machine axes.
Amongst the most fundamental sources of inaccuracy are the load-induced and geometric
errors. Without minimising these errors, compensation of other error families may prove
ine↵ective in delivering an accurate machining process. This research deals only with ge-
ometric errors, which are known to change over time as a result of axis component wear,
gradual creep due to high machining forces, or abrupt changes due to collisions. In response
to this, significant advancements have been made in commercially available instrumentation
to measure geometric errors. Using measurement data from these instruments, errors may
be compensated via CNC using a variety of compensation parameters and schemes. These
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developments have empowered machine tool builders, maintenance providers and owners, en-
abling them to frequently measure and compensate machine tool geometric errors without
decommissioning the machine tool. This is particularly profound for machine tool owners,
as they can now accept greater responsibility for the continued accuracy of their machining
operations.
1.3 Measuring Geometric Error Sources in Machine Tool
Axes
Significant research and development e↵ort has been invested in instrumentation to measure
machine tool errors. This has been matched with heightened CNC functionality to provide
parameters to compensate the e↵ects of these errors. Geometric errors are typically identified
using one of two high-level strategies, namely: direct and indirect measurement.
As a body moving through space has a total of six Degrees of Freedom (DoFs), machine
tool axes can present geometric errors in all six of these DoFs. Direct error identification
measures an error component, belonging to a single axis, acting in one of these DoFs. Indirect
error measurement techniques capture the e↵ects of multiple error components superposed
within a single measurand. These may belong to one or several machine tool axes and
are generally separated through the appropriate formation of a mathematical model of the
machine i.e. a kinematic model.
State-of-the-art reviews of both direct and indirect measurement techniques and instru-
mentation have been published by Schwenke et al., (2008) and Ibaraki and Knapp, (2012),
respectively. A further review of machine tool metrology instruments has been published by
Kwasny et al., (2011). The reader is referred to each of these reviews for supplementary read-
ing, as they o↵er a comprehensive overview of instrumentation and measurement techniques
for geometric errors in machine tools.
1.3.1 The Identification of Geometric Errors in Axes of Rotation
Five-axis machine tools present challenges in terms of geometric error measurement due to
the presence of two rotary axes. As with linear axes, errors are generally identified using
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either direct or indirect error measurement methods. This is typically undertaken with only
a few products and methods, which are described in Tables 1.1 to 1.3. These tables group
technologies and methods according to whether they measure errors directly, indirectly or via
multilateration. Multilateration has been given a separate table due to the specificity of the
measurement techniques, which di↵er considerably from other indirect error measurement
techniques.
Table 1.1: Direct measurement instruments and techniques for geometric er-
rors in rotary axes
Direct Error Identification
Dial Gauge + Artefact Description
A displacement sensor (dial gauge) is positioned against a test
mandrel or other artefact, which is fixed to the rotary axis un-
der test. Changes in relative displacement are converted into
geometric errors (ISO, 2012).
Renishaw XR20-W Description
An angular retro-reflector is mounted to a high-precision rotary
table. The retro-reflector contra-rotates with respect to the ma-
chine tool rotary axis, allowing a laser interferometer to give a




Table 1.2: Indirect measurement instruments and techniques for geometric
errors in rotary axes
Indirect Error Identification
Telescoping Magnetic Ballbar Description
A precision linear transducer measures the distance be-
tween two calibrated spheres as the devices extends via
a telescoping action. Using strategic alignment, rotary
axis errors can be extracted by processing multiple ball-
bar length measurements (Renishaw, 2013).
Nested Sensor Array (R-Test) Desciption
Three (or more) nested displacement sensors each mea-
sure the distance to a calibrated sphere, indirectly mea-
suring the coordinates of the sphere’s centre. By moni-
toring deviations in the position of the calibrated sphere
with respect to the sensor array, rotary axis geometric
errors can be inferred. Rotary axis angular positioning
errors can be measured using multiple spherical arte-
facts (IBS, 2013).
Touch Trigger Probe + Artefact Description
A touch trigger probe measures an artefact (spherical).
Resulting coordinates are used to indirectly measure
rotary axis geometric errors (Renishaw Plc., 2016a).
Artefact shape and number can be varied to measure
di↵erent errors with a varying degree of complexity
(Ibaraki et al., 2010a). Advances in scanning touch-
trigger probes allow near continuous measurements of
the artefact to be made during dynamic tests (Renishaw
Plc., 2016c)
Machining Tests Description
The machine tool is used to machine an artefact, which
is then measured via external means (e.g. CMM). Er-
rors in the geometry of the machined artefact are then
used to reverse-engineer rotary axis geometric error val-
ues (NAS-979, 1969; Haco Group, 2015).
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Table 1.3: Indirect measurement of geometric errors in rotary axes using mul-
tilateration
Error Identification Using Multilateration
Tracing Laser Interferometer Description
Similar in principle to the TMBB and laser in-
terferometer, tracing laser interferometers measure
the distance from the interferometer unit (mounted
to the table) to an artefact or retro-reflector held
in the machine tool spindle. Extension can be
measured over a much greater stroke, as the laser
is steered passively via a telescoping mechanism,
rigidly connecting the spindle to the laser unit.
Using three or more unique laser interferometer
mounting locations facilitates error identification
via the principle of multilateration (Etalon AG,
2016)
Tracking Laser Interferometer Description
Similar in principle to tracing laser interferome-
ters, tracking laser interferometers are mounted to
the table of the machine tool and actively ‘track’ a
retro-reflector (held in the spindle) using two mo-
torised rotary axes in the laser unit. Using at
least three unique laser unit positions facilitates
multilateration. Removing the need to physically
connect the spindle to the laser unit permits a
greater range over which length measurements can
be taken (Etalon AG, 2015).
1.3.2 Choosing an Instrument, Measurement Strategy and Testing
Interval
Advanced and costly instrumentation paired with protracted measurement processes can pro-
duce a large amount of detailed error source information. This information can be used to
great e↵ect; however, the mere existence of machine tool metrology solutions does not guaran-
tee uptake into industry. Machine tool downtime is undesirable and significant investment in
metrology has historically been viewed as an unnecessary cost-base that has unknown added
value (Kunzmann et al., 2005). Furthermore, many machine tool calibration techniques are
regarded as ‘expert’ processes that are highly sensitive to user-induced set-up errors and have
complex data analysis requirements. Whereas this might be appropriate when commissioning
a machine or performing in-depth scheduled maintenance, it may not suitable for rapid and
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frequent machine tool health checks. In this case, a more suitable solution would provide
relevant and limited error source information, with straightforward set-up and measurement
procedures, at low cost and in a short time frame.
Renishaw Plc., (2015b) identifies four types of intervention that can assist in establishing
a productive manufacturing process. These are presented in a pyramid, as shown in Figure
1-1, and they describe the intervention intervals as being in advance, just before, during or
after a machining process.
Figure 1-1: The Productive Process PyramidTM (Renishaw Plc., 2015b)
Traditionally, measurement and compensation of machine tool geometric errors has been
restricted to the ‘process foundation’, occurring well in advance of a given machining opera-
tion. It is the contention of this research that rapid machine tool verification would permit
geometric error measurement and compensation to migrate into both ‘process setting’ and
‘in-process control’, taking measurements just before and even during part manufacture. It
is envisaged that this notion is especially relevant when machining:
i. High value parts where dimensional tolerances approach the limits of the machine tool’s
accuracy or repeatability and the cost of scrap is significant (Muelaner et al., 2014);
ii. Parts that remain on the machine for a long period of time and are therefore exposed to
cyclic error e↵ects resulting from e.g. thermal fluctuations throughout the day (Andol-
fatto et al., 2011);
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iii. Parts with a high ‘buy-to-fly’ ratio, where the mass of the finished part is significantly
less than the mass of the workpiece before machining. Or, when the part is repositioned
on the machine table, causing a new mass distribution. Here, assuming a large initial
mass, deflection in machine tool structural elements may gradually change with the mass
of the workpiece (Mian et al., 2015).
At this stage, the author makes a distinction between machine tool calibration and ma-
chine tool verification. Calibration is taken to represent the measurement and subsequent
eradication or compensation of specific error sources. Verification on the other hand refers
to the acquisition of error information that may be used to answer manufacturing questions;
usually in the form of a ‘Go/No-Go’ decision (Muelaner et al., 2014). Verification may well
identify specific machine tool errors; however, there is no subsequent removal or compensa-
tion.
Rapid machine tool verification can feasibly play a role in points (i-iii) above. This is not
a new notion, as it has appeared in the objectives of large scale research projects, focusing on
current and future industry requirements. An example of this is the £80 million SAMULET
programme, which actively sought to increase the competitiveness the UK’s leading-edge
manufacturing, whilst reducing environmental impact (Currier, 2013). Through this com-
bined industrial and academic programme, the stakeholders aimed to utilise machine tool
metrology to achieve the objectives outlined in Table 1.4. This vision is also shared by ven-
dors of machine tool calibration and verification instrumentation, most of whom now use
speed of measurement as a marketing tool (Renishaw, 2013; Renishaw Plc., 2016c; Etalon
AG, 2016; IBS, 2013).
Table 1.4: SAMULET programme machine tool metrology achievements and
aims (Currier, 2013)
Objective Past SAMULET Aim Future Vision
Time to Calibrate 5A-MT 3 - 5 days 1 hr 40 mins < 1 hour
Time to Verify 5A-MT 30 mins (3-axis only) 2 mins (3-axis only) < 1 min
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1.3.3 The Telescoping Magnetic Ballbar (TMBB)
Acknowledging the increasing interest in rapid machine tool verification techniques, this re-
search utilises the TMBB as the error measurement instrument (Pictured in Table 1.2). The
motivations for this are threefold. Firstly, the TMBB is comparatively cheaper than other
instrumentation, such as the a laser interferometer, nested sensor arrays or tracking laser-
interferometer (Kwasny et al., 2011). It is the author’s opinion that a marriage between
capability and low cost will make any developed techniques accessible to wider cross-section
of the manufacturing community. Secondly, the TMBB is divorced from the need to use dif-
ferent artefacts to measure di↵erent errors. Other instruments, such as nested sensor arrays
and touch trigger probes do not have this flexibility and are entirely reliant on the artefact
geometry. This is particularly evident when transitioning from measuring linear axis errors
(multiple spherical artefacts or a straight-edge) to measuring rotary axis errors (typically one
spherical artefact). However, the TMBB is already established as a linear axis verification
tool and, as will be shown in Chapter 3, has been used to measure rotary axis errors without
any hardware changes. Finally, the 1 kHz sampling frequency, sensor resolution of 0.1µm and
a length measurement ‘accuracy’ of ±1µm (for the nominal 100mm TMBB length, measur-
ing an error of 100µm), makes the TMBB an a↵ordable and versatile instrument (Renishaw,
2013).
First conceived in 1982 (Bryan, 1982), the TMBB has long since been established as a
means to verify and calibrate three-axis machine tools and two-axis lathes. Since the late
1990s, the repertoire of the TMBB has been extended to include measurement of errors in
the rotary axes of four and five-axis machine tools. Such is the state of this development,
the TMBB is now included in international standards (ISO, 2012; ISO, 2014) as a means by
which to measure rotary axis errors. As will be shown in Chapter 3, literature reporting the




Intuitiveness Toolpath programming and/or data processing are prohibitively
complex, making implementation and standardisation challeng-
ing.
Robustness Sensitivity to set-up errors and the need to remove linear axis
errors prior to rotary axis testing limits the trustworthiness of
the measurement results.
Accessibility The need for additional hardware, software and expertise to fa-
cilitate machine tool verification is generally undesirable in an
industrial setting.
Speed The use of multiple testing set-ups, large trajectories at low fee-
drates, and a general lack of automation in testing routines makes
machine tool verification prohibitively time consuming.
In response to these assertions, this research focuses on the development of new, rapid
and robust TMBB testing techniques for use in the identification of geometric errors within
the rotary axes of five-axis machine tools. Additional attention is given to the development
of intuitive and accessible testing and data processing techniques.
1.4 Thesis Structure
The overarching thesis structure, showing chapter titles and subheadings is presented in
Figure 1-2. Further details of the contents of each chapter are given below.
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Figure 1-2: Organisation of thesis chapters
Chapter 2 reviews geometric error source representations and how these are integrated within
virtual machine tool models. Focus is given to standardised error source definitions
and how kinematic models use these to communicate error-inclusive machine tool
motion.
Chapter 3 reviews the current state-of-the-art in TMBB testing of machine tools and their
errors. This review encompasses TMBB testing for two, three and five-axis ma-
chine tools. In particular, it focuses on the testing tool-paths, error separation
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techniques and hardware requirements for identifying geometric error sources. A
critique of the literature highlights gaps and deficiencies in the current state-of-the-
art for the identification of geometric errors in 5A-MTs, leading to the formulation
of a future vision for the research area.
Chapter 4 defines an appropriately constrained scope, aims and objectives for this research.
The scope clearly outlines the boundaries and limitations of the research, setting
it within the broader context of machine tool metrology.
Chapter 5 defines the methodology utilised in achieving the aims whilst also defining the
locale and equipment used in the studies undertaken.
Chapter 6 introduces a virtual machine tool model that is used to develop new TMBB test-
ing and data processing techniques. The structure, functionality and envisaged
application are outlined, referring back to the literature where necessary. Initial
validation of the virtual machine tool is also contained within this chapter.
Chapter 7 focuses on the development of the TMBB testing techniques within the virtual
machine tool environment. New techniques are developed based on the findings
of a variance-based sensitivity analysis and Monte Carlo simulation is used to
provide an estimate of the measurement uncertainty.
Chapter 8 contains experimental validation of proposed testing methods, showing their e -
cacy on a commercial 5A-MT. Here, phenomena discovered in the virtual machine
tool are recreated on a real machine tool, validating the testing methods and also
the virtual machine tool as a development platform.
Chapter 9 discusses the results obtained in Chapters 6 through 8, comparing the findings
of the virtual machine tool and the commercial machine tool. Key observations
from the experimental results are described. Their significance is then discussed
in relation to the scope, aims and objectives, and the findings are compared to
any relevant pre-existing studies.
Chapter 10 concludes the research and identifies areas for further investigation.
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A Review of Kinematic Modelling
Techniques for Machine Tools and
Their Geometric Errors
2.1 Introduction
This chapter introduces some of the di↵erent kinematic configurations of Five-Axis Machine
Tools (5A-MTs). It then goes on to review salient literature in the field of kinematic mod-
elling of machine tool motion, inclusive of geometric error e↵ects. Di↵erent error definitions,
notations and modelling techniques are introduced and critically discussed. As a result of
this review, gaps in the research are identified and a commentary is o↵ered, considering the
application of existing methods to this research.
2.2 Kinematic Configurations of Five-Axis Machine Tools
In machine tools, axes of motion are almost exclusively a collection of linear or rotary actua-
tors that are grouped into kinematic chains. Reuleaux and Ferguson, (1876) define ‘kinematic
chains’ in their 1876 work ‘The Kinematics of Machinery’, as the combination of links, each
comprised of a series of rigid bodies connected by joint pairs. More recently, this terminology
has evolved into the phrase ‘structural loop’, which ANSI and ASME standards refer to as
‘an assembly of mechanical components, which maintain relative position between specified
objects’ (ANSI / ASME B5.54, 1991). Machine tools generally have up to two kinematic
chains, one carrying the workpiece and one holding the cutting tool. Together these chains
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form a single machine tool structural loop.
Machine tools may be categorised into two high-level groups, namely ‘serial’ and ‘parallel’
kinematic configurations. A serial configuration comprises several links that are connected in
series, with one end grounded or connected to another sub-system, and the other end free to
move in space (Tsai, 1999). Conversely, a parallel manipulator is ‘a closed-loop mechanism
in which the end-e↵ector is connected to the base by at least two independent kinematic
chains’ (Siciliano and Khatib, 2008). Further to this, a machine tool may have both serial
and parallel kinematic chains in its structural loop, which shall be referred to as a hybrid
kinematic configuration. Some pictorial examples of this classification are given in Figure
2-1.
Weck and Staimer, (2002) undertook a comprehensive review of purely parallel and hybrid
kinematic machine tools, detailing their future prospects within industry. Their theoretical
advantages are reduced cost, high-sti↵ness in structural axis components, favourable dynamic
performance and the suppression of volumetric inaccuracies within rotary axes through their
omission (DST, 2011). Additionally, they have shown important flexibility in specialist appli-
cations such as compact and mobile machine tools (Axinte et al., 2011; Dong et al., 2014) and
flexible inspection systems (Renishaw Plc., 2016e). However, their uptake has been limited
due to a small usable workspace envelope, limited dexterity and complex control requirements
(Widand, 1999). A more successful strategy has been to utilise hybrid kinematic configu-
rations, with several configurations entering the industrial arena (Weck and Staimer, 2002;
Moriwaki, 2008).
Robotic machine tools have become increasingly attractive to industry (Pandremenos
and Doukas, 2011). Unlike conventional machine tools, robotic machining is undertaken
with a re-purposed industrial robotic manipulator. Their attractiveness lies in their low
cost, high dexterity, mobility and large working envelope. However, limiting factors such as
positioning accuracy, induced vibrations during engagement between the tool and workpiece
and programming di culties pose an ongoing challenge (Pandremenos and Doukas, 2011).
In order to limit the scope of this literature review, no further consideration towards
Parallel Kinematic Machines (PKMs) or robotic machine tools will be given. Instead, this
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review focuses on the specific sub-problem of modelling the kinematics of ‘conventional’ ma-
chine tools, inclusive of their geometric errors. In this research, ‘conventional’ is taken to
mean a machine tool with three Cartesian linear axes and a further two rotary axes. All
of these axes are situated in up to two kinematic chains and all axes are arranged in a se-
rial configuration. This decision is driven by two factors: (i) a detailed characterisation of
geometric errors inherent to serial machine tools has been amassed and standardised (ISO,
2012), whereas this is not the case for PKMs; (ii) the vast majority of 5A-MTs in industry
are of a serial configuration (Moriwaki, 2008). To maximise the applicability of this research
to an industrial setting, only the most abundant machine tool configurations are considered.
2.3 Widely Adopted Machine Tool Configurations
For a 5A-MT with three Cartesian linear axes and two rotary axes, there are many possible
configurations of the axes within one or two kinematic chains. Research, to date, has given
rise to several interpretations regarding the total number of feasible configurations. The
number of serial orthogonal 5A-MT configurations is said to range from 216 to 360 unique
axis sequences. These interpretations consider each of the practical permutations of axis
combinations in conjunction with three spindle mounting configurations: horizontal, vertical
and the double-column (Chen, 2001; Bohez, 2002; Moriwaki, 2008).
These implementations have rotary axes that revolve about two of the three Cartesian
directions. However, machine tools with non-orthogonal rotary axis configurations also exist,
such as the Deckel Maho DMU 50 eVolution shown in Figure 2-2. These machine topologies
have drawn a small amount of dedicated kinematic modelling and metrology research (Sørby,
2007; Tsutsumi et al., 2011; Tsutsumi et al., 2013a).
Most small-to-medium five-axis machine tools in industry follow one of three main kine-
matic configurations (Lee and She, 1997). These configurations are depicted in Figure 2-3 and
are referred to as tilting-rotary table, mixed and articulating-head configurations. The di↵er-
ence between these configurations lies in the positions of the rotary axes in their respective
kinematic chains. These configurations form the focal point of this review.
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Figure 2-2: An example of a non-Cartesian 5A-MT configuration, based on
the DMU 50 eVolution machine tool, where the B-axis is inclined
at 45  to the Y -axis (Sørby, 2007)
(a) Tilting-Rotary Table (b) Mixed (c) Articulating Head
Figure 2-3: Three of the most abundant serial Cartesian 5A-MT config-
urations
2.3.1 Advantages and Limitations of Di↵erent 5A-MT Configurations
The selection of one of the kinematic configurations detailed in Figure 2-3 depends on the
requirements of the machining application.
The tilting-rotary table configuration (Figure 2-3a) has the advantage of conducting
drilling cycles using a single linear axis (e.g. Z-axis on a vertical machine tool). This machine
configuration is generally only applicable when machining smaller workpieces to avoid the
reorientation of a large mass (Bohez, 2002). This is due to the limitations in the sti↵ness of
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the axis drives and the machine structure. Additionally, the need to reorientate the work-
piece (and rotary axis structure) can also reduce the usable workspace of the machine tool
relative to available the linear axis travel (Chen, 2001; Bohez, 2002). Like the tilting-rotary
table configuration, the mixed configuration (Figure 2-3b) possesses similar workpiece size
limitations and a smaller usable workspace (Chen, 2001; Bohez, 2002). However, introducing
a heavy duty and high-speed rotary axis in the workpiece kinematic chain makes it possible to
execute both milling and turning operations. This can result in the incarnation of a turn-mill
or mill-turn machine tool (Moriwaki, 2008).
The articulating head configuration (Figure 2-3c) is advantageous when machining large
workpieces. This is because it is generally undesirable to reorientate a large (high mass)
workpiece to achieve a new machining orientation. A compact rotary axis assembly can also
result in large usable workspace for machining. However, transmission of forces through the
tool during engagement with the workpiece is limited due to the finite sti↵ness of the rotary
axis drives (Chen, 2001; Bohez, 2002).
2.4 Geometric Errors Within and Between Linear and
Rotary Axes
A point in space possesses six degrees of freedom in its motion; three linear and three angular
movements. In this research, the term ‘geometric error’ is used to refer to an unwanted motion
in one of these degrees of freedom as result of a nominal translation along, or rotation about
a straight line element. As such, geometric errors are taken as translations or rotations in
any one of the six degrees of freedom, whilst assuming rigid body motion. All errors are to
be specified via a single mathematical function that does not include any reference to the
direction of axis travel, speed of interpolation or a quantified force (cutting forces or changing
deflections due to a moving mass etc.). As such, geometric errors are only specified by the
shape of an axis motion or the relative position and alignment of one axis in relation to
another.
The geometric errors associated with linear and rotary axes are defined in ISO 230-1:2012
(ISO, 2012). These are subdivided into location errors and component errors. Location errors
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are constant over the entire range of axis motion for which measurements have been taken
e.g. squareness between linear axes. Conversely, component errors change as a function of
axis position e.g. straightness errors of a linear axis. Definitions for location and component
errors are given in Section 2.4.1.
2.4.1 Linear Axes
A linear axis has a single translational degree of freedom along a specified axis. The positive
direction of motion is taken in accordance with ISO 841:2001 (ISO, 2001). The component
errors of a linear axis (according to ISO 230-1:2012 (ISO, 2012)) are illustrated in Figure 2-4,
and defined as:
Figure 2-4: ISO 230-1:2012 (ISO, 2012) linear axis component error defini-
tions
Straightness Error: Defined as unwanted translational motion in one of the two
directions that are orthogonal to the direction of travel,
whilst moving along a nominal straight-line trajectory.
Angular Error: Three unwanted rotational movements of a moving compo-
nent commanded to move along a nominal straight-line tra-
jectory.
Linear Positioning Error: Unwanted positioning error, along the direction of travel.
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The location errors associated with the linear axes of a machine tool tend to be a property
that is shared between a pair of axes. In machine tool metrology, the only location errors that
are considered in the linear axes are the squareness errors existing between reference straight
lines. The notion of squareness is discussed in detail in Section 2.5.2. It is also possible that
a zero-position error exists in a linear axis, where the origin of that axis has translated in
the direction of axis travel. These errors are usually omitted from kinematic modelling for
metrology purposes, as they can be arbitrarily set to zero.
2.4.2 Rotary Axes
A rotary axis has a single rotational degree of freedom about a specified axis. In accordance
with ISO 841:2001 (ISO, 2001), the positive direction of rotation is taken with respect to a
right-handed coordinate system, wrapping around the positive direction of the rotary axis
line segment. ISO 230-7:2006 (ISO, 2006) stipulates that spindles, rotary heads, and rotary
and swivelling tables constitute axes of rotation. As such, an axis of rotation is a line segment
about which rotation occurs.
The component errors of a rotary axis (according to ISO 230-1:2012 (ISO, 2012)) are
illustrated in Figure 2-5. All errors are with respect to the rotary axis average line, which
is defined as the mean location of the axis of rotation. The location errors of an axis of
rotation describe the overall axis shift which transforms the nominal axis average line onto
the actual rotary axis average line. A diagrammatic representation of these errors is shown
in Figure 2-6. Radial O↵set Error is a translational o↵set in the location of the average line
in either of the axis’ perpendicular directions. Orientation Error is an angular error in the
orientation of the axis average line measured about one of the perpendicular directions. As
with linear axes, rotary axes have an analogous zero-angular error which is typically ignored
in metrology applications as it can be set to zero in measurement.
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Figure 2-5: ISO 230-1:2012 (ISO, 2012) rotary axis component error defini-
tions
Axial Error: Unwanted displacement in a direction that is coaxial with the
axis average line
Radial Error: Unwanted displacement in either of the two Cartesian directions
that are perpendicular to the rotary axis average line.
Tilt Error: Unwanted rotation about one of the two Cartesian directions that
are perpendicular to the rotary axis average line.
Angular Positioning
Error:
Unwanted rotation about the axis average line causing a di↵er-
ence between the actual and commanded angular position.
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Figure 2-6: ISO 230-1:2012 (ISO, 2012) rotary axis location error definitions
2.5 Geometric Constructs and Properties in Axis Error
Definitions
To describe the kinematics properties of a machine tool, a number of geometrical constructs
and definitions are required. These help to describe the relative position and orientation of
a body with respect to another body or reference geometry.
2.5.1 Straightness and Reference Straight Lines
Straightness is a property of a straight line. When applied to a linear machine tool axis,
straightness error motion refers to an unwanted linear motion in either of the two directions
perpendicular to axis direction. For example, the Y and Z-directions for an axis parallel to
the X-direction (see Figure 2-7).
Straightness deviation is conceptually di↵erent to a straightness error motion. Straight-
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Figure 2-7: Three views of a linear axis su↵ering from straightness errors in
two orthogonal directions
fitted reference straight lines, in the two directions that are orthogonal to the nominal axis
motion. A reference straight line is fitted to the straightness error motion of the linear com-
ponent using established conventions, such as: (i) Minimum Zone Reference Lines, (ii) Least
Squares Reference Lines and (iii) End Point Reference Lines, as shown in Figure 2-8.
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Figure 2-8: Three conventional reference straight line fitting methods
2.5.2 Defining Squareness and Parallelism
In accordance with ISO 230-1:2012 (ISO, 2012), squareness error between two linear axes
of motion is a property of two reference straight lines that are nominally perpendicular to
each other. Considering Figure 2-9, the nominal X and Y -axis are denoted +X and +Y ,
respectively. The reference straight lines of the axes (identified through some measurement
procedure) are termed +X 0 and +Y 0. Assigning +X 0 as the datum axis, the squareness error
of +Y’ with respect to +X 0 is defined as the deviation of the angle subtended between +X’
and +Y 0 from the nominal 90 . A positive squareness error represents a positive angular
error of the referred axis with respect to a datum axis, in accordance with the right-hand
rule. An alternative definition defines a positive squareness error as the existence of an angle
greater than 90  between two nominally perpendicular straight lines.
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Figure 2-9: Squareness error between two linear axes of motion
On the other hand, parallelism error is the angle between two straight-line elements,
measured in two orthogonal planes that are common to both straight-line elements. In each
case, parallelism error requires the identification of a datum straight-line and a referred
straight-line. Two examples of a parallelism error occuring between two axis average lines
are given in Figure 2-10. In machine tool geometry and metrology, parallelism errors occur
between two reference straight lines, a reference straight line and axis average line, two rotary
axis average lines, a reference straight line and a surface or an axis average line and a surface.
Figure 2-10: Parallelism error between two reference straight lines
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2.6 Modelling Machine Tool Motion with Transformation
Matrices
In kinematic modelling, transformation matrices are frequently used to compute rigid body
motion. Rigid (body) transformations include translations and rotations that preserve a
given arrangement (Vialar, 2015). When considering the use of transformation matrices in
kinematic modelling, there are three desirable properties (Everett et al., 1987):
Property-1 The model must contain a su cient number of parameters to completely specify
the motion of the manipulator under study – completeness
Property-2 The ability to establish a relationship between the functional form of the model
and that of any other acceptable model – equivalence
Property-3 Small changes in the geometry of the manipulator should be reflected by small
variations in the model parameters – proportionality
2.6.1 Introduction to Transformation Matrices
A concise and informative summary of rigid body transformations is given in Waldron and
Schmiedeler, (2008). In three dimensions, a rotation can be defined in matrix form as the
projection of each axis from coordinate frame one, onto another coordinate frame, say, zero:
R01 =
266664
x1 · x0 y1 · x0 z1 · x0
x1 · y0 y1 · y0 z1 · y0
x1 · x0 y1 · z0 z1 · x0
377775 (2.1)




























where Rij is the rotation matrix specifying the orientation of j
th frame with respect to the
ith frame. It can, therefore, be seen that the multiplication of rotation matrices in this order
leads to a rotation about the current (or local) coordinate frame and not the global coordinate
frame.
In order to undertake rotations about a fixed, global frame, the sequence of rotation
matrix multiplications is reversed. Consider a point expressed in coordinate frame two, that
is first rotated by   about the global y-axis and then by ✓ about the global z-axis. The
correct sequence of matrix multiplications is in reverse order:
p0 = Rz,✓Ry, p
2 (2.6)
where, p0 is the position of the rotated point in the global frame, and p2 is the initial position
of the point.
The functionality of the rotation matrices introduced, thus far, may be extended through
the use of homogeneous coordinates. Here, the translation and rotation of a point may be
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In this structure, the upper left quadrant is a 3 ⇥ 3 rotation matrix, the upper right
quadrant is a 3⇥ 1 vector describing the translation of the point. This form of homogeneous
coordinate transformation is the most commonly used representation for machine tool axis
motion, inclusive of geometric errors.
2.6.2 Error-Inclusive Transformation Matrices
Applying the theory detailed in the previous section, it is possible to derive a transformation
matrix for a linear axis motion, where the first three rows and columns represent the orien-
tation of the frame attached to the functional point, and the first three rows of the fourth
column represent the translation of the frame attached to the functional point. Both posi-
tion and orientation can either be expressed with respect to the previous coordinate frame
(local) or the global coordinate frame. The matrix in (2.8) is a conventional homogeneous




1  eCX eBX X + eXX
eCX 1  eAX eY X
 eBX eAX 1 eZX
0 0 0 1
377777775 (2.8)
In (2.8), error terms defined with a lower-case ‘e’ are component errors, where the first
letter in the subscript identifies the direction of rotation of the angular error, and the last
letter in the subscript identifies the axis that the error belongs to (in this case the x-axis).
Finally, the commanded axis position (translation) is denoted in upper-case e.g. ‘X’.
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Considering (2.8) – (2.14), the squareness errors do not a↵ect the orientation of the
coordinate frame, just the position of the functional point. Similarly, the translatory errors
do not a↵ect the orientation of the frame. Likewise, in the current frame, angular errors
do not cause a translation of the functional point. However, any coordinate frame rigidly
attached to this frame, with an appropriate o↵set, would translate under the action of the
angular errors in this matrix.
Di↵erent interpretations of the rotary axis transformations exist in the literature. A
clear demonstration of this is given by Huang et al., (2015), where they examine two matrix
representations of rotary axis motion. After numerical assessment, the matrix representation
shown in (2.10) was identified as the most appropriate and complete representation. It should
be noted that only the component errors and the nominal rotation of the axis are modelled,
here, via a multiplication of two matrices.
T =
266666664
1  eCC eBC eXC
eCC 1  eAC eY C
 eBC eAC 1 eZC
0 0 0 1
377777775 ·
266666664
cos(C)   sin(C) 0 0
sin(C) cos(C) 0 0
0 0 1 0




cos(C)  eCC sin(C)   sin(C)  eCC cos(C) eBC eXC
eCC cos(C) + sin(C)  eCC sin(C) + cos(C)  eAC eY C
 eBC cos(C) + eAC sin(C) eBC sin(C) + eAC cos(C) 1 eZC
0 0 0 1
377777775 (2.10)
In this approach, the location errors of the axis are implied within the component error
profiles; remembering that component errors are a function of rotary axis position. An
alternative approach described by Fesperman et al., (2015) explicitly separates the location
and component errors into their own matrices, which are later multiplied together. In this
way, component errors take on the definition outlined in ISO 230-1:2012 (ISO, 2012), as they
are defined with respect to the axis average line, which in turn describes the location errors.







1 0 0 (X0C + EX0C)
0 1 0 (Y 0C + EY 0C)
0 0 1 (Z0C + EZ0C)






1 0 (B0C + EB0C) 0
0 1  (A0C + EA0C) 0
 (B0C + EB0C) (A0C + EA0C) 1 0






1  eCC eBC eXC
eCC 1  eAC eY C
 eBC eAC 1 eZC






cos(✓)   sin(✓) 0 0
sin(✓) cos(✓) 0 0
0 0 1 0
0 0 0 1
377777775 (2.14)
The overall transformation of a point that is rigidly attached to the C-axis is then given





offset ·RefC T orient ·RefC T comp ·RefC TRot (2.15)
Another method for modelling error-inclusive 5A-MT kinematics has been described by
Bringmann and Knapp, (2006) and Bringmann, (2007). The modelled machine tool contained
both rotary axes in the workpiece kinematic chain in the form of a tilting rotary table. All
linear axes were contained in the tool-tip kinematic chain. Hence, a straightforward vector
and rotation matrix kinematic model was formed. Linear axis motion was modelled using
an oblique coordinate system transformation, which is described fully in Section i. Primary
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rotary axis motion required a vector from the machine tool coordinate system origin to a
point on the rotary axis average line. A direction unit vector representing the orientation of
the primary rotary axis would give rise to a rotation matrix acting about the average line
passing through this point. The secondary rotary axis rotates with the primary rotary axis.
Therefore, a vector from the point on the primary rotary axis to a point on the secondary
rotary axis was necessary. Rotation of the secondary rotary axis would then take place at
this new point about another vector describing the orientation of the secondary rotary axis.
A diagram of this approach is shown in Figure 2-11
Figure 2-11: Diagrammatic representation of the kinematic modelling ap-
proach used in Bringmann, (2007) [Figure taken from thesis]
i Oblique Coordinate System Transformations
Researchers have often resorted to modelling and measuring the location errors of machine
tools, ignoring the component errors. This is broadly justified by assuming that location
errors typically make a larger contribution to relative tool-tip error than component errors
(Bringmann and Knapp, 2006; Ibaraki et al., 2010a). When it comes to machine tools
with three linear axes, these location errors refer to squareness errors between the axes. In
the presence of three squareness errors, a nominally Cartesian coordinate system becomes
oblique. The transformation that converts motion in a Cartesian coordinate system to that


















The columns of the 3 ⇥ 3 transformation matrix represent the direction unit vectors of
the linear axes, inclusive of squareness error e↵ects. This matrix transforms the commanded
axis positions [x, y, z]T into the actual coordinates [x0, y0, z0]T . Bringmann and Knapp, (2006)
and Postlethwaite, (1992) employ this technique when modelling linear axis location errors.
2.6.3 Denavit Hartenberg Notation
In 1955, Denavit and Hartenberg, (1955) published their new kinematic modelling technique
for mechanisms, which was later consolidated into a book (Hartenberg and Denavit, 1964).
Using homogeneous transformation matrices and strict rules for the placement and orientation
of coordinate frames, only four parameters are needed to describe the position and orientation
of one frame with respect to another (described in Table 2.1). Paul, (1981) later demonstrated
the application of the convention to serial robotic manipulators. The resulting matrix that
expresses the transformation from one coordinate frame to the next is as given in 2.17.
T =
266666664
cos(✓)   sin(✓) cos(↵) sin(✓) sin(↵) a cos(✓)
sin(✓) cos(✓) cos(↵)   cos(✓) sin(↵) a sin(✓)
0 sin(↵) sin(↵) d
0 0 0 1
377777775 (2.17)
Perhaps due to its proliferation in robot modelling and calibration, or perhaps due to
its straightforward implementation, research focusing on the kinematic modelling of 5A-MTs
has also adopted the Denavit-Hartenberg (DH) convention. Kiridena and Ferreira, (1993)
gave an early example of modelling the kinematics of a 5A-MT using the DH-convention to
assign coordinate frames. In addition to this, the forward transformation was di↵erentiated
with respect to each of the DH parameters that corresponded to a driven axis, forming the
Jacobian of the machine tool. Deviations in the commanded axis positions were then mapped
onto position and orientation errors in the tool-tip.
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Table 2.1: Appearances of the Telescoping Magnetic Ballbar (TMBB)
in current national and international standards (Denavit and
Hartenberg, 1955)
Diagram
[Images courtesy of Ollydbg, via Wikimedia Commons:https://upload.wikimedia.org/wikipedia/commons/d/d3/Classic-
DHparameters.png]
DH Parameter Description
d Translation along the Z-axis of the n  1 frame
a Length of the vector that is mutually normal to the Z-axes of the n  1
and n frames
✓ Angle about Z-axis of n   1, from X-axis of the n   1 frame onto the
X-axis of the n-frame
↵ Angle about the vector that is mutually normal to the Z-axes of the n 1
and n frames, from the n  1 frame Z-axis to the n frame Z-axis
Mahbubur et al., (1995) also constructed a nominal kinematic model of a five-axis machine
tool using the DH convention. However, error sources pertaining to the misalignment of axes
were included using an alternative transformation matrix method. This method was more
generic and relied heavily on the Rodrigues’ rotation formula, which is described in Murray
et al., (1994).
The work of Jha and Kumar, (2003) was similar to that of Mahbubur et al., (1995).
Initially a nominal kinematic model of the machine tool was constructed using the DH con-
vention. The ‘true’ alignments of the machine tool axes were then identified via a calibration
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process (artefact and dial gauge). A new kinematic model of the machine tool was then con-
structed using the direction cosines of the machine tool axes to inform the DH parameters.
Lamikiz et al., (2007) developed the use of the DH convention further by incorporating
more detailed error information in accordance with error definitions issued in ISO standards
(ISO, 2012; ISO, 2015). These errors included squareness errors and orientation errors of
linear and rotary axes. This represents one of the only examples of the use of the DH
convention with contemporary error definitions.
Despite its popularity and ease of implementation, there are some practical and numerical
drawbacks regarding the use of the DH convention. The assignment of coordinate frames
does not necessarily translate intuitively into tangible machine tool elements. Secondly, the
inclusion of many error parameters, whilst adhering to the DH convention, is a significant
challenge. Numerically speaking, there are significant pitfalls when consecutive axes are
nominally parallel. Considering the definitions of parameters ‘a’ and ‘d’ in Table 2.1, it can
be seen that nominally parallel axes result in an infinite number of possible common normals
between these axes. This leads to an unconstrained relationship between the two frames
(Everett et al., 1987). This drawback can be addressed via modifications of the classical
Denavit-Hartenberg notation.
2.6.4 Modified Denavit-Hartenberg Notations
To overcome the problem associated with establishing the common normal between consec-
utive parallel axes, numerous researchers have introduced additional axis parameters that
constrain the location of the common normal. Methods have placed the common normal
in the XY -plane of the previous axis, whilst others specify the location arbitrarily. Various
strategies are discussed in more detail in Everett et al., (1987). It should be noted that 5A-
MTs seldom have consecutive parallel axes, therefore, this problem is often avoided. However,
if the kinematics of the spindle are modelled as well as the axes of motion, care must be taken
to avoid the parallel axis problem.
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2.7 Modelling Machine Tool Motion with Screw Theory
The theory of screws defines the motion of a point in space as a simultaneous translation along
and rotation about a common (helical) axis, as defined by Chasles’ theorem (Chasles, 1830).
The pitch of the screw is the ratio of rotational displacement to translation displacement
(Waldron and Schmiedeler, 2008). When the pitch of the screw is zero, the screw’s motion
is a pure rotation. Conversely, when the pitch of the screw is infinite, the motion is a pure
translation in the direction of the helical axis. The twist that describes a motion is contained
within a dual vector containing two, (3⇥ 1) vectors. The twist coordinates for revolute and
translation joints are:
⇣revolute =
8><>: !q ⇥ !
9>=>; , ⇣translate =
8><>: 0v
9>=>; (2.18)
where ! is an axis defined by a direction unit vector and q is through which the axis of
rotation passes. Additionally, a rotation matrix, R, describing a rotation about a direction
unit vector, !, by an angle, ✓, can be expressed in exponential form in accordance with:
R(!, ✓) = e!ˆ✓ (2.19)
where !ˆ is a skew-symmetric matrix (cross-product) matrix as seen in the Rodrigues rotation
formula (Murray et al., 1994).
Considering an error-free 5A-MT, the forward kinematic relationship may be expressed
as a product of exponentials. Taking the workpiece coordinate systems as the global frame
of reference, the position, P, and orientation, O, of the tool with respect to the workpiece
















with the following definitions for notations: ⇣i is the twist coordinate of the ith axis drive.
The sign of ⇣i is negative for axes in the workpiece kinematic chain and positive for axes in
the tool-tip kinematic chain. ✓i is the displacement or rotation of the ith axis drive. gbw(0)
is a transformation from frame b into frame w. Using this convention, error e↵ects are added
into the kinematic model by adapting the twist coordinates to include geometric error e↵ects
(Yang et al., 2015).
The work of Yu et al., (2011) considers the use of screw theory to model machine tool
kinematics. The focal points of this research are the accuracy and computational e ciency of
a linearised error model compared with the equivalent homogeneous transformation matrix
calculation. It was found that this specific formulation of the linearised model could yield a
computational e ciency five times greater than homogeneous matrix calculations, but at the
cost of reduced accuracy. However, the accuracy may still be appropriate for error modelling
and calibration purposes. This type of development supports further analyses, such as Monte
Carlo uncertainty analysis and sensitivity analysis, where a large number of calculations are
required.
2.8 Modelling Machine Tool Motion with Quaternions
First described by Hamilton in 1843, Quaternions are a number group that extends complex
numbers. A quaternion is, in fact, the quotient of two vectors in space, as described in
Hamilton’s seminal work ‘Elements of Quaternions’ (Hamilton and Hamilton, 1866). They
have particular application in the study of three-dimensional motion. Despite the widespread
usage of quaternions of various types in other kinematic modelling problems, there has been
little academic usage in conjunction with machine tool kinematic modelling and no identified
usage in modelling error-inclusive machine tool kinematics.
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Hermann, (2007) used quaternion interpolation to find the orientation of the coordinate
frames of interest in CMMs, including the e↵ects of geometric errors. This was achieved
using spherical linear quaternion interpolation (SLERP) and a cubic Bezier curve-inspired
adaptation of the SLERP, ‘SQUAD’. Much of the quaternion-based kinematic modelling
conducted with 5A-MTs focuses on sculptured tool-path planning. For example, Bi et al.,
(2010) used dual quaternions to define two NURBS toolpaths, where pairs of points (one
from each path) are a fixed distance apart. Additionally, Li and Guo, (2009) used a dual
quaternion to model five axis tool motion along a quintic Be´zier curves.
2.9 Modelling Machine Tool Motion with Transport
Matrices
Transport matrices have gained some traction in the field of machine tool modelling and
metrology. Their uptake has broadly been a result of their ability to propagate the di↵erential
motion in one coordinate frame into another. This is of particular use when modelling the
propagation of an error e↵ect originating in, say, the Y -axis, through to the X-axis, which is
rigidly mounted to Y . Their use in 5A-MT modelling has been demonstrated by Abbaszadeh-
Mir et al., (2002), Abbaszadeh-Mir et al., (2003), and Fu et al., (2015). The notation used
by Abbaszadeh-Mir et al., (2002) is utilised in this review unless otherwise stated. The




















The transport matrix is constructed such that it represents rigid body kinematics rela-
tionships, each of which relates to a quadrant of the matrix in Equation 2.22 (Craig, 2008).
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i. A rotation at one point of a rigid body produces an equal orientation change at any other
point of the same body - Lower right quadrant
ii. A translation at one point of a rigid body produces an equal translation at any other
point of the same body – Upper left quadrant
iii. A translation at one point of a rigid body produces no rotation at any other point of the
same body – Lower left quadrant
iv. A small rotation at a point of a rigid body produces a small translation at any other point
of that body depending on the cross product of that rotation vector and the position
vector originating at the point where the rotation occurs to the point where the resulting
translational e↵ect is analysed – Upper right quadrant.
Taking components from a conventional homogeneous transformation matrix between
machine tool axes, a transport matrix may be constructed, as shown in Equation 2.22. Using
the transport matrix, the e↵ects of errors in a given frame (A) may be expressed in another
coordinate frame (B) as:
{B} ⌧B =BA C
{A} ⌧A (2.23)
where {B} ⌧B represents the error twist in frame B resulting from the error twist {A} ⌧A,
expressed in frame A.
Perhaps the most appealing property of kinematic modelling using transport matrices is
the ease with which the linearisation of a model may be achieved. Specifically, this refers to
construction of a matrix that linearly maps di↵erential motions of each machine tool axis onto
the tool-tip position and orientation errors. This matrix is referred to as the Jacobian matrix,
but should not be confused with the traditional Jacobian, which is the matrix of all first-order
partial derivatives of a vector-valued function (Goswami et al., 1992). This Jacobian matrix
is used to linearly map the individual geometric error sources on the position and orientation






t Jt ·  P (2.24)
By taking the pseudo-inverse of {t}ft Jt, the geometric errors contained within the column
vector, P , may be identified for a given machine tool pose (combined position and orienation
of tool and workpiece).
This type of machine tool modelling has been used in conjunction with 5A-MTs and di↵er-
ent types of machine tool metrology instrument. Abbaszadeh-Mir et al., (2002), Abbaszadeh-
Mir et al., (2003), and Fu et al., (2015) demonstrated its application with the TMBB on 5A-
MTs; Bringmann and Knapp, (2006), Bringmann, (2007), Zargarbashi and Mayer, (2009),
and Andolfatto et al., (2011) use this method in conjunction with a nested sensor array (e.g.
R-Test or Capball sensor), and Erkan and Mayer, (2010), Erkan et al., (2011), and Mayer,
(2012) show its use with a touch-trigger probe and an uncalibrated artefact.
2.10 Representing Component Errors
As the size of component errors varies as a function of axis position, therefore, a single
parameter is not su cient to accurately represent this information. Instead, a variety of
polynomial representations are used to capture the shape of an axis’ motion. The following
subsections introduce methods that have been employed in existing literature for both linear
and rotary axes.
2.10.1 nth-Order Polynomials
Lai et al., (1997) used nth order polynomials to represent each component error along the
working range of the axis. These polynomials are constructed using the summation of n






This method has been modified by Pahk et al., (1997) and Du et al., (2010) to constrain
the polynomial so that it is described only for the available travel of the axis motion range.
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, which expresses the current position










Lee et al., (2012) noted that rotary axes require further constraints upon the nature of
the polynomials used to represent the component errors, especially in the case of rotary axes
with unconstrained rotation i.e. 2⇡ radians of rotation. Here, the constraints ensure that the
error registered at the 2n⇡ positions are equal in magnitude and also in their first derivative
(C1 continuity), to avoid discontinuities in the component error profile. These polynomials
are constructed using Equation 2.27












Chebyshev polynomials are a powerful tool in the approximation of functions. This is appli-
cable to machine tool metrology when representing component errors for an interval of axis
travel, using a finite number of discrete measurements.
Their usefulness is justified by the Runge phenomenon, in which an interpolant does not
converge on the interval [ 1, 1] as the number of equispaced nodes, n, tends to 1. This
phenomenon is often observed near the boundaries of the domain [ 1, 1], where exponential
divergence may occur between the function and its approximation; despite convergence in
other neighbourhoods within the domain (Trefethen, 2013). Chebyshev polynomials, which
use non-equispaced nodes, do not su↵er from this phenomenon, resulting in a unique best
approximation that will converge as n ! 1. In addition to this, Chebyshev polynomials
give a close approximation of the minimax solution i.e. the polynomial p⇤ of specified degree
n that is the best approximation to a given continuous function in the sense of minimising




Abbaszadeh-Mir et al., (2003) and Aguado et al., (2012) made use of Chebyshev poly-
nomials to represent component errors within machine tool axes. In each case, the authors
commented on the number of parameters used in the fitting of functions, alluding to lower-
order polynomials reducing the computational complexity. Abbaszadeh-Mir et al., (2003)
also commented on the orthogonal characteristics of Chebyshev polynomials, which resulted
in an improved condition number in the formulated ‘sensitivity Jacobian matrix’.
2.10.3 Trigonometric Functions
Kakino et al., (1987) used trigonometric functions to describe the influence of specific linear
axis component errors (straightness, linear positioning, indexing error of positioning scale
and cyclic errors). More complex modelling techniques have been developed in recent history
to accommodate increasingly complex error modelling and identification techniques.
It is possible to include error sources that are specific to components within the axis drive.
For example, Zargarbashi and Angeles, (2015) use Fourier analysis to identify error compo-
nents operating at a frequency associated with the roller and cage of the rotary axis bearings
in a 5A-MT. Additionally, errors associated with the engagement of teeth in the pinion of
the rotary axis were identified. This type of analysis requires specific information pertaining
to the dimensions of axis drive components to facilitate both modelling and analysis. Similar
analysis is also found in (Kato et al., 2012; Kato et al., 2013), where pitch errors in rotary
axes were simulated to identify their e↵ects on cone-frustum TMBB tests.
Alternatively, trigonometric functions may be used interchangeably with the aforemen-
tioned polynomial representations to give an approximation of component errors across an
interval of axis travel. Here the trigonometric function serves as a simplified representation of
the total component error e↵ect, which would require infinite Fourier coe cients (Bringmann,
2007). Trigonometric functions, however, have the inherent advantage of physical analogy,
matching frequency components with physical parameters such as the pitch of worm-gears
or ball-screws. Component error sources have been modelled using trigonometric functions
by Bringmann, (2007) and Lee et al., (2011). These models make no assertions regarding
the mechanical cause of these error profiles, but report on the overall e↵ect on a functional
point travelling along (or about) the axis. When modelling the linear axes of a 5A-MT, Lee
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et al., (2011) constructed linear positioning and straightness errors using Equation 2.28 and
angular errors using Equation 2.29.
 ij =
h





eijk {cos(wkk)  1}+ pijk sin(wkk)
i
(2.29)
Bringmann, (2007) and Bringmann and Knapp, (2009) gave specific profiles for compo-
nent errors depending on whether they were associated with a linear or rotary axis, and which
particular type of component error they were representing. This was to try and make ran-
domly generated errors adopt the appearance of frequently occurring axis phenomenon, such
as bowing in the guideway of a linear axis, or the grating of a linear scale (Bringmann, 2007;
Bringmann and Knapp, 2009). Specific error functions are given below, showing error pro-
files constructed using Fourier coe cients. This method also makes use of a ratio describing





(2007) specified a total of three coe cients each for amplitude, phase and frequency when
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◆
(2.32)
2.11 Multi-Functional Machine Tool Models
So far, this review has discussed kinematic modelling in isolation. There are, however, more
developed machine tool models that communicate more than just relative position and ori-
entation of coordinate frames. One such example is the ‘reconfigurable data-driven virtual
machine tool’, developed by Fesperman et al., (2015). This model integrates kinematic and
dynamic error e↵ects, measurement procedures for di↵erent instrumentation and visualisa-
tion of machine tool structure (CAD) and measurement data (graphs). This capability acts
as a development environment for virtually evaluating measurement procedures and error
diagnosis techniques. This provides an important visual validation of complex machine tool
motion and also gives a high level of control when evaluating the e↵ects of individual errors
on a measurement process. A modular architecture also permits users to model numerous
machine tool configurations and error source profiles without widespread reconfiguration of
the software.
STEP-NC compliant machine tool capability profiles have been devised as a means to
quantify and communicate machine tool health (Vichare et al., 2009; Vichare et al., 2012).
This research aimed to give a measure of a machining resource’s suitability in performing a
manufacturing task. Relying heavily on standardised testing procedures, this profile contains
a representation of the machine tool kinematics, geometric errors and axis repeatability.
This profile is designed to be deployed with any machine tool and is expressed architecturally
using the Express-G data modelling language. The overarching aim of this research is to
provide a vendor-neutral representation of machine tool capability which can be used in the
development of manufacturing resource-specific process plans. Planning in this case can be
extended across multiple manufacturing resources, allowing manufacturers to schedule jobs
based on both the capability and availability of individual machines.
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2.11.1 Commercial Software Solutions
The commercial sector has numerous machine tool modelling software that focus heavily on
tool-path verification and optimisation. By emulating CNC controllers and using detailed
CAD representations of machine tool geometry, these softwares are able to undertake col-
lision avoidance and give accurate process durations e.g. Vericut (CG-Tech, 2016). These
products do not generally accommodate geometric error source information within the ma-
chine tool kinematic model. Siemens Plm goes one step further by providing a complete
CNC control emulator, ‘Virtual Machine’, which provides full controller functionality on a
computer workstation. Combining this with a CAD representation of the machine tool gives
very detailed emulation of a manufacturing process.
More general kinematic modelling software is also available, such as Robot Assist from
New River Kinematics (New River Kinematics, 2013). This software combines the Denavit-
Hartenberg notation with robot visualisations to assist in the design of robot-assisted pro-
cesses. Similarly, general purpose metrology software products exist, such as Spatial Analyzer
(New River Kinematics, 2016) from New River Kinematics. Packages specifically designed
for machine tool calibration and verification applications are already under development,
potentially allowing metrology data from multiple and varying instruments to be integrated
within a single metrology software and CAD environment.
2.12 Critique of Literature and Key Observations
2.12.1 Transformation Matrices
This review has identified that the vast majority of kinematic modelling techniques used in the
field of machine tool error modelling use transformation matrices of some form (Section 2.6).
Homogeneous transformation matrices have become a recognisable and widely used method
for integrating geometric error sources within kinematic models. There is a requirement
to place coordinate frames on each axis drive, which can add complexity to modelling. A
convenient advantage of homogeneous transformation matrices exists in the fact that di↵erent
error sources can be grouped into separate matrices (Fesperman et al., 2015) i.e. a location
error matrix and a component error matrix. More prescriptive modelling techniques (Sections
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2.6.3 and 2.6.4), such as the DH notation have also been used (Lamikiz et al., 2007); however,
its overly prescribed nature prevents the inclusion of all geometric error sources, expressed
in the format outlined in ISO 230-1:2012 (ISO, 2012).
2.12.2 Alternative Kinematic Modelling Approaches
Larger matrices, such as transport matrices (Section 2.9), have been used to great e↵ect in
modelling 5A-MTs and their geometric errors. The principle advantage of transport matrices
lies in the linearisation of the kinematic model via the formation of a pseudo-Jacobian matrix
(Abbaszadeh-Mir et al., 2002). This Jacobian matrix propagates the e↵ects of individual error
motions onto the desired frame of reference. The fact that it linearises the model also facili-
tates the identification of error source values by solving the linear system of equations. This
fitting of error parameters has enabled researchers to identify a large number of individual
error sources from measurement values gathered from arbitrary but distributed machine tool
poses (Abbaszadeh-Mir et al., 2003). Furthermore, the linearised kinematic model lends itself
to further statistical evaluation of the machine tool errors and error identification techniques,
such as Monte Carlo uncertainty estimation. A prevailing challenge exists in the formation
of a linearised model. Specifically, errors that are correlated (having identical e↵ects on the
relative tool-tip and workpiece motion)create di culties when inverting the pseudo-Jacobian
matrix. This has typically been dealt with by omitting all but one of the correlated error
sources, which can result in an incomplete or potentially misleading error representation.
Screw theory, as referred to in Section 2.7, is comparatively under-utilised compared with
other methods. Its main advantage is the removal of the need to carefully place coordinate
frames on each axis drive. Instead, motion and error e↵ects can be modelled entirely within
the workpiece coordinate frame, making for a straightforward representation (Yang et al.,
2015). No published work has been found that outlines a method for modelling component
errors using this approach. As such, this remains as a major challenge in the pursuit of a
kinematic model that exploits the use of a global coordinate frame, whilst also including error




2.12.3 Component Error Representations
Section 2.10 identified multiple approaches to modelling component errors as a function of
axis position. In terms of characterising the shape of the axis motion, there is little di↵er-
ence between, say, trigonometric functions, nth-order polynomials or Chebyshev polynomials.
Provided that the function is of a su cient degree to capture the details of the axis motion,
whilst avoiding over-fitting the data, all of the discussed methods can be e↵ective. There
are, however, useful properties inherent to each of these methods that may be exploited for
a given application.
The use of trigonometric functions (Section 2.10.3) is useful when attributing the shape
of the axis motion to tangible cause or physical phenomenon. By identifying the constituent
frequencies in the measurement data, the shape of the axis motion may be attributed to
imperfections in the axis drive that manifest themselves in a periodic manner (Bringmann,
2007; Bringmann and Knapp, 2009). The amplitude, frequency and phase will each require
n Fourier coe cients. Compared with some polynomial methods, this is somewhat complex.
The nth-order polynomial methods detailed in Section 2.10.1 have an inherent simplicity,
which can be advantageous in modelling. To date, nth-order polynomials are also the only
modelling technique to give consideration to continuity constraints, avoiding discontinuity
in axes of rotation (Lee et al., 2012). This is especially important when error diagnosis
algorithms are being tested, as geometry fitting exercises (e.g. a circle or plane) will be
heavily influenced by discontinuity at the 2n⇡ positions of rotation.
Chebyshev polynomials (Section 2.10.2) are generally unequalled in their ability to inter-
polate between data (Trefethen, 2013). If the primary objective is to accurately represent
measured data without risking over-fitting, Chebyshev Polynomials would be an appropriate
choice. However, if the objective is simply to represent an arbitrary axis motion, they give
no clear advantage over other methods.
This review has identified a potential deficiency in the representation of location and
component errors combined. ISO 230-1:2012 (ISO, 2012) clearly stipulates that a rotary axis
average line or linear axis reference straight line should represent the average position and
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orientation of the axis. This is typically via a minimum-zone, least squares or end-point
line, fitted to measurement data. This review has also reported on transformation matrix
kinematic modelling techniques, where the location errors and component errors are expressed
in separate matrices (Section 2.6.2). Randomly assigning values to location and component
errors risks violating the definition of an average line or reference straight line, as the location
error value may not reflect the properties of line fitted to the motion of the functional point.
The author can see two methods to avoid false specification of errors:
i. Specify only the component errors of an axis, then identify what the corresponding
location errors are by fitting a line to the data at an appropriately high spatial resolution.
ii. Specify both location and component error values separately but ensure that the com-
ponent errors do not conflict with the location error definitions at a specified location.
2.12.4 Multi-Functional Machine Tool Models
Section 2.11.1 identified that multi-functional machine tool models have been commercially
utilised to combine kinematic modelling with CAD representations of machine geometry
(CG-Tech, 2016). This is predominantly used to verify toolpaths for e ciency and collisions.
Dedicated kinematic modelling and metrology softwares also exist within the commercial
arena (New River Kinematics, 2016). Within the research community, limited development
of similar software with more focus on metrology has come about in recent history. This is
achieved via the provision of machine tool error profiles, CAD modelling and a characterisa-
tion of the measurement process (Vichare et al., 2009; Vichare et al., 2012; Fesperman et al.,
2015).
It has been found that there is no widely available software capability that encompasses
all necessary aspects of the machine tool metrology design problem. Particular deficiencies
include the ability to incorporate kinematic modelling (including a simulation of measure-
ment) with both sensitivity analysis and uncertainty analysis. By combining all of these
features in a manner that can be reconfigured for an arbitrary machine configuration, there
is a significant opportunity to design new testing procedures, associated error diagnosis equa-
tions and algorithms, and provide a statement of the expected measurement uncertainty; a
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requirement stipulated in ISO 230-1:2012 (ISO, 2012).
With the development of newly developed packages, such as the ‘Machine’ package for
Spatial Analyzer (New River Kinematics, 2016), it is foreseeable that a convergence between
research and commercial developments will occur. If successful, such a product would span
computer aided design, manufacturing and metrology in a highly functional software suite.
Furthermore, the measurement representation and uncertainty tools of metrology software
could be merged with process planning via a machine tool capability profile. This would be
a powerful virtual tool, helping manufacturers to accurately predict the outcomes of machine
tool operations. This will help to avoid scrap, rework and also increase productivity by
optimising tool-paths.
2.13 Summary
This chapter has introduced standardised notations and concepts for geometric errors in
machine tool axis motions. In addition to this, it has reviewed academic and industrial
kinematic and error modelling techniques and software, discussing the strengths, weaknesses
and emerging trends in each case. This research will attempt to respond to these findings,
using best practice and fulfilling previously unmet requirements in the fields of machine tool
modelling for calibration and verification processes. It will need to address the need to for
an inherently reconfigurable machine tool model that encapsulates error-inclusive kinematic
modelling, including location and component error e↵ects. Particular attention will be given
to the specification of location and component errors that do not contradict the standardised
definitions. Additionally, it should address the need for this model to represent correlated
error sources, without the limitations imposed by the linearised model approach. Finally,
this research must also address the need for sensitivity analysis and uncertainty analysis to




The Application of Ballbar
Technologies to Machine Tool
Verification and Calibration
3.1 Introduction
Since its conception by Bryan (Bryan, 1982; Bryan, 1984), the Telescoping Magnetic Ballbar
(TMBB) has become an essential part of the Machine Tool (MT) verification and calibration
tool-kit. Now used extensively in the commercial arena for verification of three-axis MTs, the
repertoire of the TMBB has been extended to include applications in lathes, turning centres
and, more recently, turn-mill and Five-Axis Machine Tools (5A-MTs). Such is the state of
this development, the TMBB is now included in the ISO 230-1:2012 standard (ISO, 2012),
as a means by which to verify the accuracy of 5A-MTs. This inclusion comes as a result of
significant academic and industrial research, which has identified the TMBB as an adequate
tool for use in multi-axis applications. This is, therefore, an appropriate occasion to collate,
summarise and evaluate salient literature relating to ballbar testing of MTs.
It is the aim of this review to clearly illustrate the development of TMBB testing and
discuss underlying measurement and analysis techniques. The literature then is critiqued to
identify gaps and other deficiencies in existing literature. Additionally, the surveyed literature
is scrutinised in terms of its impact on this research, identifying advantageous experimental
methodologies and principles. Finally, the existing literature is used to identify trends, which
are then used to formulate a future vision for TMBB testing of machine tools.
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3.2 Background, Operating Principles and Merits
In 1982, Bryan, (1982) published the development of the TMBB (shown in Figure 3-1). This
device holds two precision tooling balls at either end of a telescoping bar. The original design
used an integral Linear Variable Di↵erential Transformer (LVDT) to output a voltage that
was proportional to the extension of the TMBB. This was used to infer the centre-distance
between the balls at either end. A calibrated known length is taught to the device and all
extensions are measured relative to this value. In this sense, the TMBB is a transducer. By
commanding a Computer Numerical Control (CNC) MT to move one end of the TMBB in a
circular path about the other end, the centre-distance may be captured over the course of a
trajectory. This allows inferences to be made regarding the behaviour and condition of the
moving axes.
Figure 3-1: Schematics of the ballbar concept developed at the Lawrence
Livermore National Laboratory (Bryan, 1982)
50
Chapter 3
An exemplary contemporary TMBB is the Renishaw QC20-W Telescoping Magnetic Ball-
bar (Renishaw, 2013), which is shown in Figure 3-2. Modern TMBBs have moved away from
using LVDTs towards modern and highly linear displacement sensors. In addition to this,
wired communications between the device and a computer have evolved into wireless com-
munications via Bluetooth. This reduces the likelihood of interference between cables and
testing apparatus.
(a) Typical TMBB apparatus configuration
(b) Three circular testing toolpaths in orthogonal planes




Two important characteristics of the TMBB define the inherent advantages and disad-
vantages of the device within a metrology setting. Firstly, the maximum permissible range
of extension is small compared to the volume of most industrial machines. This extension
value varies between vendors, but is seldom more than 10mm and often close to ±1mm.
This limits the permissible measurement trajectories, as they must lie on a spherical surface,
with a radius equal to the calibrated TMBB length and centred on one of the tooling balls.
Secondly, it has a single axis of extension that is sensitive to components that are parallel
to this axis and insensitive to those that are near-perpendicular. This can help to isolate
specific error components, but can present challenges when multiple components act in the
same direction.
It is the author’s opinion that the applicability of an instrument to a metrology scenario
can be summarised by considering its relative performance in several categories. These in-
clude but are not limited to: The degrees of freedom in the measurand (length or angle, a
coordinate or 6-Degree of Freedom (DoF) measurement), the range over which measurements
can be taken (very limited range, a flexible range or an unrestricted range), the measurement
uncertainty, the limitations on measurement direction (unidirectional, multiple directions,
unbounded directionality) and, necessarily, the cost of the instrument. Many instruments
only maintain flexibility through the use of di↵erent optics (laser interferometry) or arte-
facts (touch-trigger probes or nested sensor array e.g. R-Test). This is a major asset of the
TMBB, as it can be applied to linear axis measurement and rotary axis measurement with-
out any modifications to hardware. Combining this with its low cost, suitable measurement
uncertainty and ease of operation makes it valuable member of the machine tool metrology
tool-kit.
3.3 Testing of Machine Tools with Two Linear Axes
The application of the TMBB to machine tools with two (linear) axes of motion has been
discussed since the invention of the TMBB (Bryan, 1982). In this emergent research, the
authors described a testing procedure for evaluating the accuracy of two nominally perpen-
dicular linear axes. The application of TMBB testing to lathes is predominantly concerned
with the identification of squareness between two nominally orthogonal linear axes of motion.
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Research has also considered testing of rotary axes in lathes. One of the challenges in
TMBB testing of two-axis lathes is the ability to conduct a full 360  arc during a circular in-
terpolation. Jywe and Liu, (2001) examined the challenges associated with partial-arc testing
of two nominally orthogonal linear axes. It was found that geometric errors such as square-
ness and angular errors became inseparable from errors in the centre-pivot’s positioning. This
led to incorrectly identified geometric error values when using a conventional Least-Squares
(LS) circle fit. Jywe and Liu, (2001) overcame this issue using a genetic algorithm to fit the
minimum-zone circle to the measured data. This reportedly led to an improved fit compared
with a LS fit. It should be noted that the minimum-zone circle did not provide a means to
separate the previously confounded geometrical errors of the machine.
The industrial arena has dealt with the same issue via adaptation of testing hardware.
Renishaw Plc., (2015a) supply adaptor accessories to permit partial-arc and full-circle testing
of lathes (Renishaw Plc., 2015a). An example of this is shown in Figure 3-3, where an
extension arm and a spindle insert are used to o↵set the ballbar test plane from tool-cup
and centre-pivot, giving su cient clearance to conduct a 360  circular test. This helps to
overcome some of the issues highlighted by Jywe and Liu, (2001), outlined above. Accessories
have also been designed for vertical turning lathes (Renishaw Plc., 2013), where set-up of
the centre-pivot is thwarted by the inability to retract the turret of the lathe from the set-
up position, without colliding with the testing apparatus (Figure 3-4a). The vertical lathe
adaptor shown in Figure 3-4b can be retracted, allowing the turret to be moved away from
the centre-pivot before replacing the centre-pivot in the desired location.
Errors in the rotary axis (workholding spindle) of a lathe have been assessed by Lee
and Yang, (2013c). The authors use the TMBB to undertake accuracy testing on an ‘ultra-
precision roll mould’ machine tool. This machine has a similar kinematic configuration to a
conventional horizontal turning lathe, with the addition of a precise positional control over
the spindle. Lee and Yang, (2013c) address a subset of the machine’s rotary axis location
errors, resulting in the identification of one orientation error and one radial error in the rotary
axis (C), with respect to the nominally parallel feed axis (Z).
53
Chapter 3
Figure 3-3: A example adaptor for TMBB testing of lathes produced by
Renishaw Plc. (Renishaw Plc., 2013)
(a) (b)
Figure 3-4: TMBB hardware solutions for vertical turning lathes, developed
by Renishaw Plc., (2013). (a) Conventional set-up for a 360 
ZX-plane circular test. (b) Retractable centre-pivot for use with




3.4 Testing of 3-Axis Machine Tools
Three axis machine tools generally have three orthonormal linear axes; typically aligned with
the three Cartesian directions, X, Y and Z. In the original publication of the TMBB system
by Bryan, (1982), the authors describe its application to ‘NC milling machines’ with 3-axes.
The research alludes to tests undertaken on a hemispherical surface, about the centre-pivot.
This includes a hemispherical spiral, or separate traces in the XY , Y Z and ZX planes. This
research alluded to the application of the TMBB to the identification of spurious relative
motion between the tool-cup and centre-pivot due to straightness, squareness and angular
errors within linear axis drives.
Four years later, Kakino et al., (1986b) published the first in a series of eight reports on
the testing capability of the TMBB. This first report documented the use of planar circular
tests in the XY , Y Z, ZX planes. The ‘out of roundness’ values were used to quantify
machine tool contouring capability. These TMBB measurements were compared with the
measured profile of a machined disc and a close agreement between the results was found.
The second report in the eight-part series (Kakino et al., 1986a) reported on recognition
of trace patterns found in planar circular TMBB tests. These patterns were first defined
mathematically and then later identified in experimental TMBB data. These error sources
extend to geometric, dynamic and control-system related errors in three-axis machine tools.
The fifth report of Kakino et al., (1989) details the e↵ect of angular errors (roll, pitch and
yaw) of the linear axes X and Y on planar TMBB tests. As described above, the error
e↵ects were first defined mathematically and later recognised in real TMBB measurement
data. Although these reports were originally written in Japanese, combined findings were
also published in English (Kakino et al., 1987).
In 1997, Lai et al., (1997) developed a kinematic model of linear machine tool axes. This
model included straightness and angular errors of the linear axes, which were represented
using polynomial functions. The authors used this model to assign coe cients to each error
component using a LS fit. This diagnosis method was proven to be e↵ective in a simulated
case and an experimental diagnosis was also included but not verified. The work of Pahk et
al., (1997) extended the work of Lai et al., (1997), broadening the subset of errors, including:
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straightness, angular errors, squareness, backlash and servo-gain mismatch. In a similar
manner to Lai et al., (1997), each error component was modelled using a polynomial and
error values were extracted from TMBB data using a LS fit. The identified error e↵ects were
removed (computationally) via the kinematic model and signals processing techniques, leaving
a significantly diminished residual error. Although not direct proof of correctly identified error
parameters, this gave an initial indication of the method’s e cacy.
Lee et al., (1998) used homogeneous transformations to model the kinematics of a three
axis machine tool, inclusive of straightness, angular and squareness error e↵ects. Using this
model, an error vector was formed, describing the magnitude and direction of the positional
error of the tool-tip with respect to the workpiece. A novel iterative algorithm was proposed
to identify a compensated tool-path that would reduce the e↵ects of all errors to below a pre-
defined tolerance. The authors then captured error components using a laser interferometer
and precision level to be used as a verification set. A circular toolpath was then used in con-
junction with the TMBB to describe a circular path, parallel to the XY -plane. The tool-tip
was intentionally positioned higher than the centre-pivot to create an oblique TMBB align-
ment (45  to the XY -plane). Using the algorithm, error parameters were iteratively proposed
to produce a tool-path that would cancel the error e↵ects from the TMBB measurements.
This research by Lee et al., (1998) is one of the earliest examples of experimentally verified
error diagnosis methods.
Wang and Ehmann, (1999a) adopted a di↵erent approach in their identification of ge-
ometric errors in three-axis machine tools. Based on the principles of triangulation, three
centre-pivot locations were used for each tool-tip location. Taking the length measurement
of the TMBB in each position, the location of the tool-tip, inclusive of errors, was described
using the intersection of three spheres. As a development of this method, Wang and Ehmann,
(1999a) proposed a method whereby a single centre-pivot location may be used to achieve a
pseudo-triangulation method. The hypotheses proposed in Part 1 of this research were later
explored experimentally in Part 2 (Wang and Ehmann, 1999b), leading to the conclusion




In order to identify geometric errors in a three-axis machine tool, Florussen et al., (2001)
utilised multiple centre-pivot locations to acquire TMBB length measurements across the
working envelope of the machine. Using a kinematic model of the machine tool, error source
values were identified using a LS fit; minimising the di↵erence between the modelled and
measured TMBB lengths. A significant finding of this research was the correlation between
angular and straightness error parameters, preventing the optimisation of the error values
from converging. This problem alone, has since formed the focus of multiple research e↵orts
and is explained in Figure 3-5. The authors circumvented this issue by omitting straightness
errors from the machine tool’s error model, attributing all associated e↵ects to angular error
components. The error sources identified using the TMBB method were compared with values
identified using a laser interferometer and a close agreement was found, thereby validating
the method’s e cacy.
Figure 3-5: Examples of confounded or correlated error source e↵ects, which
are often inseparable in machine tool accuracy testing
Fan et al., (2001) demonstrated the use of a wavelet transform in conjunction with a
neural network to extract individual error sources from TMBB measurement data. By issuing
exemplary TMBB traces for relevant error sources to the neural network as a training set,
error recognition was demonstrated by the network when many superposed error components
were present. The authors postulated that the advantage of utilising wavelet transforms over
Fourier transforms lay in the varying spatial and time resolution. This is advantageous in
the identification of localised and periodic error sources.
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Yang et al., (2004) use a spiral-shaped TMBB trajectory that exists on the surface of a
hemisphere to identify positional errors in a three-axis machine tool. By first constructing a
three-axis error model using homogeneous transformation matrices, the e↵ect of each error
component on the TMBB length was assessed for each point on the hemispherical spiral. The
authors demonstrated that TMBB length measurements could be related to tool-tip positional
errors in the X, Y and Z-directions. Compensating the tool-tip position using these values
led to significantly reduced TMBB length changes in a repeat of the same toolpath. Although
this method does not identify values for individual error components, it goes some way to
validating the kinematic model used to characterise the machine tool and its errors.
In 2013, Lee and Yang, (2013a) explored the use of LS sphere fitting to XY , Y Z and ZX
planar TMBB tests. This deviation from the conventional practice of LS circle-fitting (to
each of the aforementioned tests, separately) is motivated by the fact that the centre-pivot
position should be common to each of the three tests. Therefore, evaluating three separate
circle centres, was deemed to be inferior to identifying a common sphere centroid. In addition
to finding the common centroid, the authors also propose the use of spherical deviation i.e.
maximum and minimum radial deviation from the LS sphere surface in all three planar tests.
In later research Lee and Yang, (2014) used the same LS sphere-fitting procedure to evalu-
ate geometric errors in three-axis machine tools. It was noted that eccentricity in radial plots
from planar TMBB tests was not exclusively caused by error in the centre-pivot’s position,
but also by geometric error sources. As such, the authors proposed that any reduction in
spherical or circular deviation caused by the removal of eccentricity implied that geometric
error source e↵ects were being removed from the data by this process. As such, it was recom-
mended that testing methods that are not reliant on the removal of eccentricity would yield
a more complete representation of the ‘true’ state of the machine tool.
3.5 Testing Machine Tools with Controlled Rotary Axes
In this section, the term ‘machine tools with controlled rotary axes’ broadly refers to multi-
axis MTs with three linear and at least one rotary axis. Building upon the previous reported
literature, this section focusses on TMBB tests that identify geometric errors in axes of
rotation or shared between multiple linear and rotary axes.
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3.5.1 The Emergence of Ballbar Tests for Rotary Axis Errors
The earliest identified applications of the TMBB to the identification of geometric error
sources in MTs with controlled rotary axes are those of Kakino et al., (1994) and Sakamoto
and Inasaki, (1994). Kakino et al., (1994) made use of four unique toolpaths to assess the
– then termed – ‘radial’, ‘angular’, ‘axial’ and ‘indexing’ error of a rotary axis (shown in
Figure 3-6). The strategic use of di↵erent TMBB alignments to isolate di↵erent error sources
within an axis of rotation has formed the foundation of almost all subsequent research in
this area. The toolpaths used in this research bear resemblance to the contemporary naming
convention of ‘axial’, ‘radial’ and ‘tangential’ TMBB alignments, which are introduced later
in this section. The work of Kakino et al., (1994) led to the quantification of errors via
the circularity, bi-directional repeatability and higher-harmonic component of the measured
TMBB data.
Figure 3-6: The four toolpaths utilised by Kakino et al., (1994) to identify
radial, angular, axial and indexing error of a rotary axis
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To explain the theory behind the work of Kakino et al., (1994), the following explanation
is given. To identify the ‘axial’ error of the rotary axis, the centre-pivot is placed on the
average line of the rotary axis and the TMBB extends along the nominal average line, parallel
to it. In this way, unwanted motion of the rotary axis in the axial direction is measured,
whilst minimising sensitivity to angular errors. Conversely, to measure the angular errors of
the rotary axis, the centre-pivot is o↵set from the axis average line, but the TMBB is still
orientated parallel to it. Now, the ballbar is sensitive to both axial and angular errors in
the rotary axis’ motion. The radial error is measured by placing the centre-pivot in an o↵set
position from the average line. The ballbar then extends away from this point, either towards
or away from the average line, in a radial manner. The TMBB remains radially aligned with
respect to the average line and perpendicular to it as the axis rotates. Finally, the error in
synchronisation between the linear and rotary axes is identified by placing the centre-pivot in
an o↵set position. The ballbar is then aligned parallel to one of the Cartesian directions, say
X, that is perpendicular to the axis average line. This alignment is maintained throughout
the rotation of the rotary axis, which results in a changing TMBB alignment with respect
to the tangential velocity of the centre-pivot. In a full 360  rotation of the rotary axis, the
TMBB will vary between being tangentially and radially aligned to the centre-pivot’s motion.
At the tangential points (occurring twice, separated by 180 ), the TMBB becomes sensitive
to the synchronisation of motion between the linear and rotary axes.
In their 1994 publication, Sakamoto and Inasaki, (1994) explored the use of di↵erent
ballbar alignments to identify geometric error sources in a 5A-MT with an articulating head.
In these toolpaths, the TMBB was aligned to each of the three Cartesian directions (X, Y
and Z) and this alignment was maintained throughout the range of motion of the rotary axis.
By taking these measurements, the positional deviation of the tool-tip with respect to the
centre-pivot was identified in each of these directions. Through the use of a kinematic model,
inclusive of each considered error source, individual errors were extracted from the test data.
Somewhat ahead of their time, the authors also included the e↵ects of linear axis squareness
errors in their model and error diagnosis. As will be seen throughout this section, linear axis
errors are often assumed to be negligible in order to simplify error separation.
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(a) Testing A-axis, aligned to X (b) Testing A-axis, aligned to Y
(c) Testing A-axis, aligned to Z
Figure 3-7: The four toolpaths utilised by Sakamoto and Inasaki, (1994) to
identify radial and orientation errors in a rotary axis
In 1997, two further research e↵orts were published by Sakamoto et al., (1997) and
Sakamoto and Inasaki, (1997). Sakamoto et al., (1997) propose a second method for identify-
ing geometric errors in a 5A-MT with an articulating head. This approach di↵ers significantly
from the first insomuch as it specifies the use of two tool cups of di↵ering length and it ne-
glects the e↵ect of linear axes on the rotary axis tests. However, the testing toolpaths are
very much alike as they use Cartesian TMBB alignment. Sakamoto and Inasaki, (1997) then
moved away from identifying individual error source values and towards a general quantifi-
cation of the machine tool’s accuracy. To achieve this, the TMBB was used to measure the
radial deviation in measurements taken on a hemispherical surface. The performance of the
machine tool was assessed based on the range, mean and standard deviation of the the radial
deviation measurements. This type of assessment is valuable in the validation of general
machine tool accuracy and may be used to assess the e cacy of any compensation attempts
made on the machine.
These emergent publications (Kakino et al., 1994; Sakamoto et al., 1997; Sakamoto and
Inasaki, 1997) form the foundation for further research addressing the use of the TMBB.
The techniques are still referred to in contemporary research and international standards.
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What is made clear by these early research e↵orts is the importance of the experimental
set-up and alignment of the TMBB instrument in the identification of rotary axis errors. So
far, examples of alignments to both Cartesian and cylindrical coordinate frames of reference
have been described. These di↵erent testing methods are used to categories the remaining
literature in this review.
3.5.2 Alignment to a Cylindrical Coordinate Reference Frame
In 2003, Tsutsumi and Saito, (2003) and Saito et al., (2003a) published their research on
the identification of position-independent errors in 5A-MTs using the TMBB. This research
popularised toolpaths that align the TMBB to a cylindrical coordinate system i.e. axially,
radially and tangentially. To maintain these alignments, circular simultaneous three-axis
motions, using two linear axes (e.g. X and Y ) and a single rotary axis (e.g. C) are often
required to describe a circular path. These toolpaths are depicted in Figure 3-8. Such is
the uptake of this measurement technique, it is now specified in international standards ISO
230-1:2012 (ISO, 2012) and ISO 10791-6: (ISO, 2014). It is possible to avoid the use of
synchronised three-axis motion if the tool-tip can be placed on the rotary axis average line.
Examples of this are given later in this chapter.
Figure 3-8: The six toolpaths utilised by Tsutsumi and Saito, (2003) to iden-





Table 3.1: Position-independent geometric errors used by Tsutsumi and
Saito, (2003) to characterise a tilting-rotary table configuration
5A-MT
Notation Definition
 xAY Positional deviation between the Y and A-axis frames in the X-direction
 yAY Positional deviation between the Y and A-axis frames in the Y -direction
 zAY Positional deviation between the Y and A-axis frames in the Z-direction
↵AY Orientation error of the A-axis frame, about the X-direction, with respect to
the Y -axis frame
 AY Orientation error of the A-axis frame, about the Y -direction, with respect to
the Y -axis frame
 AY Orientation error of the A-axis frame, about the Z-direction, with respect to
the Y -axis frame
 yCA Positional deviation between the C and A-axis frames in the Y -direction of the
A-axis frame
 CA Orientation error of the C-axis frame, about the Y -direction of the A-axis
frame, with respect to the A-axis frame
Three significant findings were made as a result of this research. Firstly, it was noted that
the tangentially aligned TMBB toolpath was not needed to identify any of the errors detailed
in Table 3.1. The radial alignment identifies radial o↵set errors and the axial alignment
identifies tilt errors in the average line. Secondly, the tangential alignment was found to be
sensitive to any and all errors a↵ecting the synchronisation of the relative motion between the
tool-tip and the workpiece motion. Hence, errors due to worm gear engagement and feedrate
synchronisation will be present in the data. The third major finding was the relationship
between eccentricities in the LS circle (fitted to the TMBB measurement data) and the error
sources in the MT rotary axes. This proved to be a valuable tool in the diagnosis of individual
error sources.
This method of identifying position-independent geometric errors in 5A-MTs went on to
become the foundation of numerous later research e↵orts. Li et al., (2003) utilised the axial
TMBB testing method to focus exclusively on the identification of orientation errors in the
rotary axes of 5A-MTs. This defined characteristic TMBB measurement patterns for rotary
axes, inclusive of these errors. In particular it was noted that the length of the TMBB in
this scenario could be likened to the distance between two planes, as shown in Figure 3-9.
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Figure 3-9: Relationship described by Li et al., (2003), comparing the length
of the TMBB during axial testing to the distance between two
planes.
Wang et al., (2010) used the same methodology, with the exception of an alternative
kinematic model using homogeneous transformations. Simulations showed that an improved
error identification accuracy could be achieved in this way. Cui et al., (2010) also used this
method to compare the suitability of di↵erent machine tool metrology technologies to the
identification of geometric errors in 5A-MTs. Further generalisations of this measurement
method have been made for machine tools with non-orthogonal rotary axes (Miyama et al.,
2009; Miyama et al., 2010), 5A-MTs with a mixed-type configuration (with a non-orthogonal
rotary axis in the tool-tip kinematic chain) (Tsutsumi et al., 2011), and an articulating head
configuration, as shown in Figure 3-10 (Tsutsumi et al., 2006a; Dassanayake et al., 2008). A
closely related study by Dassanayake, (2009) applied the method to a multi-tasking turning
centre.
Figure 3-10: Example cylindrically-aligned TMBB tests undertaken on an
articulating head (Tsutsumi et al., 2006a). (Left) axial, (cen-
tre) radial and (right) tangential alignment
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The axially-aligned test can be thought of as measuring the separation of two planes;
one containing the centre-pivot motion and the other containing the tool-tip motion. In the
absence of all error, the TMBB length would not change and these planes would appear to
be parallel. However, in the presence of linear axis squareness errors and tilt errors in the
rotary axis average line, these planes will have minutely di↵ering orientations. Hence, the
axially-aligned test can be thought of as identifying the orientation of the rotary axis average
line with respect to the nominally parallel plane subtended by the synchronised linear axis
motion.
An alternative method for identifying orientation errors in the rotary axis average line
has evolved through the use of cylindrically-aligned TMBB testing. Instead of relying on
an axially-aligned test to identify orientation errors, two axially separated radial tests may
be used instead. In each test, the radial coordinates of the average line are identified via
LS circle-fitting. If two such points are identified with a known separation between them, a
vector may be constructed that represents the average line. This method was reported by Lee
and Yang, (2013b) and Lee and Yang, (2013d) and bears close resemblance to measurement
techniques described in ISO 230-7:2006 (ISO, 2006). This research led to several significant
observations. The first of these was the severe corruption of measurement data due to errors
in the tool-tip position caused by tool-cup misalignment. As such, a device to correct the
tool-cup position was presented (see Section 3.6.3 for details). In contrast, set-up errors in
the position of the centre-pivot do not a↵ect measurement results so severely (see Section
3.6.3).
Lee and Yang, (2013b) and Lee and Yang, (2013d) also represent the only existing uncer-
tainty analysis on rotary axis TMBB measurement procedure. Here, the authors identified
tool-cup set-up error, location errors within linear axes, the measurement uncertainties as-
sociated with the TMBB and the dial indicator used to position the tool-cup as the main
contributors. Using the guidelines set out in ISO 230-9:2005 (ISO, 2005b), the authors cal-
culated an uncertainty for each error value. This analytical approach was greatly expedited
by the fact that the linear axes remain stationary during testing as the tool-tip is always on
a rotary axis average line (see Figure 3-11). This is leads to a reduction in the number of
contributors within the error budget.
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Figure 3-11: Examples of the use of two axially separated radial tests to
identify radial o↵set and orientation errors in a rotary axis
average line (Lee and Yang, 2013d)
.
To summarise the use of a cylindrical coordinate frame alignment in rotary axis TMBB
testing, the author makes the following statements:
i. Axially aligned TMBB tests are broadly used to identify the orientation of the rotary
axis under test with respect to the plane created by the synchronised linear axis motion.
For example, identifying the alignment of the C-axis average line with respect to the
XY -plane.
ii. Radially aligned tests are broadly used to identify the radial coordinates of the rotary
axis average line, inclusive of o↵set errors. Two such tests may be conducted at axially
separated locations to identify tilt and o↵set errors in the rotary axis average line.
iii. Tangentially aligned tests record any and all error source contributions that e↵ect the
synchronisation between linear and rotary axes. Although still specified in ISO standards
(ISO, 2012; ISO, 2014), these tests have somewhat fallen into disrepute due to the
inability to separate individual errors sources from the gathered data.
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3.5.3 Oblique Alignment to a Cylindrical Coordinates Reference Frame
At the present time, there are numerous reported cases of modifications to cylindrically-
aligned testing methods. These modified methods use a radial test and an oblique test,
where the TMBB alignment is neither axial nor radial. A clear example of this is shown in
the work by Jiang and Cripps, (2015) and these toolpaths are given in Figure 3-12.
Figure 3-12: Oblique versions of cylindrically-aligned TMBB tests (Jiang
and Cripps, 2015): (a) Radial A-axis,
(b) Oblique Axial / Radial A-axis, (c) Radial C-axis and
(d) Oblique Axial / Radial C-axis
In most cases, the underlying motivation for using oblique versions of cylindrically-aligned
tests is that it is not necessary to drive the linear axes of the MT to maintain a constant
TMBB alignment (Jiang and Cripps, 2015). This is only possible if the tool-tip can be placed
on the rotary axis average line under test. In order to increase the sensitivity of the oblique
tests, it is often necessary to increase the length of the TMBB using extension bars. As the
length increases, the oblique test tends towards an axially aligned test, helping to separate
orientation errors from radial o↵set errors.
67
Chapter 3
Similar procedures have been used by Khan and Chen, (2010), who use a bespoke centre-
pivot fixture to facilitate two oblique tests and a radial test on the rotary axes of a turbine
blade grinding machine. Using this method, the authors were able to identify position-
dependent geometric errors in the rotary axis average line. Zhang et al., (2013) use two
oblique tests per rotary axis to identify position-independent geometric errors. Xiang et
al., (2014) use oblique tests in conjunction with a combined A and C-axis interpolation
(stationary tool-tip). Lasemi, (2014) gave an example use of oblique-aligned tests when the
centre-line of the rotary axis is not accessible to the tool-tip. This required the design of
a craning fixture that would provide a mounting surface for the centre-pivot away from the
tilting-rotary table structure. Although e↵ective, this solution is not readily transportable
between machine tools of di↵erent sizes and proportions. Xiang and Yang, (2014) combined
two oblique tests with conventional Cartesian-aligned tests to help separate orientation and
radial o↵set errors from test data.
3.5.4 Alignment to a Cartesian Coordinate Reference Frame
Since the first example by Sakamoto and Inasaki, (1994), a significant amount of research
has adopted the use of a Cartesian alignment of the TMBB when testing for geometric errors
in rotary axes. This measurement technique is also now specified in international standards
ISO 230-1:2012 (ISO, 2012) and ISO 10791-6: (ISO, 2014).
Zargarbashi and Mayer, (2006) make use of Cartesian-aligned tests to identify errors
inherent to the trunnion axis (primary rotary axis) in a tilting-rotary table. A great deal
of attention is given to the e↵ects of both geometric errors and set-up errors on each of the
proposed tests. It was found that set-up errors in the centre-pivot and tool-tip location have
varying e↵ects on each test, usually manifesting themselves as changes in radius or eccentricity
of the fitted LS circle. These authors opted to assign as many of the observed error e↵ects
as possible to set-up errors, allowing them to filter them from measurement data. After this,
the authors were able to diagnose two radial o↵set errors, an axial error and two tilt errors






Figure 3-13: Cartesian aligned tool-paths used to construct a vector rep-
resenting radial o↵set, axial and orientation errors in the
rotary axis average line (Zargarbashi and Mayer, 2006)
.
The same testing toolpaths were also used by Takayama et al., (2011), Ibaraki et al.,
(2010b), Lee et al., (2012) and, with minor modification, Xiang and Yang, (2014). Ibaraki et
al., (2007) used a combination of cylindrically-aligned (radial) and Cartesian-aligned tests to
estimate errors in the tangential direction of circular motion using a rotary axis and two linear
axes of an articulating head 5A-MT. Additionally, Chen et al., (2015) used a combination of
cylindrically-aligned and Cartesian-aligned tests to evaluate a non-orthogonal 5A-MT
Tests with a Cartesian alignment in TMBB can identify both position-independent (loca-
tion) and position-dependent (component) geometric errors within rotary axes. This becomes
possible when the centre-pivot can be placed on the rotary axis average line, as this removes
the need to use synchronised linear and rotary axis interpolations. If this is possible, then
detailed component error e↵ects can be captured for the rotary axis, without corruption from
linear axis errors. This method has been exploited by Zargarbashi and Mayer, (2006), Xiang
and Yang, (2014) and Fu et al., (2015).
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3.5.5 Simultaneous 4-Axis and 5-axis Controlled Motion
Many research e↵orts have adopted synchronised four and five-axis interpolations. Here,
many (if not all) errors influence the extension of the TMBB throughout the trajectory at
di↵erent points. These trajectories can be subdivided into those that follow the profile of a
spherical surface and those that follow a cone-frustum profile.
i Toolpaths on a Spherical Surface
Toolpaths emulating spherical motion refer to those where the tool-tip is continuously located
on the surface of an imaginary sphere, with radius equal to the nominal TMBB length, centred
on the centre-pivot’s mounting position. Such toolpaths can be described using four axes if
the tool-tip motion is in the plane subtended by two of the linear axes (see Figure 3-14).
Alternatively, all five axes can be used for a spherical motion. The literature has shown that
the TMBB maintains a constant alignment with respect to the workpiece coordinates system
during this type of motion.
Figure 3-14: Example four-axis spherical toolpath motion using in TMBB
testing (Tsutsumi and Saito, 2004)
Four-axis spherical motion was used by Tsutsumi and Saito, (2004) to identify the position-
independent errors listed in Table 3.1. Due to the complex interactions between error sources
and the TMBB, errors were identified via an observation equation (LS-fit) in a multi-stage
calculation.
Through simulation, Dassanayake et al., (2006) and Tsutsumi et al., (2006b) demon-
strated that the simultaneous five-axis spherical motion set out in clause K6 in ISO 10791-
6:1998 (ISO, 1998) was only capable of identifying two (out of ten) position-independent
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geometric error sources in a 5A-MT. A modified spherical test was proposed that required
only a single testing set-up by using a special fixture to accommodate the centre-pivot. In
this case, errors were identified using the aforementioned observation equation technique and
geometrical relationships within the MT structure.
Saito et al., (2003b) demonstrated the use of simultaneous, synchronised 5-axis motion
to identify position-dependent geometric error sources in the rotary axes of three di↵erent
5A-MT configurations: tilting-rotary table, articulating head and mixed-type. A di↵erent
type of simultaneous 5-axis toolpath was defined by Chen et al., (2014b), whereby a helical
path was described on a hemispherical surface. Throughout this motion, the tool vector was
kept normal to the hemispherical surface, o↵ering a range of positions and orientations.
An interesting approach to geometric error modelling and identification was presented
by Higashiyama et al., (2007). The authors describe the e↵ects of non-linear errors (back-
lash) and cyclical errors (pitch errors) in the axis drives, on the identification of position-
independent geometric errors using simultaneous 5-axis motion. Using a block diagram to
represent the dynamic and non-linear characteristics of the axis drives, it was shown that
geometric error identification could be severely corrupted. It was also shown (through simu-
lation) that by removing these e↵ects from ballbar measurements, greater error identification
accuracy could be achieved.
These examples from the literature help to shape some important observations regarding
the use of spherical tool-paths:
i. With four and five-axis synchronised interpolations, there is a general reduction in the
number of set-ups used to acquire measurements from two rotary axes i.e a single set-up.
This can reduce testing durations, whilst also minimising the number of unique set-up
error values introduced to the system.
ii. Separation of individual geometric error sources becomes challenging. As such, error
source values are typically identified using a kinematic model and maximum likelihood
fitting techniques. This can be thought of as a model-based calibration.
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ii Emulating a Cone-Frustum Cutting Test
In 2005 Ihara and Tanaka, (2005) introduced the notion of utilising the TMBB to emulate
the NAS 979 cone-frustum cutting test (NAS-979, 1969); an established method of verifying
the contouring accuracy of 5A-MTs. The authors explored the feasibility of utilising the
TMBB to assess the contouring capability of the machine tool, thereby removing the need
to acquire a material specimen and conduct separate cutting and measuring processes. Later
this type of TMBB test went on to form part of the ISO 10791-6 (ISO, 2014) test standard
for multi-axis machine tools. Some discussion on the practicalities of implementing this type
of test were issued in the later work of Ihara et al., (2011) and Lee et al., (2013a).
(a) (b) (c)
Figure 3-15: Examples of (a) NAS 979 cone-frustum machining test (El-
lison Technologies, 2010), TMBB version of cone-frustum
test with (b) base-parallel alignment and (c) cone-normal
alignment (Kato et al., 2012)
.
The concept of using the TMBB in place of an actual cutting test was further assessed
by Uddin and Ibaraki, (2007). Here, the authors used the error identification techniques of
Tsutsumi and Saito, (2003) to predict the outcome of the NAS-979 cone-frustum test. It was
found that the predicted and measured results were in close agreement, further validating
the use of both the testing methods of Tsutsumi and Saito, (2003) and the use of the TMBB
in cone-frustum test emulation. In a similar manner, Kato et al., (2013) modelled the e↵ect
of each individual error source from Table 3.1 and positional errors in the centre-pivot and
tool-cup on a cone-frustum TMBB test. The e↵ect of compensating centre-pivot positional
errors was also shown. Matsushita and Matsubara, (2011) were able to use simulations
to demonstrate that multiple cone-frustum TMBB tests could be used to identify position-
independent errors in the rotary and linear axes of a 5A-MT (also centre-pivot and tool-
cup positional deviations). By using many measured TMBB lengths, errors were fitted to
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the measurements via a kinematic model on a maximum-likelihood basis. Compensating a
machine based on this method showed cases of improved circularity in repeated cone-frustum
tests.
This survey has identified that the cone-frustum emulation strategy has become popular in
two capacities: (i) Quantifying the contouring accuracy of a machine tool during simultaneous
five-axis interpolations, rather than identifying specific error source values; (ii) Validating
the pre and post-compensation accuracy of machine tools, where alternative measurement
techniques have been used to identify specific error sources that can be compensated.
3.5.6 Arbitrary and other Miscellaneous Measurement Strategies
Lee et al., (2013b) demonstrates a method for generating simultaneous 2-axis motions using
X&C, Y&C and A&C axis pairings. Simultaneous motion of two rotary axes has also been
used to help identify position-independent geometric errors in a tilting-rotary table (Xiang
et al., 2014). Lee et al., (2011) used novel two and three-axis simultaneous controlled motions
on a mixed-type 5A-MT. The premise of this research was that if position-dependent linear
axis errors are identified before rotary axis testing (by any means), their e↵ects can be
retrospectively removed from TMBB measurement data. Within a simulation, this method
could accurately identify rotary axis errors in the presence of linear axis component errors,
using a priori knowledge. Experiments showed that improved contouring accuracy could be
achieved in a repeat of the same test if the toolpath and centre-pivot location were modified
to compensate for error e↵ects.
A radically di↵erent approach to error identification was proposed by Abbaszadeh-Mir
et al., (2002). Using a machine tool with a tilting-rotary table, the authors constructed a
kinematic model using transport matrices. This was used to formulate a linearised model
of the machine tool kinematics where a form of Jacobian matrix projected the e↵ect of an
individual error source onto the extension of the TMBB. Cross-correlation between error
parameters led to inseparable error e↵ects. The authors identified a smaller subset of the
machine tool errors that could account for all observable e↵ects, whilst avoiding confounding
model parameters. By selecting 60 random and spatially distributed MT poses, measurements
were simulated using the kinematic model. Initial error values were assigned and updated
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iteratively as an optimisation problem, minimising the di↵erence between predicted TMBB
measurements and the virtual measurements generated by the kinematic model. This method
was shown to be highly e↵ective in simulations but was not supported by experimental
findings. This research was later extended to use two distinct centre-pivot locations and
three distinct tool-tip locations, through the use of bespoke fixtures (Abbaszadeh-Mir et al.,
2003). This facilitated the identification of not only position-independent, but also position-
dependent error sources in a 5A-MT, which were modelled as polynomial functions.
Further application of arbitrary machine tool poses in 5A-MT accuracy testing was shown
by Yang et al., (2015). The significance of this research lay in the fact that kinematic mod-
elling of location errors in a variety of 5A-MT configurations was made possible by applying
screw theory. Here, machine pose and error e↵ects are expressed in a global coordinate sys-
tem, removing the need for placement of coordinate systems on each axis drive. Using this
method, a generalised Jacobian matrix was formed. This later facilitated the fitting of error
parameters to measurement data, via the kinematic model.
A method for identifying position-dependent geometric errors in rotary axes of machine
tools was described by Chen et al., (2014a). It has been previously acknowledged that two or
more planar three-axis TMBB tests provide su cient measurement data to locate the centre-
pivot in a reference coordinate frame. This is usually via LS circle (e.g. Tsutsumi et al.,
2013b) or sphere fitting (e.g. Lee and Yang, 2013a). Hence, a rotary axis may be driven to
particular angles and the centre-pivot’s location identified. If this is repeated at a number
of positions across the axis’ range, geometric error sources may be identified using multiple
centre-pivot locations. Chen et al., (2016) later extended this work by giving experimental
validation of the identified error sources and describing procedures to minimise set-up errors
in the centre-pivot and tool-cup (using an adjustable tool-cup).
The following points summarise the author’s view on the use of arbitrary and miscella-
neous TMBB alignments:
i. Arbitrary TMBB alignments, focussing more on gathering measurements from a vari-
ety of distributed machine tool poses, have been used to great e↵ect when identifying
geometric errors in 5A-MTs. They are, however, heavily reliant on advanced kinematic
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modelling and error diagnosis techniques, usually adopting a model-based calibration
approach. This relegates them to the use of expert operators who are well-versed in such
fields.
ii. Using familiar circular tests to locate the centre-pivot whilst the rotary axes remain
stationary has been shown to be a powerful error identification technique. This method
is highly reliant on the suppression of set-up errors and linear axis error e↵ects that might
falsify the perceived centre-pivot location. Furthermore, the need to stop the rotary axes
and take measurements in three planes could make the acquisition of numerous centre-
pivot locations very time-consuming.
3.6 Challenges in Ballbar Testing and Error Identification
The challenges associated with TMBB testing of machine tools are discussed in the following
subsections. Attention is given to general testing deficiencies and those issues a↵ecting rotary
axis testing.
3.6.1 General Deficiencies in TMBB Testing
The limited extension stroke of the TMBB restricts the range of motion that axes can move
through. This means that error sources are measured locally, rather than across the entire
axis range. ISO 230-1:2012 (ISO, 2012) warns against measuring squareness between axes
over a small portion of the axis travel as the usefulness of the measured error decreases. This
phenomenon is illustrated in Figure 3-16. An extension bar can be used to make the TMBB
longer, thereby covering a greater range of axis motion. When a high aspect ratio exists
between axes, multiple TMBB tests can be conducted as shown in Figure 3-17. The results
from these tests for, say, squareness error, are then averaged to give the global error value
(Chapman, 2012).
Rotary axes are limited in a di↵erent way to linear axes. When the 5A-MT has a tilting-
rotary table, there is often risk of collision between the tool, spindle assembly and the struc-
ture of the tilting-rotary table (described by Lee and Yang, (2013b), Lee and Yang, (2015),
and Jiang and Cripps, (2015)). This can be alleviated by increasing the length of the TMBB
or the tool-cup to create extra clearance, as shown in Figure 3-18. If the length of the appa-
75
Chapter 3
Figure 3-16: The diminishing usefulness of measuring linear axis squareness
over an increasingly small proportion of the axis travel (ISO,
2012)
Figure 3-17: Five TMBB tests conducted across the range of axis motion.
Global squareness is 15µm/m, which is the average of 50.6, 15
and  20.6 (Chapman, 2012)
ratus is increased, there is a risk that the Z-axis will have insu cient travel to accommodate
this extra length when the TMBB is vertical and above the centre-pivot. As such, the op-
timum testing set-up depends on machine tool proportions i.e. rotary axis and linear axis
motion ranges. Alternatively, the range of rotary axis motion can be reduced to avoid colli-
sion. This is undesirable as a reduction in angle of arc can result in increased uncertainty due
to covariance between parameters in a partial arc and the sensitivity of circle fitting when a
small arc is used (Regal Metrology Inc., 2016).
Another limiting factor in ballbar testing of machine tools is the permissible range of




Figure 3-18: An example of how increasing the tool-cup length can give extra
clearance between machine tool structural elements (a) short
tool-cup, (b) long tool-cup
of this kind is the inability to complete a full 360  interpolation in either the XY , Y Z or
ZX plane. This is due to interference between the TMBB, centre-pivot and tool-cup. To
overcome this, centre-pivot and tool-cup designs with projecting stems have been patented
(Bailey, 2003; Bird and Smith, 2008) and reported in academic publications (Ibaraki et al.,
2010b). By enabling 360  tests to be undertaken in three orthogonal planes, a greater number
of error sources may be identified, such as straightness errors and squareness errors.
(a) Bailey, (2003) (b) Bird and Smith, (2008) (c) Ibaraki et al., (2010b)
Figure 3-19: Examples of modified tool-cup and centre-pivot designs to




3.6.2 Challenges Associated with Synchronised Multi-Axis Interpolations
The ISO standard method for identifying rotary axis errors requires a cylindrical or spherical
artefact to be centred on the nominal rotary axis average line (ISO, 2006). This means the
rotary axis average line must be accessible (Figure 3-20a). A dial gauge (or similar) is then
used to measure the artefact without the need for linear axis motion, whilst the rotary axis
is moved. If, however, the average line is inaccessible (Figure 3-20b), this is impossible. An
alternative would be to use an appropriately sized artefact of the required radius. This could
be mounted to the table as if its centre lay on the average line of the rotary axis. Generally,
an artefact of this kind would have to be machine-specific, large and, therefore, expensive.
Alternatively, synchronised linear and rotary axis interpolations can be used to allow the
tool-tip to trace the motion of an artefact that is attached to a rotating axis at a fixed radius.
This issue forms the basis for many complications in rotary axis testing.
(a) (b)
Figure 3-20: Examples of (a) an accessible rotary axis average line and
(b) an inaccessible rotary axis average line
Errors in synchronisation between axes of motion and geometric error sources in linear
axes can influence rotary axis error measurements. However, the majority of existing liter-
ature chooses to operate on the assumption that linear axis errors are negligibly small and
have no e↵ect on rotary axis tests (Tsutsumi and Saito, 2003; Wang et al., 2010; Ibaraki
et al., 2010a; Lee et al., 2012; Huang et al., 2015). More advanced TMBB measurement and
data-processing techniques that accommodate linear axis errors are now coming to the fore.
The works of Li et al., (2013) and Tsutsumi et al., (2013a) describe methods for removing
the e↵ects of linear axis squareness errors from axially and radially aligned TMBB rotary
axis tests. This is achieved by first measuring linear axis squareness errors with conventional
circular tests. Similarly, Lee et al., (2011) use a priori knowledge of linear axis component er-
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rors to correct the results of rotary axis tests. Alternatively, linear axis squareness errors can
be considered within the list of error parameters that are identified as part of a model-based
calibration, fitting errors to measurement data on a maximum likelihood basis (Abbaszadeh-
Mir et al., 2002; Yang et al., 2015). This body of research shows that linear axis errors
detrimentally a↵ect rotary axis tests. It also shows that there are two emerging methods for
addressing this issue. However, including linear axis error e↵ects is still a developing field
and the majority of existing literature has not focused on this issue.
3.6.3 Challenges Associated with Set-up Errors
Set-up errors generally refer to positional errors in the tool-cup and centre-pivot arising from
the installation process (Figure 3-21). Rotary axis testing can be severely a↵ected by set-up
errors in the centre-pivot and tool-cup. Considering a machine with a vertical Z-axis and a
tilting-rotary table: radially-aligned tests of the B-axis are corrupted by tool-cup errors in
Z and X-directions and radially-aligned tests on the C-axis are corrupted by tool-cup errors
in the X and Y directions. The set-up errors alter the centroid coordinates of the circle of
best fit (applied to the measurement data), which has a direct impact on the identification
of o↵set errors in the rotary axis average line.
Figure 3-21: Diagrammatic representation of set-up errors in TMBB testing
(Xiang and Yang, 2014)
Zargarbashi and Mayer, (2006) investigated rotary axis tests with a Cartesian alignment
on the A-axis of a Vertical Machining Centre (VMC) with a tilting-rotary table. It was found
that TMBB alignments in the Y and Z directions were adversely a↵ected by centre-pivot set-
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up errors acting in the same directions. Again, this was due to the interaction between these
errors and the centroid of the circle of best-fit. This relationship was confirmed in a direct
comparison of cylindrical and Cartesian alignments (Tone et al., 2012a; Tsutsumi et al.,
2013b).
Amongst research that acknowledges them, treatment of set-up errors varies. Some choose
to include set-up errors in the list of error parameters to be identified in a model-based
calibration (Yang et al., 2015). Others include them in least-squares fitting of functions
to measurement data (Lee and Yang, 2013d). There are, however, some set-up errors that
are inseparable from machine tool geometric errors. In this instance, the most popular
approach has been to physically suppress the set-up error e↵ect in question via some form of
adjustment. Figure 3-22a shows a design developed by (Lee and Yang, 2013d), including two
flexure joints to adjust the position of the tool-tip in two radial directions with respect to the
spindle average line. Figure 3-22b is specified in ISO, (2014) and uses four adjustment screws
to ‘minutely adjust’ the tool-cup-side tooling-ball, as errors of this nature will influence the
tests specified in this standard. It should be noted that this standard also stipulates that
the position of the tool-cup-side tooling-ball may also be measured and compensated for if
rotary axes are not in the tool-tip kinematic chain.
3.6.4 Validating Error Measurements
Unlike linear axis testing, where it is comparatively straightforward to directly measure in-
dividual error components with e.g. a laser interferometer, validating rotary axis error mea-
surements can be significantly more challenging. If a rotary axis average line is accessible,
direct error measurement techniques (e.g. artefact and dial-gauge) can provide baseline er-
ror values against which other measurement techniques can be validated. If, however, the
rotary axis average line is inaccessible to the tool-tip of the machine (Figure 3-20b), then
direct measurement of rotary axis errors is extremely di cult. Measurements will inevitably
contain the e↵ects of linear axis errors and errors in synchronisation between axes. Hence,
finding a traceable ‘gold standard’ for measuring errors in inaccessible rotary axes is a pre-
vailing machine tool metrology challenge. The following paragraphs give a description of the




Figure 3-22: Tool-cup with in-built adjustment, used in the removal of
tool-cup set-up errors: (a) a modified design proposed in
Lee and Yang, (2013d) using two flexure hinges, and (b) An
similar design illustrated in ISO 10791-6:2014 (ISO, 2014)
using four alignment screws
i Compensating the Machine Using Controller Parameters
Advances in machine tool controller functionality have meant that compensation parameters
and schemes are more widely available in industry. As such, some of the error values iden-
tified using the TMBB can be compensated either directly (e.g. rotary axis o↵set errors)
or indirectly (e.g. compensation vector tables). By measuring, compensating and remea-
suring a machine tool, it is possible to observe and quantify any reduction in error e↵ects
(Tsutsumi et al., 2013b). Challenges arise if errors cannot be compensated directly (Hsu and
Wang, 2007), especially if there are limitations in the compensation scheme. The following
subsections describe existing validation techniques identified in the literature.
ii Compensating the Machine Via the NC Program
An alternative to compensating the machine tool using controller parameters is modifying
the coordinates in the machine tool testing toolpath. An updated kinematic model, which
includes the e↵ects of geometric errors, is used to create a toolpath that cancels the e↵ects
of geometric errors. This will typically be similar to the toolpath used to measure the errors
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(Lee et al., 2012; Chen et al., 2014b; Lee and Yang, 2015) but can also utilise a di↵erent
validation toolpath.
iii Validating Error Measurements Using Validation Toolpaths and Predictions
If (i-iv), below, are true then the author believes that the kinematic model of a machine tool
should be su cient to predict future measurement outcomes:
i. The number and nature of error sources are su cient to characterise the machine tool’s
motion;
ii. Error values have been measured accurately;
iii. All other assumptions regarding the machine’s motion (such as rigid body motion) are
valid;
iv. Thermomechanical, dynamic forces, load, and motion and control software errors are
impacting the machine’s motion by a constant or negligibly small amount within and
between tests.
Validation toolpaths can either be the same as the measurement toolpath or, perhaps
preferably, use a di↵erent trajectory. Using an error-inclusive kinematic model of the machine,
the measurement results from a validation toolpath can be predicted. A close match between
the predicted and experimental error values gives an indication that the model reflects the
true motion of the machine tool. In addition to checking predictions, validation toolpaths
can be used to confirm the reduction in error e↵ects if a compensation has been made.
Emulating the cone-frustum machining test has become a popular toolpath for capturing
the contouring accuracy of 5A-MTs. This is because all five axes of the machine tool are
driven in synchronisation, giving a good indication of how closely a machine tool can follow
a multi-axis contour. Tone et al., (2012b) and Tsutsumi et al., (2013b) compensated a
MT using both controller parameters and an adapted Numerical Control (NC) program to
correct the tool-tip position. The cone-frustum TMBB test was then undertaken to monitor




The commercial arena o↵ers both hardware and software products for TMBB testing for
machine tools. At the present time, there are only two commercially available TMBB prod-
ucts. These are sold by Automated Precision Inc. (API) and Renishaw Plc. A side-by-side
comparison of these products is given in Table 3.2. Both the API Inc. and Renishaw Plc.
TMBB products are supported by software capabilities. For circular testing of linear machine
tool axes, both API Inc. and Renishaw Plc provide a data analysis module and a machine
error simulator module. The reported error values and supported standards are also listed in
Table 3.2.
Renishaw Plc. o↵er two further software packages aimed at supporting rotary axis mea-
surements, with particular reference to the tests specified in ISO 10791-6:2014 (ISO, 2014).
The Renishaw Ballbar Trace software (Renishaw Plc., 2016b) maps length measurements
against time, alone, giving greater flexibility when specifying and capturing complex testing
toolpaths. To support analysis of data captured using the Ballbar Trace Software, Ren-
ishaw Plc. also o↵er an extension to their XCal View software (Renishaw Plc., 2016d) (laser
interferometry data analysis software package).
3.8 Appearances in National and International Standards
As a result of its widespread usage, the TMBB is now specified in numerous national and
international standards for machine tool metrology applications. Appearances in national
standards are detailed in Table 3.3.
ISO standards refer to the usage of the TMBB in a broad range of scenarios. Whereas
some standards prescribe the device explicitly, some merely describe a measurement principle
that is applicable to the TMBB. In addition to this, the usage of the device varies according to
machine tool kinematic configuration and the axis and error sources under test. The following
subsections give a brief overview of ISO standards that both explicitly and implicitly cite the
TMBB as a measurement instrument.
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Table 3.2: Two commercial TMBB products from Automated Precision Inc.
and Renishaw Plc. (*Length over which error is measured)
Automated Precision Inc. Renishaw Plc.
Sensor Resolution 0.25µm 0.1µm


























Further Notes - Partial arc tests have a max-
imum angle of 220  with a
TMBB length of 100mm. This
is because the TMBB cannot
travel more than 20  below the
horizontal (XY ) plane without
a collision occurring between




Table 3.3: Appearances of the TMBB in current national and international
standards
Standards Body No./Title Reference
ANSI/ASME
(United States)
B5.54 - 2005 Methods for Performance Evalu-




B5.57 - 2012Methods for Performance Evalua-




JIS (Japan) B 6190-4:2008 Test code for machine tools –
Part 4: Circular tests for numerically controlled
machine tools
(JIS, 2008)
GB/T (China) 17421.4:2003 Test code for machine tools –
Part 4: Circular tests for numerically controlled
machine tools
(GB/T, 2003)
IS (India) 2063-1 Test Code for Machine Tools, Part 1:
Geometric Accuracy of Machines Operating Un-
der No-load or Finishing Conditions
(BIS, 2002)
ISO 230-1:2012 (ISO, 2012) explicitly specifies the TMBB for identifying squareness errors
between nominally perpendicular linear axes using circular tests. It also explicitly specifies the
use of the TMBB in synchronised three-axis circular tests using two linear and one rotary axis.
In these tests axial, radial and tangential TMBB alignments are prescribed. Synchronised
five-axis interpolation tests using three linear and two rotary axes are also explicitly linked to
the TMBB in this standard. This extends to a cone-frustum trajectory and also a spherical
trajectory.
ISO 230-4:2005 does not explicitly prescribe the TMBB. However, ISO 230-4:2005 (ISO,
2005a) is the recognised international standard for planar circular tests using two nominally
orthogonal linear axes. This standard is machine tool-agnostic, giving details on testing
parameters and data presentation.
ISO 230-7:2015 does not explicitly specify the TMBB as a measurement instrument.
However, many of the measurement principles reported in academic research in conjunction
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with TMBB testing of rotary axes are reflected in this standard. Specifically, this refers to
the identification of axial, radial and tilt errors in axes of rotation.
ISO 10791-1:2015 specifies geometric tests for machine tools with a horizontal Z-axis.
It has an interesting relationship with ISO 10791-6:2014 insomuch as tests AK1-2, BK1-2,
CK1-2 from ISO 10791-6:2014, may be used interchangeably with the dial-gauge methods of
BG8, BG9, CG8, CG10, DG9 and DG11 of ISO 10791-1:2015, depending on the machine’s
kinematic configuration. Attention is also drawn to Annex C of this standard, where a nested
sensor array is used in conjunction with tests resembling BK1 and BK2 of ISO 10791-6:2014
ISO, 2014. Hence, despite not explicitly prescribing the TMBB, it could be considered in
these applications.
ISO 10791-6:2014 This standard focuses on machine-specific execution of linear, and com-
bined linear and rotary axis interpolations during machine tool measurement. The general
purpose is to establish the capability of the machine to conduct synchronised multi-axis in-
terpolations. The TMBB is explicitly specified as a suitable measurement instrument for
identifying machine tool errors. This standard focuses on 5A-MTs with articulating heads,
tilting-rotary tables or mixed kinematic configurations. Tests require either three axis inter-
polation (two linear and one rotary) or five-axis interpolation (three linear and two rotary).
The five-axis interpolation tests either follow a cone-frustum cutting test trajectory, or a
spherical trajectory. It should be noted that this standard also specifies three planar circular
tests using the TMBB, as per ISO 230-4:2005.
ISO 10791-8:2001 focuses on the execution of three circular planar tests in the XY , Y Z
and ZX-planes of a machine tool. Rather than identifying the origin of measured error
e↵ects, this standard gives detailed guidance on how to execute periodic machine tool error
checks and present findings.
ISO 13041-1:2014 is concerned with geometric tests for turning machines with a horizontal
workholding spindle. The TMBB is not explicitly prescribed in this standard. Tests G5 and
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G23 identify squareness errors between two perpendicular linear axes and parallelism error
between a rotating turret and the ZX-plane, respectively. Other standards refer to the use of
the TMBB in this capacity. This suggests that the TMBB may be used in a similar manner
on machines with a horizontal workholding spindle.
ISO 13041-5:2015 This standard gives procedures for testing the accuracy of speeds and
interpolations in turning machines and turning centres. This standard explicitly specifies the
TMBB for identifying circular and radial deviations in a circular trajectory described using
two perpendicular linear axes. It also specifies tests using two linear and one rotary axis to
describe a circular path. The TMBB is aligned in the axial, radial and tangential directions
to measure deviations in a synchronised three-axis interpolation.
3.9 Critique, Deficiencies and Research Gaps
It can be seen from Figure 3-23 that following the TMBB’s conception in 1982, a two year
latency period followed. However, the quantity of TMBB research addressing the identifica-
tion of geometric errors has been increasing thereafter. Since the late 1990s, the number of
research outputs has accelerated, largely due to a significant increase in research e↵orts ex-
ploring 5A-MT applications. It is safe to say that research relating to machine tool accuracy
testing using the TMBB is still a fertile research area.
3.9.1 Testing of Linear Axes of Motion
The current state-of-the-art in linear axis testing encompasses circular tests that identify
geometric, dynamic, controller and control software errors. Many machine tools of di↵ering
size and kinematic configuration are now catered for through the use of various length adap-
tors, modified centre-pivots and adjustable tool-cups. Additionally, the ability to average
the results of TMBB tests conducted along the length of an axis’ travel has facilitated closer
approximation of global error e↵ects.
Research concerning the testing of linear axes has remained at a low level since the
conception of the TMBB. It is proposed that this is due to the early commercialisation of































































































































































































































































Figure 3-23: Histogram showing the number of academic publications ad-
dressing the use of the TMBB in conjunction with various ma-
chine tool error sources
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use of the TMBB in circular tests since 1992 and international standards have been doing so
since 1996. Developments published in academic research are limited to subtle modifications
in hardware, testing procedures and data processing techniques. Therefore, without a step-
change in the form, function or accuracy of the instrument, it is likely that linear axis research
will remain at a low level. Prevailing research challenges now exist in the integration of linear
axis error measurements with rotary axis error measurement and analysis techniques.
3.9.2 Ballbar Testing of Machine Tools with Rotary Axes
Unlike linear axis testing, rotary axis testing is a buoyant research theme, where research
interest has been increasing since the late 1990s. The state-of-the-art in rotary axis testing
is characterised by the number of axes measured, the granularity of the error source infor-
mation gathered, the robustness of the testing procedures to set-up errors, the number of
experimental set-ups used to acquire error source information and the complexity of the data
processing requirements.
i Measurement Uncertainty & Sensitivity Analysis
The only research that considers the uncertainty of the 5A-MT TMBB measurements is that
of Lee and Yang, (2013d) and Lee and Yang, (2015). Here, measurement uncertainty is based
upon the guidelines of ISO 230-9:2005 (ISO, 2005b). This analysis is greatly simplified by the
fact that linear axes remain stationary during all tool-paths in this testing method. It is en-
visaged that this form of analytical uncertainty analysis would become prohibitively complex
in the presence of synchronised axis interpolations. This is largely due to the requirement
for a priori knowledge regarding correlated contributors to the uncertainty budget. It likely
to be necessary to adopt statistical approaches to uncertainty analysis, such as Monte Carlo
Simulation. This has already been used in conjunction with nested sensor array testing of
5A-MTs.
Sensitivity analysis in relation to TMBB testing of 5A-MTs has yet to develop beyond
a One Factor at a Time (OFAT) analysis. Examples of this can be found in Zargarbashi
and Mayer, (2006), Xiang et al., (2014), and Lee and Yang, (2013d). A single example of
an alternative analysis has been found in Abbaszadeh-Mir et al., (2002). The singular-value
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decomposition, matrix rank and condition numbers were used as tools to identify ‘confound-
ing’ error sources, helping to reduce the number of error parameters in the kinematic model.
Significant limitations exist in both of these methods. OFAT sensitivity analysis becomes ex-
cessively labour-intensive when the number of parameters becomes large. As such, it will be
necessary to consider the use of alternative global sensitivity analysis techniques that are re-
configurable and highly exploratory. This will facilitate the inclusion of more error parameters
and allow reconfiguration to accommodate a variety of simulated error measurement tech-
niques (toolpaths). The singular-value decomposition approach requires the formulation of a
linearised kinematic model. As has been previously discussed, correlated error sources pose
significant challenges in the inversion of the pseudo-Jacobian matrix when using this method
(as seen in Abbaszadeh-Mir et al., (2002)). Alternative sensitivity analysis approaches are
required to alleviate this issue.
ii Linear Axis Error E↵ects in Rotary Axis Testing
Research is beginning to address the issue of rotary axis error identification in the presence of
linear axis errors. Sakamoto and Inasaki, (1994), Sakamoto et al., (1997), Lee et al., (2011),
Li et al., (2013), and Tsutsumi et al., (2013a) use a priori knowledge of linear axis location
errors to compensate for their e↵ects in rotary axis testing. Conversely, Abbaszadeh-Mir
et al., (2002), Abbaszadeh-Mir et al., (2003), and Yang et al., (2015) identify geometric
errors in linear and rotary axes from the same experimental data. Abbaszadeh-Mir et al.,
(2002) and Yang et al., (2015) consider location errors, whereas Abbaszadeh-Mir et al., (2003)
consider component errors defined by polynomials. Both Abbaszadeh-Mir et al., (2002) and
Abbaszadeh-Mir et al., (2003) have only been proven in simulation and not in experiment,
However, Yang et al., (2015) have demonstrated their methods on a commercial machine tool.
In each of these three cases, there is a heavy reliance on a detailed kinematic model and also
the need for a Jacobian matrix that propagates the e↵ect of each error source onto the sensitive
direction of the TMBB. Additionally, all three of these examples use arbitrary tool-paths
that cover a variety of machine tool poses. This makes NC programming, standardisation
and data-analysis considerably more challenging. New research should address the need for
linear axis location errors to be considered in rotary axis testing, whilst minimising the use of
ill-defined tool-paths and a heavy reliance on the kinematic model to quantify error sources.
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iii The Influence of Set-up Errors
In the early years of rotary axis testing, it was generally assumed that set-up errors had
a negligible impact on rotary axis measurements. More recently, an increasing proportion
of research attempts to remove this assumption by physically removing or identifying set-
up errors in the tool-cup and centre-pivot. Those methods that actively remove tool-cup
errors using devices such as adjustable tool-cups include Dassanayake, (2009), Lee and Yang,
(2013d), Chen et al., (2016), and ISO, (2014). There are also methods that include set-
up errors in the list of error parameters to identify in the data processing phase (Yang et
al., 2015). The work of Yang et al., (2015) actively identifies tool-cup errors acting in the
Z-direction. The work of Abbaszadeh-Mir et al., (2002) had previously reported that this
error was confounded with radial o↵set errors in nominally horizontal rotary axes in the Z-
direction. This phenomenon was also reported by Fesperman et al., (2015) in relation to the
R-Test instrument. If these errors are indeed inseparable, highly accurate tool-cup length
measurement is of critical importance as tool centre-point control directly references tool
length. Currently, set-up procedures to suppress the influence of set-up error require minute,
manual adjustment of the testing apparatus. Developments to reduce the time and dexterity
required for this process will be pivotal in reducing testing duration. This is likely to have a
positive impact on practitioners using the measurement methods.
iv Error Source Quantity and Granularity
The majority of rotary axis testing techniques identify location errors. However, a small
body of research has attempted to identify component errors in rotary axes (Zargarbashi
and Mayer, 2006; Lee et al., 2012; Xiang and Yang, 2014; Lee and Yang, 2015). As has
been discussed throughout this review, identification of component errors typically requires
all linear axes to be stationary and for Cartesian TMBB alignments to be used. There are
some counter-examples to this pattern, where multiple tool-cup or centre-pivot attachment
points are used to liken testing to multilateration (Chen et al., 2014a; Chen et al., 2016). A
priori knowledge of linear axis geometric errors can also be used to alleviate the need to keep
linear axes stationary during rotary axis testing.
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Model-based error identification has become an increasingly powerful tool in TMBB test-
ing of 5A-MTs (Abbaszadeh-Mir et al., 2002; Abbaszadeh-Mir et al., 2003; Yang et al., 2015).
Axis and set-up errors are identified on a maximum likelihood basis, minimising the di↵erence
between simulated and actual measurement data (Yang et al., 2015). Despite the ability to
identify a large number of errors, these methods seemingly remove the need to use multi-
ple experimental set-ups (centre-pivot mounting locations). Future work should continue to
address the significance of measuring component errors, whilst also identifying potentially
limiting cases such as large measurement uncertainty.
3.9.3 Measurement Validation Techniques
As previously mentioned, verifying rotary axis error measurements when the rotary axis
average line is inaccessible to the tool-tip is significant and unresolved challenge. As such,
research has had to use a variety of validation techniques to verify testing methods.
It is the contention of this research that validating error reduction via manipulation of the
NC program can be fraught with complications. As the TMBB has a single DoF (extension),
it is only capable of measuring the distance between the tool-cup and the centre-pivot. It
is therefore possible to cancel an error e↵ect using tool-tip translation, alone. There are
infinite positions across the surface of a sphere that will result in the desired TMBB length.
Therefore, unimpeachable evidence supporting error reduction is di cult to obtain. This is
especially true if the same toolpath is used for both initial error measurement and validation
purposes.
The use of substantially di↵erent toolpaths for validation purposes is preferable to the
previous technique. By integrating the measured error values within a kinematic model,
measurement outcomes can be predicted in di↵erent validation toolpaths. If the accuracy
of this prediction is high, the correctness of the measured error source value is partially
validated (e.g. Yang et al., (2004)). Error sources that manifest themselves identically
on a fitting parameter or length measurement add significant complication to this kind of
validation (Florussen et al., 2001; Abbaszadeh-Mir et al., 2002; Ekinci and Mayer, 2007).
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If the measured errors can be incorporated within a kinematic model and the outcomes of
subsequent measurements predicted across a wide range of machine tool poses, then degree
of confidence can be placed in the measured error values. This statement is reliant on full un-
derstanding of error correlations and removal of appropriate countermeasures to confounding
error sources.
It is the author’s opinion that compensation via NC controller parameters is preferable to
both of the above, especially if each measured error can be addressed with its own parameter.
This provides machine tool users with a method to measure and actively remove machine
tool error e↵ects. However, when the capability of the compensation scheme becomes part
of the measurement chain, complications can arise. For example, subsequent validation mea-
surements may not necessarily reflect the correctness of the error measurement, but rather
the ability of the compensation scheme to remove it.
3.10 Summary
In this chapter, research relating to the measurement of geometric error sources in machine
tools using the TMBB has been reviewed and critically assessed. Consequently, the current
state-of-the-art in linear and rotary axis testing has been defined. Furthermore, this review
has identified deficiencies and gaps in existing literature, helping to formulate a future vision
for this research area.
It has been found that sensitivity and uncertainty analysis of TMBB rotary axis testing
procedures is generally under-explored, with only one set of testing toolpaths having been
analysed. Additionally, there is currently no ‘gold standard’ (direct) testing technique which
can be used to validate rotary axis errors if the axis average line is inaccessible to the tool-tip.
As discussed in Section 3.6.4, this presents considerable challenges when quantifying error
identification accuracy and uncertainty. Clear details of the validation procedure for assessing
the trustworthiness of measured errors should be clearly detailed.
Protracted, manual procedures to remove set-up errors are generally undesirable. These
are likely to be present whenever manual removal of tool-cup errors is required (See Section
3.6.3). If possible, any reliance on additional hardware and adjustment procedures should be
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removed. Set-up durations and testing procedures should be designed to minimise machine
tool downtime in order to maximise productivity. Multiple unique sets of set-up errors adds
further complication to error identification (See Section 3.6.3). As such, the number of unique
testing set-ups should also be minimised.
Model-based error identification methods are reliant on gathering measurements from a
variety of machine poses (Abbaszadeh-Mir et al., 2002; Abbaszadeh-Mir et al., 2003; Yang
et al., 2015) (See Section 3.5.6). They are also reliant on a linearised kinematic model
to quantify errors. Toolpaths and set-ups are generally ill-defined in these methods, making
them di cult to standardise and program via NC. Future work should consider exploiting the
advantages of a reduced number of set-ups, whilst utilising straightforward NC programming
of well-defined tool-paths.
By addressing these points, the envisaged benefits are as follows:
i. increased part performance through tighter tolerances,
ii. heightened resource productivity by reducing downtime during verification,
iii. capturing the current state of the machine by frequently undertaking rapid verification,
iv. improved likelihood of correctly specifying error compensation parameters due to robust
measurement procedures and
v. a reduction in scrap associated with poor machine tool health.
Hence, the future vision presented in Figure 3-24 represents immediate research priorities,
focussing on straightforward and robust measurement techniques that identify errors in linear
and rotary axes. Additionally, data-processing procedures should be based on sensitivity
analysis and the uncertainty of measurement should be quantified.
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Figure 3-24: A future vision for TMBB research
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Scope of the Research
4.1 Introduction
The literature review of the previous chapter resulted in the formulation of a future vision
for Five-Axis Machine Tool (5A-MT) Telescoping Magnetic Ballbar (TMBB) testing. In
the short term, this future vision can be expressed via the mind-map in Figure 3-24, which
focuses on testing methods that are complete, robust, accessible, proven, and rapid. This
chapter defines the scope of this research, using this future vision as a set of guidelines to
maintain relevance with respect to the emerging trends in TMBB research. The scope of this
research sets clear lines of demarcation with respect to relevant machine tool technologies,
error sources of interest, metrology instrumentation usage, required analysis and more. In
addition, this chapter outlines the aims and objectives and an expression of the overarching
questions that this research addresses.
4.2 Aim and Objectives
The aim of this research is to use the TMBB to identify all location errors in the linear and
rotary axes of a 5A-MT with a tilting-rotary table configuration. Despite the presence of
location errors in the spindle, (Annex A of ISO 230-1:2012 ISO, 2012), these will be omitted.
This omission is justified by the need to rotate the spindle at angular velocities beyond the
sampling capabilities of the TMBB during testing, to mimic realistic machining conditions.
As such, it is not recommended to use the TMBB in this capacity. Any methods outlined
as part of this research will be designed with the end-user in mind, maximising automation,
minimising operator intervention, adding robustness to extraneous error e↵ects, including
set-up errors and linear axis errors.
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To achieve this aim, the following research objectives have been outlined:
i. Create a virtual machine tool and ballbar testing environment for the design and evalu-
ation of testing toolpaths and error diagnosis techniques.
ii. Demonstrate that the aforementioned virtual machine tool and testing environment is
representative of the true kinematic performance of a real machine tool and its geometric
errors.
iii. Develop testing methods that are robust in the presence of linear axis squareness errors
and set-up errors in the centre-pivot and tool-cup.
iv. Provide experimental evidence that the identified errors are accurate via additional vali-
dation experiments. The findings of this research must also be compared against current
state-of-the-art testing methods that also utilise the TMBB.
v. Identify and quantify limiting factors a↵ecting the accuracy and uncertainty with which
the location errors of the machine tool may be identified.
4.3 Scope of the Research
In accordance with the aims and objectives, this research may be broken down into two
subtasks. These subtasks are described in detail in the following sections.
4.3.1 Development of a Virtual Machine Tool and Ballbar Testing
Environment
The survey of the literature has shown numerous methods for modelling the kinematics
of a five-axis machine tool, inclusive of geometric error e↵ects. The literature also shows
that this modelling process rarely extends beyond a series of matrix multiplications that are
representative, but not necessarily intuitive or reconfigurable. This makes reconfiguration for
machines of di↵erent sizes, proportions and kinematic configurations arduous. Furthermore,
the author has only identified one example (Fesperman et al., 2015) of an integrated facility
to evaluate candidate measurement tool-paths and error identification algorithms. Despite
there being two examples of TMBB uncertainty analysis (Lee and Yang, 2013d; Lee and
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Yang, 2013b), these were both isolated analyses and not generally applicable to all TMBB
testing.
In response to literature reviews and Objective (i), a virtual TMBB testing environment
will be designed, o↵ering separation between machine tool profiles, error source profiles,
measurement procedure profiles and error identification profiles. Through this environment,
virtual experiments may be conducted to validate and compare both existing and newly
developed measurement techniques (Objective (iv)), allowing an objective critique to be
made regarding their capability. This method of comparison may be used to provide guidance
regarding which measurement strategies are advantageous to an end-user.
The virtual environment will be used to design and evaluate the final measurement strat-
egy used in the identification of the proposed error sources. As part of this, the environment
will provide a means by which to make a statement regarding the uncertainty of the pro-
posed measurements (as specified in Objective (v)). Based on the findings of the virtual
design phase, the experimental phase will seek to implement the proposed measurement
techniques. It should be highlighted that this process is not open-ended. Instead, it may
be thought of as an iterative loop, whereby the virtual environment informs the experimen-
tal procedure, which in turn is used to feed-back and update the virtual environment and
subsequent measurement strategies (Objective (ii)).
4.3.2 Rapid and Robust 5-Axis Machine Tool Verification Using the
Ballbar
To achieve Objective (iii), a testing procedure will be defined that is rapid, robust and
captures a variety of geometric and set-up error e↵ects. It is also necessary to develop an un-
derstanding of both modelled and extraneous error sources. To help capture these e↵ects, the
final measurement process will be built up in stages, starting with weak assumptions regard-
ing the acting error e↵ects and gradually building up robustness and capability in response
to observed limitations. This process will start by taking the widely utilised testing method,
first reported by Tsutsumi and Saito, (2003) and later included in ISO 230-1 (ISO, 2012),
transforming it from a two set-up process into a one set-up process. From this foundation,
techniques will be developed to consider the e↵ects of linear axis errors and set-up errors
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(Objective (iii)). The inclusion of more error sources will be dealt with through a combina-
tion of measurement toolpaths, error diagnosis techniques and, where necessary, changes to
hardware.
Traditionally, with three-axis testing, any new measurement technique can be assessed
against a well-established and traceable alternative e.g. a laser interferometer. However,
it is the contention of this research that a ‘gold standard’ such as this does not exist for
rotary axis testing. As such, this research will seek alternative methods for validating the
accuracy and usefulness of identified error values. This validation will include a comparison
with established methods and an assessment of the repeatability associated with the identified
values, helping to issue a statement regarding the control over the process (Objectives (iv)
and (v)).
4.4 Research Boundaries
The number and variety of potential error sources in a 5A-MT is significant. Furthermore,
the machine tool kinematic configuration governs the error sources and feasible tool-path
geometries that are included in error identification. In order to constrain the breadth of this
research, boundaries have been defined. The boundaries have been defined in sequence, first
by defining the kinematic configuration(s) of interest, then by specifying the sources of error
that fall within the scope and, finally, by specifying a metrology instrument. This sequence
is depicted in Figure 4-1.
Figure 4-1: The three stages used to define the scope and boundaries of
this research
To clearly illustrate the size of the research area and to situate the scope of this research
within the wider context of the field of machine tool metrology, three diagrams have been
constructed. The first of these, Figure 4-2, identifies the possible kinematic configurations of
machine tools and industrial robots; all of which require error identification. Due to available
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Figure 4-2: Defining the target machine tool kinematic configuration
resources, this research is only concerned with machine tools that are Cartesian in nature,
with two rotary axes housed within a tilting-rotary table in the workpiece kinematic chain.
This implies that there will be three Cartesian linear axes and two rotary axes, each rotating
about one of the Cartesian directions. This constraint has been chosen for several reasons.
Primarily, this configuration of machine tool is abundant in industry, particularly amongst
small and medium-sized machines. Furthermore, tilting-rotary tables may be found with
di↵erent configurations, namely: (i) those in which the tool-tip may be placed on both rotary
axis average lines, and (ii) those which only permit tool-tip access to one of the average
lines. This presents opportunities for di↵erent measurement techniques and tool-paths to be
utilised, which will make for interesting comparisons.
Having constrained the machine tool’s kinematic configuration, the error sources of in-
terest were identified. Although there are many di↵erent sources of error, this research is
wholly concerned with geometrical error sources. The error sources to be identified through
measurement are limited to the location errors of the linear axes and rotary axes, excluding
the spindle (highlighted in solid black in Figure 4-3). Zero axis position errors are not to be
identified as these may be arbitrarily set to zero in the machine tool calibration and verifi-
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cation procedure. Also identified in Figure 4-3 are the errors that will be included in any
kinematic modelling of the machine tool. These are the remaining location errors and com-
ponent errors of the machine tool’s axes. Their inclusion does not extend to measurement,
but their influence on the identification of the location errors will be studied. These errors
are indicated with light shading and a dashed border in Figure 4-3.
For clarification, this research will not give consideration to errors that are caused by some
form of hysteresis, dynamic errors, static load errors, or motion control system and software
errors. The constraint is motivated by the fact that geometric errors are amongst the most
fundamental error sources within a machine tool. Without first establishing the geometric
error sources, compensation of almost all other types of error will have limited impact. It
should be noted that perceived geometric errors are likely to be a by-product of numerous
error e↵ects, including the shape and alignment of axis components, static deflection of
structural components, and deformations under thermal expansion. However, it is often
found that the perceived geometric errors are systematic (repeatable) if the environmental,
static loading and dynamic conditions are well controlled.
Another important focus of this research is the inclusion of set-up errors. Specifically, the
positioning errors in the X, Y and Z-directions of centres of the tooling balls mounted in the
centre-pivot and tool-cup. This gives a further six error parameters, as no orientation errors
are considered for these devices. These errors are not inherent to the machine tool and its
axes, but rather the set-up of the experiment, hence their omission from Figure 4-3.
The product space for machine tool metrology is large and varied. Methods and products
are traditionally subdivided into those that directly measure a single error source and those
that indirectly infer error source values from measurement data that is influenced by multiple
errors. In this research the TMBB has been selected as the metrology instrument. Figure 4-4
shows how the TMBB is positioned within the machine tool metrology product space. For a
detailed description of the other measurement instruments defined in Figure 4-4, readers are
referred to Schwenke et al., (2008), Kwasny et al., (2011), and Ibaraki and Knapp, (2012).
As discussed in Chapter 3, the TMBB has been applied to numerous metrology problems
relating to machine tools and industrial robots. It is believed that its widespread popularity
may largely be attributed to its straightforward operation, low cost, high accuracy and low
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Figure 4-3: Identifying target error sources for this research from the broader
pool of possible errors sources within a machine tool
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uncertainty of measurement. In addition to this, the ability of the TMBB to capture data
dynamically, increases the rate at which data may be captured.
4.5 Known Limitations
In defining the scope and boundaries of the research, a number of limitations are immediately
placed upon the research. These limitations are evident without further research and analysis.
A particular limitation exists in the fact that the TMBB has a limited extension range
(stroke), which is ±1µm. This makes it extremely challenging to conduct tests over the entire
working range of the linear axes. Instead, a small range of the axis’ motion will be tested
for e.g. linear axis squareness errors. Hence, the squareness errors are likely to be a local
representation, rather than global. The potentially detrimental e↵ects of this phenomenon
are illustrated in Figure 3-16, sourced from ISO 230-1:2012 (ISO, 2012). This is not to say
that the measurement information will be less useful, as the linear axis tests may reflect
the squareness in the portion of the machine’s working volume where most machining is
conducted. Either way, the range of axis motion should be clearly stated when reporting all
results.
Unlike linear axis testing, rotary axes that do not have tool-tip access to both rotary
axis average lines pose a significant challenge when validating results. As of yet, there is
no widely adopted technology or testing method that can (a) avoid synchronised linear and
rotary axis motion, (b) provide direct measurement of an inaccessible rotary axis average line.
Hence, validation of any methods proposed in this research can only be compared against
best practice and the current state-of-the-art in TMBB in rotary axes, or other metrology
products.
The scope of this research only considers one type of machine tool kinematic configuration.
It is, therefore, foreseeable that testing procedures may not extend to 5A-MTs. It is not within
the scope of this research to compensate the machine tools under test. This is due to the
machine and controller-specific nature of compensation schemes. The quality of the measured
result is not necessarily reflected by the compensated machine, as each compensation will
have its own inherent capability and may not completely remove the e↵ects of errors. As
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Figure 4-4: Defining the measurement instrument within the wider context
of machine tool metrology (adpated from Schwenke et al., (2008),
Kwasny et al., (2011), and Ibaraki and Knapp, (2012))
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this research makes no attempt to quantify this compensation capability, alternative means
of validation will be sought to demonstrate that the identified error sources are accurate.
4.6 Overall Research Questions
Based on the findings of the literature reviews in Chapters 2 and 3 and the scope outlined in
this chapter, the following research questions summarise the focus of this thesis:
Q1. Can all linear and rotary axis location errors be identified for a 5A-MT with a tilting-
rotary table, using a single equipment set-up?
Q2. Can all linear and rotary axis location errors be identified whilst remaining robust to the
e↵ects of set-up errors in the centre-pivot and tool-cup and linear axis location errors?
Q3. Is the assumption that a machine tool’s axes may be represented using static straight
lines (i.e. location errors only) appropriate for machine tool verification purposes?
Q4. Can all linear and rotary axis location errors be robustly identified without the need for
additional testing hardware?
Q5. Can all linear and rotary axis location errors be separated and identified without depen-
dency on a complex kinematic model of the machine tool?
Based on the literature reviews undertaken, these questions are believed to represent a
valid research theme that is relevant to the high-value manufacturing sector. It is also believed
that these questions have not been previously investigated, creating an opportunity for the





This chapter outlines the methodology that will be followed in order to achieve the aims and
objectives of the research, based on the scope that was developed in Chapter 4. The strategic
approach, equipment and location in which experimental results were gathered are described
in detail in this chapter.
5.2 An Overview of the Research Methdology
This research is fundamentally exploratory. Taking a positivist approach, computer modelling
is used to develop a virtual machine tool within which new testing and data processing
techniques are explored. These are then further validated on a commercial machine tool.
The findings from both modelling and experiment are used to develop knowledge in the field
of machine tool metrology, resulting in new testing and data processing techniques in the
identification of location errors in Five-Axis Machine Tools (5A-MTs) using the Telescoping
Magnetic Ballbar (TMBB).
Throughout this research, all experiments are conducted using the Renishaw QC-20W
Telescoping Magnetic Ballbar (Figure 5-1a) and standard accessory kit (Figure 5-1b) con-
taining: extension and shortening adaptors, certified calibration blocks, a standard centre
pivot and a standard tool-cup. The TMBB has been selected because it is a↵ordable, can
service many machine tools, has a straightforward set-up procedure, has appropriate length
measurement uncertainty, and has been included in ISO 230-1:2012 (ISO, 2012) and ISO
10791-6:2014 (ISO, 2014) as a method to identify location errors in rotary axes.
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(a) A conventional set-up with TMBB,
centre-pivot and tool-cup
(b) The entire TMBB kit, including calibration
block
Figure 5-1: Photographs of the Renishaw QC-20W TMBB apparatus (Ren-
ishaw Plc., 2015a)
Experimental results have largely been recorded on an XYZ 1020 VMC 5-axis machine
tool (Figure 5-2a), situated at the University of Bath, UK. A brochure for this 5A-MT
can be found in Appendix B. Using the notation of ISO 841:2001 (ISO, 2001), the axis
configuration of this machine is denoted: [wC’B’X’Y’bZ(C)t]. Close attention should be paid
to the inclusion of the (0) notation, which represents an axis contained in the kinematic chain
spanning between the foundation and the workpiece. In addition to this, supplementary
experimental results have been gathered on a DUGARD Eagle 850 three-axis machine tool
due to the presence of an on-machine laser tool-setting probe (Renishaw NC4), also situated
at the University of Bath.
The methodology used to deliver against the aims and objectives of this research is detailed
in the IDEF0 diagram in Figure 5-3. This diagram describes the major inputs and outputs
of the research, along with the necessary resources (mechanisms) and controlling factors.
The top level description of the methodology, given in Figure 5-3, can be broken down into
three major research activities as shown in Figure 5-4. These include: (i) the design of
a virtual machine tool and TMBB testing environment, (ii) the design of rapid and robust




(a) Front elevation (b) Axis configuration
Figure 5-2: Photographic and diagrammatic depictions of the XYZ VMC
1020 5A-MT used in this research (XYZ Machine Tools, 2016)
Of particular importance is the feedback loop connecting the output of the experimental
validation to the input of the design of testing methods. This feedback is indicative of the
iterative nature of the developmental work undertaken in this research. This feedback reflects
the need to reproduce any newly identified phenomena arising from the virtual machine tool
model on the commercial machine tool using experimentation. The ability to recreate such
phenomena further validates the virtual machine tool as a development platform, and also
gives supporting evidence for any new testing and data processing techniques.
5.3 Specifying What Constitutes a Large or a Small
Geometric Error
For any machine tool verification process that targets specific geometric error sources, it is
necessary to place meaning upon phrases such as ‘large’ and ‘small’ for measured error values.
As these terms vary depending on the machine, process and even sector, assigning a numerical
value to concepts such as large and small is notoriously di cult. To remain objective, this
research re-purposes acceptance testing values listed in the ISO 13041-1:2004 (ISO, 2004)
standard. These were originally defined for use with horizontal turning machines. However,
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Figure 5-3: IDEF0 (Level A0) diagram showing the major inputs, out-
puts, resources and control/constraints of this research
they refer to radial o↵set and tilt errors in the workholding spindle, which will be used as
an analogue for the rotary axes of the 5A-MT. It is assumed that these acceptance values
represent a reasonable expectation for rotary axis accuracy in contemporary manufacturing.
These values are listed in Table 5.1 according to the size of the machine tool and are referred
to throughout this thesis.
Table 5.1: Error acceptance threshold for the workhead spindle of a hori-
zontal turning centre, as specified in the ISO 13041-1:2004 (ISO,
2004)
Machine tool sizes
Category 1 Category 2 Category 3
Diameter permitted over bed [mm] D  250 250 < D  500 500 < D  1000
Squareness between workhead spindle (C 0-axis), (a) and (b)
Category 1 Category 2 Category 3
a)X-axis (ZX-Plane) [µm/m] 50.0 50.0 83.3
b)Y -axis (Y Z-Plane) [µm/m] 66.7 66.7 66.7
Run-out of workhead spindle
Category 1 Category 2 Category 3
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Figure 5-4: IDEF0 (Level A1) diagram giving further details of the
methodology used throughout this research
5.4 Development of a Virtual Machine Tool and Ballbar
Testing Environment
Because the TMBB has a single extending Degree of Freedom (DoF), the number of machine
tool geometric error sources acting along the sensitive direction of the instrument can be
large. Furthermore, the interactions between machine tool errors can be di cult to predict
(Bringmann and Knapp, 2009). Also, the need to be able to evaluate di↵erent subsets of
the total machine tool error sources is of high importance in the development of new testing
techniques. This helps to design testing toolpaths from the ground up and also helps to
evaluate measurement uncertainty (Bringmann et al., 2008) for di↵erent testing procedures.
This is especially useful if there are numerous methods of identifying the same error sources.
Therefore, it is highly unlikely that any rapid or robust error identification techniques will
be designed through experiment alone. This is due to the complexity of the measurement
problem, but also the time consuming nature of purely experimental development.
The first major output of this research is the design of a virtual machine tool and TMBB
testing environment. The requirements and initial knowledge required to develop such a solu-
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tion have been captured in the literature surveys undertaken in Chapters 2 and 3. Particular
attention is drawn to the work of Fesperman et al., (2015), as this has provided inspiration
and an initial framework for the design of such a system. The modular design, kinematic
modelling techniques and visualisation modules are very close to what is required in this
research. Consequently, many similarities exist between the virtual machine tool of Fesper-
man et al., (2015) and the virtual machine tool presented in this research. However, the
virtual machine tool presented in this research builds upon the functionality of Fesperman et
al., (2015) by incorporating Monte Carlo uncertainty analysis and variance-based sensitivity
analysis modules.
Such an environment should accurately represent the kinematics of a machine tool, inclu-
sive of error e↵ects. It should also be able to emulate data capture using a TMBB i.e. length
measurements. Additionally, the ability to diagnose error sources from virtual measurement
data is essential. Finally, a means by which to assess measurement uncertainty is necessary
if a statement of uncertainty is to accompany the testing procedures developed throughout
this research.
Important phases in the development of the virtual environment are the model verification
and validation. It must be shown that the virtual environment is representative of a real
machine tool’s motion and emulates a measurement procedure’s data capture (Fesperman
et al., 2015). The first phase of verification is to establish that all individual error sources
produce the desired error motion between the tool-tip and the workpiece in accordance with
relevant standard definitions given in ISO, (2012). These may be checked by issuing a single,
known error source and monitoring the output. The second level of verification is to monitor
the mixing of error e↵ects. It must be demonstrated that combinations of error e↵ects combine
to produce the correct change in tool-tip and workpiece pose. Correctness in this regard may
be established by monitoring the output and also checking that correlations are in accordance
with examples given in the literature e.g. Ekinci and Mayer, (2007). Validation requires the
recreation of measurement phenomena found in the virtual machine tool on a real commercial
machine tool. Verification and validation therefore demonstrate that the virtual machine tool
reflects the behaviour of a real machine tool and TMBB combination. It also supports the
continued exploitation of the phenomena in question as an error measurement technique.
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5.5 Design of Measurement and Error Identification
Procedures in the Virtual Environment
A testing method is a collection of toolpaths over which TMBB measurements are taken.
An error identification method is a data or signals processing technique in which individual
geometric error sources are extracted from TMBB length measurements. To demonstrate
the e cacy of a testing method and error identification technique, the two must be capable
of reconstructing the given error parameters in the virtual machine tool model. Once these
are reconstructed correctly, further assessment of the methods is undertaken to identify their
usefulness in a production setting.
In an industrial setting, measurement methods must have appropriate error identifica-
tion accuracy, measurement uncertainty, and robustness in the presence of extraneous error
sources. Additionally, any opportunity to reduce the time taken to conduct measurement
procedures should be exploited to minimise machine tool downtime. A further desirable
attribute is accessibility in terms of capital investment and the requirements for additional
peripheral hardware. Ease of standardisation is also beneficial as the same testing method
can be used for machine tools of di↵erent kinematic configurations. Finally, methods that
are intuitive in terms of set-up, NC programming and data processing are highly desirable.
This phase of the research uses the virtual machine tool to develop testing methods that
can identify all location errors in linear and rotary axes of the machine tool depicted in Figure
5-2b. Due to the exploratory nature of this research, the final form of these tests is not yet
known. However, considering the above, new testing methods will be assessed based on their
ability to meet the following requirements:
Requirement 1. Accurately identify all location errors in the linear and rotary axes of the
target machine tool;
Requirement 2. Minimise the number of unique experimental set-ups required to capture all
relevant error source information;
Requirement 3. Minimise the requirement for additional hardware and software, over and
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above what is supplied with the Renishaw QC-20 ballbar kit;
Requirement 4. Show robustness in the presence of centre-pivot and tool-cup set-up errors
i.e. continue to correctly identify machine tool location errors when set-up
errors are present;
Requirement 5. Correctly identify rotary axis location errors in the presence of linear axis
location errors i.e. exhibit no requirement for pre-compensation of linear
axis errors.
Requirement 6. Di↵erences between the newly proposed measurement toolpaths and those
described in international standards should be minimised. This is to max-
imise the opportunity for future adoption of the testing technique as a stan-
dardised method, without the introduction of further complication to the
testing procedure.
These requirements are used to monitor the development of candidate measurement and
data processing techniques. Once concepts perform favourably with respect to these require-
ments in the virtual environment, they are then passed to the next developmental phase
where they are evaluated experimentally on a commercial 5A-MT. This decision process is
captured by the flowchart presented in Figure 5-5.
5.6 Quantifying Measurement Uncertainty
In accordance with the Guide to the Expression of Uncertainty in Measurement (GUM)
(ISO/IEC, 2008a), an output, z, is a function of of N input quantities, such that:
z = f(w1, w2, . . . , wN ) (5.1)
where w1, w2, . . . , wN are each described with their own appropriate probability distribution.
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Figure 5-5: An activity diagram documenting the development stages for





















where  2z and  
2
i are the central moments of order two of the probability distributions associ-
ated with z and wi, respectively, and ⇢ij represents correlations between parameters wi and
wj .
Equation 5.2 forms the analytical basis for the calculation of the uncertainty associated
with an output parameter of interest. However, inspection of this equation shows that a priori
knowledge of input parameter probability distributions and inter-parameter correlations is
necessary for representative quantification of the output uncertainty. Schwenke et al., (2008)
has described the significant scale of the challenge posed by quantifying the uncertainty in
this way when an indirect error measurement method used in conjunction with a 5A-MT.
To overcome this requirement, uncertainty analysis relating to indirect error measure-
ment of geometric errors in 5A-MTs has more recently been approached via Monte Carlo
uncertainty analysis (Bringmann and Knapp, 2006; Bringmann et al., 2008; Bringmann and
Knapp, 2009). However, no such study has been conducted for TMBB testing of the rotary
axes in 5A-MTs. In fact, the only uncertainty studies in this area have made use of the
analytical procedure (based on 5.2), which was greatly simplified as linear axes remained
stationary during testing; reducing the number of contributors to the error budget (Lee and
Yang, 2013a; Lee and Yang, 2013d).
This research will employ the Monte Carlo method to quantify uncertainty quantifica-
tion of rotary axis TMBB testing that requires synchronised linear and rotary axis motion.
This is achieved by randomly varying input parameter values (geometric and set-up errors)
using assigned probability distributions and a large number of repeated measurement simu-
lations within the Virtual Machine Tool (VMT). The underlying probability distribution of
the output (measured geometric error) is captured and used to describe the measurement
uncertainty without any of the aforementioned a priori knowledge. In doing this, it will be-
come the first study of its kind. Measurement uncertainty will be presented in accordance
with the guidelines issued in Supplement 1 to the GUM (ISO/IEC, 2008b) and will consider
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the e↵ects of location and component errors in all machine tool axes, and set-up errors in the
testing apparatus.
5.7 Rapid and Robust 5-Axis Machine Tool Verification
Using the Ballbar
Testing procedures and error identification methods that pass the validation stages in the
virtual environment are then subjected to rigorous experimental validation. The importance
of this phase is two-fold: (i) It may support the findings of the virtual model, resulting in the
acceptance of the proposed method, or (ii) It does not support the findings from the virtual
environment and is used to inform subsequent improvements to both the method and the
virtual model.
Small to medium-sized 5A-MTs with tilting-rotary table configuration often have an in-
accessible primary rotary axis average line. Previously described examples of accessible and
inaccessible average lines are shown in Figure 3-20. For the target machine tool, this means
that the average line of the B-axis is buried within the structure of the tilting rotary ta-
ble, making it impossible to place an artefact or the tool-tip on the average line. As such,
the direct method of testing rotary axis radial and tilt errors using a test mandrel and dis-
placement sensor (dial gauge) is rendered unusable (ISO, 2012). Consequently, synchronised
linear and rotary axis motion is required for the tool-tip to trace the position of an artefact
mounted to the table. This presents a significant challenge when experimentally validating
newly developed TMBB testing methods. Whereas linear axis errors are often confidently
measured using a laser interferometer, no such ‘gold standard’ exists for rotary axis testing
when synchronised linear and rotary axis measurement is required as linear axis errors a↵ect
the rotary axis measurements. Therefore, alternative means of validation are required.
The validation strategy employed in this research is based on the assumption that machine
tool axes may be modelled using straight lines. These straight lines represent the average
line of each axis and their relative position and orientation are independent of commanded
axis position. It is the contention of this research that error values may be cross-checked by
performing similar measurements at di↵erent locations along a rotary axis average line.
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This research is primarily concerned with the identification of tilt and radial o↵set errors
in rotary axis average lines. If the assumption of straight line axis representations is valid, an
average line can be represented with equal validity by a direction unit vector attached to any
point along the average line. By characterising the same rotary axis average line at di↵erent
points, errors identified in one position may be used to predict the errors in other positions
along the average line. If the identified location errors of the machine tool are accurate,
rotary axis representations from di↵erent locations should be equivalent and may be used
interchangeably. A visual explanation of this concept is given in Figure 5-6.
Position of point P1 correctly identi-
fied but orientation of rotary axis, u,
incorrectly identified, resulting in in-
correct prediction of P2
Position of point P1 incorrectly iden-
tified but orientation of rotary axis,
u, correctly identified, resulting in in-
correct prediction of P2
Position of point P1 and orientation
of rotary axis, u, incorrectly identi-
fied, resulting in incorrect prediction
of P2
Figure 5-6: A diagrammatic representation of how the agreement between
errors measured at di↵erent positions can be used to validate
proposed TMBB testing methods
It can be seen from Figure 5-6 that incorrect identification of the position of the point
along the rotary axis average line or the incorrect orientation of the rotary axis unit vector can
result in errors in the prediction of a second point along the rotary axis average line. There
is a risk that both points will contain the same systematic error when they are identified.
In this case, it is conceivable that the first point and unit vector could correctly predict the
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second point and unit vector according to measured values. However, both points may be
incorrect despite this agreement. It is at this stage that a direct measurement technique
would be required to validate the correctness of the points and unit vectors. Due to the lack
of a direct measurement method for inaccessible rotary axis average lines, this is unlikely to
be possible with the resources available throughout this research. Furthermore, this issue is
likely to be present in all existing indirect measurement techniques for rotary axis location
errors. As such, this research will only check for an ability to predict measurements obtained
in di↵erent locations along the rotary axis average line.
Using repeated measurements, a statistical analysis will be undertaken to assess the valid-
ity of the assumption that all machine tool axes can be modelled using straight-line approxi-
mations. In addition to this, the agreement of rotary axis error measurements from di↵erent
locations along the same average lines will be assessed, giving evidence that the identified
errors are accurate. Furthermore, repeated measurements will also give an indication of the
repeatability of the entire set-up, measurement and data processing chain. This will help
demonstrate the robustness of the proposed measurement chain to new set-ups with unique
set-up errors.
The experimental results will also be compared to those gathered within the virtual
machine tool environment. This will help validate the virtual environment as a modelling
and development environment. Agreement between the simulation and experimental data
will, therefore, support the continued use of the virtual environment in future machine tool
metrology applications.
5.8 An Iterative Development Methodology
The solution to the measurement problem is yet known and there may be more than one way
to measure a certain error source. It is also the experience of the author that mathematically
proven methods do not always align with experimental findings, due to unforeseen phenomena
and practical limitations in testing. Consequently, the development of measurement and error
identification procedures is seen as an iterative developmental loop, whereby concepts are
proposed and proven in the virtual environment and subsequently experimentally assessed
on a commercial machine tool. This process is shown in Figure 5-7.
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Figure 5-7: An iterative development and validation approach to the de-




Development of a Virtual Machine
Tool and Ballbar Testing
Environment
6.1 Introduction
Due to the large number of error sources acting in a Five-Axis Machine Tool (5A-MT) and
their correlations, predicting the outcomes of a specific Telescoping Magnetic Ballbar (TMBB)
testing tool-paths is cumbersome and not always intuitive. To help manage this complexity, a
Virtual Machine Tool (VMT) model has been conceived to simulate axis motion, testing set-
ups and TMBB measurements. This model serves as a testing tool-path design environment,
geometric error simulation tool, error sensitivity analysis tool and also provides a capability
for Monte Carlo uncertainty analysis of any proposed measurement and error diagnosis chain.
The sections of this chapter discuss the structure of the VMT, how the user interacts with the
VMT and also preliminary validation of the error-inclusive kinematic modelling techniques.
6.2 Research Motivations
There is no widely available machine tool modelling and machine tool metrology simulation
capability available on the market today. As such, development of such a system is necessary
in order to rapidly iterate conceptual designs for TMBB testing strategies, aimed at identify-
ing specific geometric error sources. Similar models have been reported in the literature, with
particular attention being drawn to the work of Fesperman et al., (2015). This is a general
120
Chapter 6
purpose tool designed for use with multiple and varying direct and indirect measurement
strategies and technologies.
The way in which the VMT presented in this research di↵ers from that of Fesperman et al.,
(2015) is through the inclusion of sensitivity analysis and Monte Carlo uncertainty analysis
modules. To the best of the author’s knowledge, no existing publication has approached
uncertainty analysis in five-axis TMBB testing using Monte Carlo Simulation. Furthermore,
no examples of statistical sensitivity analysis has been found for TMBB testing of machine
tools. Uncertainty analysis is viewed as critical factor when quantifying the trustworthiness
and usefulness of any measurement value. Such is the importance of this information, the
ISO 230-1:2012 standard issues the following statement:
‘When reporting the result of a measurement, a quantitative indication of the quality of the
result shall be given in order to allow the comparison of measurement results, either among
themselves or with specified values. Such quantitative indication is evaluated and expressed
as the measurement uncertainty.’ (ISO, 2012)
Existing literature has favoured the formulation of an error budget and using analytical
uncertainty quantification instead (Lee and Yang, 2013d). In the case of Lee and Yang,
(2013d), the number of included error sources is greatly reduced by conducting rotary axis
tests with stationary linear axes. When this is not the case, the number of contributing
factors increases significantly. Therefore, there is significant motivation to include the Monte
Carlo capability within the VMT.
Existing sensitivity analysis of TMBB testing techniques deal with sources of error in a
One Factor at a Time (OFAT) manner. Existing literature has highlighted the deficiencies
of OFAT sensitivity analysis, favouring the use of variance-based methods instead (Saltelli
and Annoni, 2010). Hence, the VMT described includes a variance-based sensitivity analysis
module to help identify the impact and interactions of specific error sources on specific TMBB
testing toolpaths and data analysis techniques.
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Considering the points outlined above, the novelty of the proposed VMT lies in the inte-
gration of kinematic modelling, measurement simulation, Monte Carlo uncertainty analysis
and variance-based sensitivity analysis. Although all of these constituent parts are estab-
lished and widely used concepts in isolation, their combination represents a new tool for the
purposes of machine tool metrology. Each aspect is designed to be inherently reconfigurable,
which results in a tool-kit that can be generally applied to the field of machine tool metrology
when using a length measuring device. As such, it is envisaged that this development will not
only serve the problem addressed in this research, but could also be reused in future machine
tool metrology investigations.
6.3 Requirements Analysis
The core functionality of the VMT is as follows:
i. Store error source profile and machine tool kinematic profile information in separate and
interchangeable files or modules;
ii. Simulate both ideal and error-inclusive machine tool motion, including: location, com-
ponent and set-up errors;
iii. Simulate set-up procedures by adjusting set-up parameters and, where relevant, emulate
the use of the machine tool to position the centre-pivot.
iv. Emulate TMBB length measurements between the tool-cup and centre-pivot;
v. Process TMBB length measurements using error diagnosis modules that are modular
and interchangeable;
vi. Graphically present the pose of the machine tool and TMBB in a visualisation to facilitate
visual inspection of the toolpath.
vii. Provide a facility for variance-based sensitivity analysis for a given combination of ma-
chine, error and error diagnosis modules;
viii. Provide a facility for Monte Carlo uncertainty analysis for a given combination of ma-




The survey of literature given in Chapter 2 has identified that homogeneous transformation
matrices are a widely adopted method for modelling error-inclusive machine tool kinematics.
It is also clear that the number of matrix multiplications makes modelling multiple machine
configurations cumbersome, and that matrices alone do not provide a clear representation of
the machine’s pose throughout the testing tool-path. In response to this, the VMT designed
in this research follows a modular structure, which allows machine and error profiles to be
fluently updated and interchanged to address these issues. This concept has has been alluded
to in Vichare et al., (2009) and made explicit in Fesperman et al., (2015).
In response to these observations, a VMT has been conceived to support the development
of new TMBB testing techniques for 5A-MTs. MATLAB R2014b was used for all aspects
of the development and implementation (Mathworks, 2015). The architecture and general
appearance of the VMT is shown in Figure 6-1. This diagram identifies standalone software
modules, software parameters and repositories of information, stored within .xml documents
(profiles). Descriptions of these entities and their relationships are described in this chapter.
6.5 Machine Tool Profile (.xml)
Machine tools vary considerably in their kinematic structure, which has a direct impact on
specification of geometric errors and also their manifestation during testing. This is due to
the selection of a datum axis, the order of axes in kinematic chains, the orientation of these
axes and, very importantly, the physical separation of axis average lines. The machine tool
profile is a .xml file that contains all of this information. The structure of machine tool profile
is inherently extensible and hierarchical as shown in Figure 6-2.
6.6 Error Creation Module (.xml)
Once a machine tool profile is present, error sources may be assigned within and between
axes. This information can be generated manually for specific values, or randomly for error
subsets. For example, if the e↵ect of one error source is of interest, all error values apart
from the one under investigation may be set to zero. Alternatively, all location, component
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Figure 6-1: A schematic of the VMT architecture, showing the main simu-
lation Graphical User Interface (GUI) and the exchange of data
between modules, parameters and documents
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Figure 6-2: Hiearchical structure of the machine tool profile (.xml)
and set-up errors can be assigned random values between upper and lower thresholds in an
automatic fashion. Values are created in the GUI associated with the Error Creation Module,
which is depicted in Figure 6-3
Error sources are created in accordance with the rules that govern their definition, which
are are described in Section 6.8.4. Once created, the error sources are stored in a .xml file
with the structure presented in Figure 6-4. This file may be loaded back into the VMT at a
later date if necessary. These values are referenced by the kinematic modelling module when
identifying tool-tip and workpiece coordinates.
6.7 Ballbar Test Parameters
In this research, TMBB tests are defined using parameters that describe the length of the
TMBB, and the coordinates of the centre-pivot and tool-tip when both rotary axes are at
their respective zero positions. In addition to this, the start and end-angles of the rotary
axis (axes) under test are given to represent the termination points for the tests. These
are all stored as software parameters within the VMT and are referenced by the kinematic
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Figure 6-3: The Error Creation Module GUI
Figure 6-4: Hiearchical structure of the machine tool profile (.xml)
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modelling module directly and the error diagnosis module indirectly. The appearance of the
GUI through which these parameters are defined is shown in Figure 6-5.
Figure 6-5: The test set-up GUI through which the set-up and tool-path
characteristics are assigned
6.8 Error-Inclusive 5-Axis Machine Tool Kinematic
Modelling
The literature review of Chapter 2 identified numerous kinematic modelling techniques that
may be utilised to represent the motion of the tool-tip of a machine tool, with respect to the
workpiece. This section describes the error-inclusive kinematic modelling approach used in
this research. Homogeneous transformation matrices have been used to model all aspects of
the 5A-MT, including axis motion, geometric errors and set-up errors.
6.8.1 Linear Axis Error Motions
In accordance with the error source definitions prescribed in the ISO 230-1 standard (ISO,
2012), the motion of each linear axis is represented by a single rigid body transformation
matrix. This matrix is defined in accordance with Fesperman et al., (2015) and is populated






1  eCX eBX eXX +X
eCX 1  eAX eY X +X · EC0X
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0 0 0 1
377777775 (6.1)
Using this transformation matrix, linear positioning, straightness, angular and squareness
errors have been modelled. Squareness errors have been greatly exaggerated to 0.5 radians






The plots contained in Figures 6-6a, 6-6b and 6-6c show a cube moving along the linear
axis, X, experiencing one error sources at a time. The cube is used to illustrate changes in
the position and orientation of the functional point as it traverses the axis. Inspection of
Figure 6-6 shows linear positioning error and two straightness errors. Although the data is
not shown here, these plots have been carefully validated to ensure that no angular deviation
is present and that the position of the cube varies correctly in accordance with the input
error function.
The plots contained in Figures 6-7a, 6-7b and 6-7c show a cube moving along the same
linear axis, X, but his time experiencing angular error. These figures correctly show no change
in the cube’s centre position, but rotation about each of the three orthonormal coordinate
frame axes. To supplement these figures, a further example is given in Figure 6-8. Here,
the cube is o↵set from the axis reference straight line and the change in the cube’s centre-
coordinate is clearly visible. Incidentally, it is this change in position and orientation of the
functional point that has posed considerable challenges in indirect machine tool calibration
techniques, as the e↵ects are often inseparable from straightness errors (Ekinci and Mayer,
2007). Lastly, Figure 6-9 shows two instances of squareness error associated with the X axis
(with respect to the Y and Z axes).
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(a) Linear Positioning Error of X (b) Straightness Error of X in Z
(c) Straightness Error of X in Y
Figure 6-6: Example linear positioning and straightness error e↵ects re-
sulting from linear axis component error transformations
(a) Angular error of X about X i.e. roll (b) Angular error of X about Y i.e. pitch
(c) Angular error of X about Z i.e. yaw
Figure 6-7: Angular errors influencing the motion of a linear axis
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Figure 6-8: Angular error of X about X when the functional point is o↵set
from the axis average line
(a) Squareness error between X and Y (datum) (b) Squareness error between X and Z(datum)




Linear axes contained within the kinematic chain carrying the tool take their positive
direction of axis travel in accordance with the conventional Cartesian frame. However, if the
linear axis is contained with the kinematic chain carrying the workpiece, then the direction
of positive travel is reversed. ISO 841 (ISO, 2001) di↵erentiates these two axis configurations
with the notation X and X 0 to denote an axis in the tool-chain and the workpiece-chain,
respectively.
6.8.2 Rotary Axis Error Motions
In a similar manner to the validation given for linear axes of motion, it was necessary to
monitor the motion of an object’s position and orientation as it moves about an imperfect
rotary axis. In a likewise fashion, the motion of an axis of rotation is determined by a series
of homogeneous matrix multiplications that represent rigid body motion. In the presence of
location errors, the position and orientation of this average line are altered using location
errors terms:EX0C , EY 0C , EA0C and EB0C . The resulting location error transformation




1 0 EB0C EX0C
0 1  EA0C EY 0C
 EB0C EA0C 1 0
0 0 0 1
377777775 (6.2)
The transformations for the component errors are given in (6.3). It should be noted
that each error term in this matrix is a function of the commanded rotary axis position,
representing a position-dependent shift or tilt away from the axis average line. This notion
is denoted by a subscript, (✓), after the error term. The e↵ects of C-axis component errors




cos(✓)  ecc(✓) sin(✓)   sin(✓)  ecc(✓) cos(✓) ebc(✓) exc(✓)
ecc(✓) cos(✓) + sin(✓)  ecc(✓) sin(✓) + cos(✓)  eac(✓) eyc(✓)
 ebc(✓) cos(✓) + eac(✓) sin ✓ ebc(✓) sin(✓) + eac(✓) cos(✓) 1 ezc(✓)




(a) Orientation Error EA0C (b) Orientation Error EB0C
Figure 6-10: Orientation location errors for the C-axis
(a) Radial o↵set error EX0C (b) Radial o↵set error EY 0C
Figure 6-11: Radial o↵set errors of the C-axis
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(a) Orientation Error of C about X, eac
(b) Orientation Error of C about Y , ebc
(c) Orientation Error of C about Z, ecc
Figure 6-12: Angular component errors of the C-axis
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(a) O↵set error of C in X, exc (b) O↵set error of C in Y , eyc
(c) O↵set error of C in Z, ezc
Figure 6-13: O↵set component errors of the C-axis
6.8.3 The Combined Transformation of an Entire Kinematic Chain
In this research, all axes are either linear or rotary and these are grouped into one or more
kinematic chains. For the machine tool considered in this research, there are two kinematic
chains, termed the ‘workpiece chain’ and the ‘tool-tip chain’. The coordinate frame designa-
tions used to represent these chains are depicted in Table 6.1.
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Table 6.1: Coordinate system designations for the XYZ 1020 VMC machine
tool
Workpiece Kinematic Chain
Global Y 0 X 0 B0 C 0 Workpiece
Matrix Representation241 0 00 1 0
0 0 1
35 24 1 0 00  1 0
0 0 1
35 24 1 0 00  1 0
0 0 1
35 24 1 0 00  1 0
0 0 1
35 241 0 00  1 0
0 0  1




Global Z Spindle Tooltip
Matrix Representation241 0 00 1 0
0 0 1
35 241 0 00 1 0
0 0 1
35 241 0 00 1 0
0 0 1





The general process for an error-inclusive transformation from one frame to the next is
as follows:
0
1T = Nominal O↵set! O↵set Location Errors! Nominal Orientation!
! Orientation Location Errors! Component Errors!
! Axis Actuation (6.4)
The first stage in this process is to identify the o↵set vector from frame i to frame i+ 1,
expressed in relation to frame i. At the same time, the rotation matrix that aligns frame i to





x1 · x0 y1 · x0 z1 · x0
x1 · y0 y1 · y0 z1 · y0
x1 · z0 y1 · z0 z1 · z0
377775 (6.5)
Using this method to identify the rotation matrix to align the Global frame to the Y 0-frame








The origin of frame i must be translated to frame i + 1. Up to this point, the origin of
these frames have only been specified in the Global frame. The coordinates of each frame
must therefore be specified in the previous coordinate frame. This is achieved by traversing
the kinematic chain and constructing transformations from each new frame, back to the origin
of the global frame.
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For the ith axis in a kinematic chain that is j elements long, the matrix that expresses the








Inverting this matrix (i.e.
0
iT
 1) reverses the transformation, expressing a position and
orientation defined in the Global frame in the ith axis frame. Therefore, the origin of, say,
the B0 frame can be identified with respect to the X 0-frame in the following manner.
264X0B0oB0
1








This marks the completion of the transformations that transform a nominal frame onto the
next nominal frame in the chain. It is now necessary to embed the location error transfor-
mations. The matrix construction for these errors is given in (6.10), where i refers to the ith
axis in the kinematic chain.
TE(o↵set) =
266666664
1 0 0 EX0i
0 1 0 EY 0i
0 0 1 EZ0i
0 0 0 1
377777775 ,TE(orient) =
266666664
1  EC0i EB0i 0
EC0i 1  EA0i 0
 EB0i EA0i 1 0
0 0 0 1
377777775 (6.10)






1  eCi eBi eXi
eCi 1  eAi eY i
 eBi eAi 1 eZi
0 0 0 1
377777775 (6.11)
Hence, (6.12) can be used for the generalised, error-inclusive transformation for frame i + 1









Finally, by using (6.12) with (6.7), the extremity of each kinematic chain can be expressed
in the common global coordinate frame.
6.8.4 Specifying Feasible Error Source Values
As highlighted in Section 2.12.3, it is critical that location and component error values are in
agreement with the definitions given in ISO 230-1:2012 (ISO, 2012). In essence, this means
that location errors must represent the average position and orientation of the axis’ motion
in accordance with a reference straight (linear axis) line or an average line (rotary axis).
Furthermore, rotary axes with full 360  travel must not exhibit discontinuities in the error
source values at the 2n⇡ positions for n = 0, 1, 2... etc.
In order to give full control of the included error sources in a given analysis, location,
component and set-up errors are specified separately. When analysis is undertaken at the
component error level, the location error must continue to represent the best-fit straight line
element or axis average line. Two candidate strategies could be employed to achieve this:
Method 1. Only specify component errors and then retrospectively calculate the values for
location errors;
Method 2. Specify location errors and then specify component errors such that the average
axis motion is equal to the location error value;
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This research has favoured Method 2, as it focuses primarily on the modelling and iden-
tification of location errors. As such, it is more likely that close control of the location errors
will be necessary. To achieve what is described in Method 2, it is necessary to generate ran-
dom component error functions that do not alter the location errors that have already been
specified. For this research, the straight line element that represents a linear axis is repre-
sented by the Least-Squares (LS) line of best fit. Conversely, the average line of a rotary axis
is exactly that; the mean location and orientation of the rotary axis over the full range of its
travel.
Rotary axis component errors are constructed by superposing j randomly generated am-
plitude (A) and phase ( ) coe cients. These are then used in conjunction with the component
error equations outlined by Bringmann, (2007). An example is given here for the error exc







✓max   ✓min +  i
◆
(6.13)
The randomly generated rotary axis component error functions must have a mean value of
zero. This constraint is inherent to (6.13), as will now be shown. Taking ✓max = 2⇡ and
✓min = 0, for any positive integer value of i, the equation takes the following form:
ecx(✓) = Ai cos (i✓ +  i) (6.14)
To identify the mean value of a component error function, the mean value theorem for definite








It can be shown that this adopts a value of zero for all random functions generated using













The result of this definite integral will be zero for all feasible values of i (positive integer
values). Hence, the mean value theorem for definite integrals (6.15) will be zero for all
random functions generated in this way.
Rotary axis component error functions are also required to adopt the same value at the
2i⇡ positions. This prevents discontinuity in the error profile. Once again, this constraint is
inherent to (6.13) as:
Ai cos (2i⇡ +  i) Ai cos ( i) = 0, {i 2 Z>0} (6.17)
Linear axis component errors are similarly constructed, albeit with di↵erent equations.







xmax   xmin +  i
◆
(6.18)
In order to prevent the component error function from changing the squareness error value,
the gradient and intercept of the LS line of best fit should be removed from the data. The LS
line is fitted by evaluating the component error function at 1000 equally-spaced points across
the range of axis motion. The resulting coordinates are used in the line-fitting procedure,
which is executed within MATLAB using the ‘polyfit’ function. It should be noted that a
smaller or larger number of sampling points may be used as required. The updated component
error function then subtracts the e↵ects of the identified gradient (grad) and intercept (int)
from the data as follows:











Figure 6-14 shows a randomly generated function for eyx considering two conditions: (i)
The unaltered function, with the LS line of best fit shown, and (ii) the same function and its
new line of best fit having removed the gradient and intercept.
X-Axis Position [mm]

















y = - 3.7e-06*x - 0.002
eyx    LS Line Fit
(a) Before removing gradient and intercept
X-Axis Position [mm]
















y = - 4.2e-21*x + 3.7e-18
eyx    LS Line Fit
(b) Gradient and intercept removed
Figure 6-14: A demonstration of how the gradient and intercept are removed
from linear axis component error functions such that they do
not influence the location errors.
When the component error conditioning is combined with the generalised error-inclusive
transformation matrix described in (6.12), the resulting axis motion can be checked to ensure
that the component errors are not changing the defined location errors. Two illustrative
examples are given: (i) X-axis motion in the presence of all component errors and a single
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squareness error with respect to the Y -axis, and (ii) C-axis motion in the presence of all
component errors and all location errors.
Figure 6-15 shows a projection of the X-axis motion on the global XY -plane. A value of
16µm/m was assigned to squareness error EC0X . This value is reproduced in the gradient of
the LS line of best fit, confirming that the component errors have not altered the specified
location errors.
X [mm]

















y = 1.6e-05*x - 3.9e-18
XY view of X-axis Motion    LS Line of Best Fit
Figure 6-15: Projection of error inclusive X-axis motion onto the XY -
plane. the gradient corresponds to the input squareness error
of 16µm/m and the gradient is zero, as required.
In the case of a rotary axis average line, the component errors should not alter the mean
location and orientation of the axis of rotation, as defined by the location. In this example, the
Y -coordinate of the C-axis origin is simulated. Additionally, the parallelism of the C-axis and
the global Z-axis is simulated. The input values for these errors were 15.6µm and 4.2µm/m,
respectively. Inspection of the mean reference lines in Figures 6-16 and 6-17 confirm that
these values have been preserved. This investigation validates the e cacy of the proposed
method to specify location and component errors independently of each other. It should be
noted that similar validation of all other location errors has been undertaken. However, these


















0.022 Y Position of C-axis Origin    Mean
X: 6.283
Y: 0.01556
Figure 6-16: The Y -position of the C-axis coordinate frame over a full rota-
tion
C [rad.]




















Orientation of C with Respect to Z
   Mean
X: 0
Y: -4.171e-06
Figure 6-17: Orientation of C-axis coordinate frame with respect to the Z-
axis for a full rotation
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6.9 Machine Tool Rendering and Animation
Depending on the complexity of the toolpath that is used during testing, five-axis machine tool
motion can be somewhat complex to envisage. Inspection of large arrays of axis coordinates
go some way to reassuring the user that the designed tool-path is indeed what they had in
mind. It is the experience of the author that an extra visual validation of machine tool pose,
and TMBB length and alignment give considerable added-value in the tool-path design phase.
For this reason, a minimal machine tool and testing equipment rendering has been included
within the virtual environment. This rendering is built upon a skeleton that is dependent
on two things: (i) the position of the functional points on each axis (available through the
kinematic model), and (ii) a reasonably small quantity of construction or control variables
that describe primitive geometries that have obvious analogy with recognised machine tool
components.
The rendering used in this research is shown in Figure 6-1. In this illustrative case,
the rendering of the machine tool includes a foundation, which embodies the casting upon
which all axis elements are supported. There is also a table, which is akin to the table
that one might expect to see on a conventional three-axis vertical machining centre. The
primary rotary axis is situated within a trunnion structure and mounted to the table and
supports the rotating table of the secondary rotary axis. The spindle of the machine tool is
a cylindrical structure that is concentric with the tool-cup. This is rigidly attached to the
machine tool gantry, which is moved by the Z-axis and and anchored to the ‘backbone’ of the
machine’s foundation. Testing apparatus is also animated, including the TMBB, centre-pivot
and tool-cup.
By exploiting the fact that each consecutive axis coordinate frame contains the position
and orientation of that axis, it is possible to describe the shape, position and orientation
of machine tool and testing equipment elements. Table A.1 and Figure A-1, contained in
Appendix A, gives a list of control variables that are used to embody the rendering. No
further information is given on how to render the machine tool in the body of this thesis.
This is because rendering is a secondary concern within the context of this research. Once
the kinematic model has been constructed, the visual representation of the machine tool can
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be approached in many di↵erent ways. For an example breakdown of the rendering control
variables and rendering process, see Appendix A.
6.10 Error Diagnosis Module
Error diagnosis takes place after the machine tool is ‘built’. It receives commanded machine
tool coordinates, information pertaining to the testing parameters and set-up, and the virtual
TMBB measurements. The error diagnosis algorithms process this data to infer the tool-tip
and centre-pivot motion, integrating this with TMBB measurements to calculate error source
values. Information relating to the specific nature of these algorithms is give in Section 7.8.
Figure 6-18: General function and purpose of the error diagnosis module
6.11 Variance-Based Sensitivity Analysis Module
Variance-based sensitivity analysis is a type of global sensitivity analysis through which the
observed variance in model outputs is decomposed and apportioned to model inputs (Saltelli
et al., 2008; Saltelli and Annoni, 2010; Saltelli et al., 2010). Within the context of machine
tool metrology, it can be used to identify errors that have an appreciable or negligible e↵ect on
the parameters of an error diagnosis algorithm. For example, model inputs may be geometric
errors and model outputs may be LS fitting parameters. This facility is included to assist in
the development of suitable test parameters and error diagnosis techniques. Section 7.6 gives
details of its usage in this research in the pursuit of new and robust testing techniques. The








6.12 Monte Carlo Simulation Module
As the number of contributors to the uncertainty budget increases, it becomes significantly
more challenging to develop analytical solutions to the uncertainty of measurement (Schwenke
et al., 2008). Much of the capability that is required for Monte Carlo uncertainty analysis is
present in the VMT’s core functionality. To deliver this simulation, there must be an ability
to store both given and diagnosed error source values for subsequent evaluation of error
residuals. This is achieved by writing the randomly generated error values and diagnosed
error values to separate plain text files. The di↵erence between the assigned error values
and the diagnosed error values is then calculated and distributions for these residuals are
constructed to give an impression of the measurement uncertainty in accordance with Guide
to the Expression of Uncertainty in Measurement (GUM) ISO/IEC, (2008a) and ISO/IEC,
(2008b). Section 7.9 details the use of Monte Carlo uncertainty analysis for testing techniques
developed as part of this research. The process to implement the Monte Carlo uncertainty
analysis capability is depicted in Figure 6-20.
6.13 Summary
This chapter detailed the design and development of a VMT that will be used in later chap-
ters to design and validate TMBB tests that identify location errors in a tilting rotary table.
The architecture is modular, making it inherently flexible and extensible and the final im-
plementation consists of kinematic modelling, error diagnosis, machine tool visualisation,
Monte Carlo uncertainty analysis and variance-based sensitivity analysis modules. A gen-
eralised kinematic modelling module is at the heart of the VMT, permitting the automatic
generation of the forward kinematic model for serial machine tool. A new method to spec-
ify component and location errors independently, without violating the definitions of either
type. This gives considerable additional flexibility when evaluating the impact of di↵erent
error types on testing methods. This work was largely influenced by the work of Fesperman
et al., (2015). However, the inclusion of all of the above modules represents a significant ex-
tension in capability. As such, machine tools, metrology instruments and testing procedures








Development of Ballbar Testing
Methods in the Virtual Machine
Tool
7.1 Introduction
In this research, linear axis location errors, rotary axis location errors and set-up errors are
used to explain accuracy testing results. This research investigates the su ciency of modelling
machine tool axes as unchanging straight lines, with known location and orientation. For a
given Telescoping Magnetic Ballbar (TMBB) testing toolpath, it is essential to understand
the manner in which errors interact with each other and the extension of the TMBB.
A recently standardised testing method to identify location errors in tilting-rotary tables
uses axially and radially aligned tests for each rotary axis (ISO 10791-6:2014 (ISO, 2014)).
This method is based upon the research of Tsutsumi and Saito, (2003), where the primary
rotary axis is tested with the centre-pivot located approximately on the secondary rotary
axis average line. The secondary rotary axis is measured with the centre-pivot away from the
average line of the secondary rotary axis. It is the contention of this research that all rotary
axis location errors can be measured using the latter of the these two set-ups, removing one
set-up procedure. This proposed adaptation reduces the number of unique set-up errors that
influence results and facilitates automation of all testing tool-paths.
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This chapter firstly identifies geometric errors that have a significant influence on output
Least-Squares (LS) fitting parameters. Using this as a screening, these parameters are then
analysed further to define the specific relationship between each error source and relevant
fitting parameters. This information is then used to define error diagnosis techniques that
are used to separate individual error sources from a series of TMBB length measurements.
Finally, the e↵ectiveness of these error diagnosis techniques (algorithms) is tested under
various machine tool error conditions to identify strengths and limitations.
7.2 Underlying Modelling Principles and Assumptions
The underlying principle supporting the single set-up testing method is that an axis of ro-
tation may be modelled using a point in space and a direction unit vector attached to this
point. This notion is closely related to Rodrigues’ rotation formula, where a point is rotated
about a unit vector (Vince, 2011). If all machine tool axes may be modelled as unmoving
straight lines in space (i.e. location errors only), any point along the rotary axis average line
and a direction unit vector are su cient to characterise the location and orientation of the
rotary axis. This representation may later be converted to comply with any convenient local
or global geometric error source definitions. Figure 7-1 gives a pictorial description of the
rotary axis representation, showing the same rotary axis equivalently defined at two axially
separated locations.
For machine tools with tilting-rotary tables, the machine tool coordinate system is typi-
cally placed at the point of nominal intersection between the two rotary axis average lines.
This reduces the number of location error terms required to characterise the machine axes.
As such, it is convenient to measure the primary rotary axis errors in the vicinity of this point.
This is due to the suppression of tilt error e↵ects influencing the coordinates of the point on
the average line. Identifying o↵set errors away from this point will introduce tilt-error e↵ects,
adding an additional layer of complexity to the analysis. This is explained graphically using
Figure 7-2, where ‘BNOM ’, ‘BOFFSET ’ and ‘BTILT ’ represent a B-axis average line with no
error, only o↵set errors, and o↵set and tilt errors, respectively. Point P1A is the machine tool
origin and points P1B, P2A, P2B, P2C are points on the average line that are detected with
di↵erent error scenarios and testing locations.
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Figure 7-1: An augmented photograph of a generic axis of rotation,
equivalently defined at two axially separated locations
Figure 7-2: A demonstration of the influences of o↵set and tilt errors on
the perceived radial o↵set errors in a rotary axis average line
tested at di↵erent locations
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Throughout this chapter, the principle of modelling a rotary axis with a point and unit
vector is used to convert a conventional two set-up testing method into a single set-up test-
ing method. The ramifications of conducting TMBB tests in unconventional locations are
explored from testing and data processing standpoints.
7.3 Candidate Testing Toolpaths
This research aims to the use the axially and radially-aligned TMBB toolpaths specified by
Tsutsumi and Saito, (2003). These are shown in Figure 7-3 for a tilting-rotary table with
axes A and C. This toolpath constraint is primarily due to their appearance in international
standards ISO 230-1:2012 (ISO, 2012) and ISO 10791-6:2014 (ISO, 2014), but also because
they have demonstrated superior robustness to set-up errors compared with Cartesian-aligned
TMBB tests (Tsutsumi et al., 2013b).
(a) Radially Aligned (b) Axially Aligned
(c) Radially Aligned (d) Axially Aligned
Figure 7-3: Axially and radially aligned testing toolpaths specified in
Tsutsumi and Saito, (2003)
This research proposes that all tests may be conducted from a single, o↵set centre-pivot
location. Diagrams of the adapted tool-paths are shown in Figure 7-4. The exact nature
of the single set-up can be communicated with the parameters listed in Table 7.1. As B-
axis o↵set and tilt errors are identified away from the machine tool origin, tilt-error e↵ects
152
Chapter 7
will be present in the radial o↵set error data. However, the identified radial o↵sets will still
locate a suitable point on the average line. It is proposed that the unit vector that defines the
orientation of the average line can be used to project the measured errors back to the machine
tool origin, making them equivalent to measurements taken in the two set-up method. This
projection process is explained in more detail in the next section.
(a) Radial B (b) Radial C
(c) Axial B (d) Axial C
Figure 7-4: Candidate toolpaths used in conjunction with a single centre-
pivot location
7.4 Candidate Error Identification Techniques
In radially-aligned tests, the centre-pivot and tool-tip move in nominally concentric circular
motions about the rotary axis average line (Figure 7-5a). LS-circle fitting is a suitable and
well-established diagnostic tool in this case. In axially aligned tests, the centre-pivot and
tool-tip also move in circular motions about a rotary axis average line. However, the circular
paths are both perpendicular to the sensitive direction, making this geometry convenient but
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Table 7.1: Set-up parameters used to describe the single set-up configuration
Notation Description
Ox O↵set of the centre-pivot-mounted sphere from the point of nominal inter-
section between the primary and secondary rotary axis in the X-direction
Oy O↵set of the centre-pivot-mounted sphere from the point of nominal inter-
section between the primary and secondary rotary axis in the Y -direction
Oz O↵set of the centre-pivot-mounted sphere from the point of nominal inter-
section between the primary and secondary rotary axis in the Z-direction
L0 The nominal (calibrated) length of the TMBB
LTC The length of the tool-cup i.e. the distance from the spindle datum to
the centre of the tool-cup-mounted sphere in the nominal direction of the
spindle average line
inconsequential. A more intuitive analogy for this test is to think of the centre-pivot and tool-
tip as moving in nominally parallel planes. In the presence of location errors, these planes
will lose their parallel relationship and become tilted with respect to one another (Figure
7-5b). In light of this analogy, LS-plane fitting is the more intuitive diagnostic tool. This
di↵ers from existing analyses, where another LS circle is used to relate tilt errors to length
measurement data on a polar plot (Tsutsumi and Saito, 2003; Tsutsumi et al., 2013b).
(a) (b)
Figure 7-5: Justification of error-diagnosis techniques (a) tool-tip and centre-
pivot motion in two concentric circles during radial testing, (b)




7.4.1 Fitting a Least Squares Circle to Radially-Aligned Testing Data
The LS circle is fitted to the perceived centre-pivot coordinates throughout the radially-
aligned tests. This position is approximated by first modelling the ideal motion of the tool-tip
and centre-pivot throughout the toolpath. In each case, this can be modelled by conducting
a rotation of a point p1 = [x, y, z]
T , about the unit vector uˆ = [u, v, w]T , attached to the
point p2 = [a, b, c]
T . This transformation is conducted using the homogeneous transformation
matrix in Equation 7.1. The contractions C✓ and S✓ denote cos ✓ and sin ✓, respectively. The
ideal coordinates of either the centre-pivot or tooltip are then calculated using Equation 7.2.
TRA =
266666664
u2 + (v2 + w2)C✓ uv(1  C✓)  wS✓ uw(1  C✓)vS✓ (a(v2 + w2)  u(bv + cw))(1  C✓) + (bw   cv)S✓
uv(1  C✓) + wS✓ v2 + (u2 + w2)C✓ vw(1  C✓)  uS✓ (b(u2 + w2)  v(au+ cw))(1  C✓) + (cu  aw)S✓
uw(1  C✓)  vS✓ w(1  C✓) + uS✓ w2 + (u2 + v2)C✓ (c(u2 + v2)  w(au+ bv))(1  C✓) + (av   bu)S✓














The parameters to be inserted in Equation 7.2 vary depending on the test being conducted.
Options for the single set-up method are presented in Table 7.2.
Using the ideal position of the tool-tip and centre-pivot, a ballbar vector can be con-




Table 7.2: Parameters used to conduct an arbitrary rotation about a unit
vector attached to a point in space
p1 p2 uˆ
x y z a b c u v w
Radial B
Tool-Tip Ox Oy Oz + L0 0 0 0 0 1 0
Centre-Pivot Ox Oy Oz 0 0 0 0 1 0
Axial B
Tool-Tip Ox Oy ± L0 Oz 0 0 0 0 1 0
Centre-Pivot Ox Oy Oz 0 0 0 0 1 0
Radial C
Tool-Tip Ox Oy ± L0 Oz 0 0 0 0 0 1
Centre-Pivot Ox Oy Oz 0 0 0 0 0 1
Axial C
Tool-Tip Ox Oy Oz + L0 0 0 0 0 0 1










Taking pTTT = [xTT , yTT , zTT ], uBB can be used in conjunction with a measured TMBB
length measurement, lBB to estimate the position of the centre-pivot from experimental data
using the following equation:
pCPpredict = pTT   uBBlBB (7.5)
Although the direction unit vector, uBB, is formed using ideal machine conditions, it will
be su ciently representative of the true orientation of the TMBB if machine tool errors are
minute. Assuming this is valid for most commercial machines, it provides a good approxima-
tion of the separation between the tool-tip and centre-pivot in a direction extending radially
away from the rotary axis average line.
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It is the predicted centre-pivot coordinates that are used in the LS circle fitting algo-
rithm. In this research, the ‘Hyper Fit’ algebraic LS circle fitting algorithm developed by
Al-Sharadqah and Chernov, (2009) has been used. This algorithm has been selected due to
its zero essential bias and and general agreement with the Renishaw Ballbar 20 Advanced
software results for centroid coordinates.
7.4.2 Fitting a Least Squares Plane to Axially Aligned Testing Data
The LS plane is fitted to the estimated centre-pivot coordinates from the axial test. Again,
the ideal tool-tip and centre-pivot positions are calculated using the transformation matrix in
Equation (7.1) and the necessary parameters from Table 7.2. Once again, the TMBB vector
(vBB) and its associated unit vector (uˆBB) are identified for measured each TMBB length
(lBB). The centre-pivot positions are then estimated using Equation 7.5.
The LS plane is fitted to the three-dimensional estimated centre-pivot coordinates by
minimising the orthogonal distance between the points and the plane. The National Institute
for Standards and Technology (NIST) propose a stable algorithm to conduct this fitting








xm   x¯ ym   y¯ zm   z¯
377775 (7.6)
M contains m estimated centre-pivot coordinates, which have been centred by removing
the centroid of the data (i.e. [x¯, y¯, z¯]). The formal definition of the SVD is well documented
e.g. (Stewart, 1993) and is a factorisation of the form:
M = USVT (7.7)
Here, U and VT are orthogonal matrices, and S is a diagonal matrix containing the
singular values. The columns of the matrices U and VT are the singular vectors, which are
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equivalent to the eigenvectors. These may also be thought of as the orthonormal basis of the
data contained inM. For three-dimensional data, the three singular vectors are analogous to
the semiaxes of an ellipsoid; representing the directions of maximum variance. As explained
by Shakarji, (1998), the column of V that corresponds to the smallest singular value in S
may be taken to be a unit vector that is normal to the plane of best fit. This plane fitting
method is robust and is well suited to the proposed usage of the TMBB vector to predict the
X, Y and Z-coordinates of the centre-pivot.
7.4.3 Transporting Single Set-up Results Back to the Origin
In accordance with the definitions given in ISO 230-1:2012 (ISO, 2012), o↵set and tilt errors
for the rotary axes contained within a tilting-rotary table should be expressed relative to the
machine tool origin. As previously mentioned, the machine tool origin is typically situated
at the point of nominal intersection between the two rotary axis average lines.
The single set-up method proposed in this research measured B-axis o↵set and tilt errors
at a position that is axially separated from the machine tool origin by an amount, Oy. It
is, therefore, necessary to transport these errors values back to the machine tool origin, not
only for comparison with existing methods, but also to allow the new method to conform
to ISO standard error representations. Considering Figure 7-2, this can be thought of as
transporting the point p2c back to p1b when p1a is the machine tool origin.
The centroid of the LS-circle defines the radial coordinates of a point on the average line.
The unit vector identified using the LS-plane defines the orientation of the average line. The
centroid of the centre-pivot positions identified in the axial test ([x¯, y¯, z¯]) defines a point on
the LS-plane. Using the plane equation:
ax+ by + cz + d = 0 (7.8)
the parameter, d, can be identified using the rotary axis unit vector uˆ1 (which contains
parameters a, b and c) and the centroid of the centre-pivot positions in the axial test [x¯, y¯, z¯]:
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d = [x¯, y¯, z¯] · uˆ1 (7.9)
Now, the fully populated plane equation can be evaluated for the radial coordinates of
the rotary axis average line, yielding the unknown axial coordinate of the point on the rotary





This completes the identification of a unit vector and a point to which it is attached.
The transportation of the errors back to the origin can be achieved by finding the point of
intersection between the rotary axis average line and a reference plane at the origin. For
the B-axis this is the ZX-plane and for the C-axis this is the XY -plane. The parameter,
k, denotes the distance from the point on the average line to the reference plane, along the
average line.
k =
(p0   p1) · uˆ0
uˆ1 · uˆ0 (7.11)
Here, p0 is a point on the reference plane and p1 is the point identified on the rotary
axis average line. Unit vectors uˆ0 and uˆ1 are normal to the reference plane and the plane of
rotation, respectively. The coordinates of the point of intersection between the average line
and the reference plane at the machine tool coordinate system origin are:
pintersect = p1 + kuˆ1 (7.12)
This transportation process can be used for both rotary axes and is required whenever




7.5 Model Inputs and Outputs
This research is concerned with location errors in linear and rotary axes, and set-up errors
in the centre-pivot and tool-cup. All component errors in the linear and rotary axes are
ignored at this stage. Table 7.3 details each of these errors and groups them by category,
assigning notation and units to each term. Location errors follow the ISO 230-1:2012 (ISO,
2012) notation and set-up errors are given a similar nomenclature.
Table 7.3: Error terms serving as inputs to the sensitivity analysis and kine-
matic models.
Location Errors Set-up Errors
Linear Axes Rotary Axes Tool-cup Centre-Pivot
EC0X [µm/m] EX0B [µm] ETX [µm] EWX [µm]
EA0Z [µm/m] EZ0B [µm] ETY [µm] EWY [µm]






The identification techniques detailed in the previous section dictate the available model
outputs. Assuming only axial and radial tests for each rotary axis, the resulting model
outputs are the fitting parameters of the LS-circle and plane associated with the radial and
axial TMBB test for each axis. These are detailed in Table 7.4.
7.6 The Design of TMBB Testing Methods Using Sensitivity
Analysis
As the number of machine tool axes and error terms increase, predicting the way in which
multiple error sources a↵ect the extension of TMBB becomes more di cult. In the worst
case, two (or more) error sources will manifest themselves in exactly the same way on a
TMBB test. This makes them inseparable during data analysis.
The review of Chapter 3 identified that sensitivity analysis of TMBB testing methods
for Five-Axis Machine Tools (5A-MTs) has seldom extended beyond One Factor at a Time
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Table 7.4: LS fitting parameters that are used as outputs in the sensitivity
analysis
(⇤ Strictly no units; however, µm/m may be used)
Radial B-axis Testing
Output Units Description
Cx [µm] LS circle centroid in X-direction
Cz [µm] LS circle centroid in Z-direction
RB [mm] LS circle radius
Radial C-axis Testing
Output Units Description
Cx [µm] LS circle centroid in X-direction
Cy [µm] LS circle centroid in Y -direction
RC [mm] LS circle radius
Axial B-axis Testing
Output Units Description
Ux  ⇤ B-axis unit vector component in X-direction
Uz  ⇤ B-axis unit vector component in Z-direction
dB [µm] Distance from origin to centroid of points used in LS plane fitting
Axial C-axis Testing
Output Units Description
Ux  ⇤ C-axis unit vector component in X-direction
Uy  ⇤ C-axis unit vector component in Y -direction
dC [µm] Distance from origin to centroid of points used in LS plane fitting
(OFAT) methods (Zargarbashi and Mayer, 2006; Xiang and Yang, 2014). Although useful and
intuitive, this method places broad assumptions on the interactions between inputs through
the model. Abbaszadeh-Mir et al., (2002) used more advanced techniques in the formulation
of their testing and error diagnosis method. The presence of confounding errors was identified
using the rank, condition number and SVD of the ‘sensitivity Jacobian matrix’. The matrix
rank identified the maximum number of independent parameters, the condition number gave
the ratio of smallest to largest singular values (identifying rank deficiencies), and the SVD
identified mutually dependent parameters. This method was used to identify error sources
that resulted in identical relative motions between the tool-tip and workpiece.
This research aims to build upon the works of Abbaszadeh-Mir et al., (2002), Zargarbashi
and Mayer, (2006), and Xiang and Yang, (2014) through the use of variance-based sensitivity
analysis techniques. Firstly, this method will be used to identify which error parameters have
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non-negligible e↵ects on the LS fitting parameters. This provides a screening of negligible
e↵ects, reducing the dimensionality of subsequent analyses. Following this, the mathemat-
ical relationship between model inputs (errors) and outputs (fitting parameters) is reverse
engineered by using a finite-di↵erencing sensitivity approach. Inseparable error e↵ects are
highlighted at this point. Using these relationships, error diagnosis techniques that convert
fitting parameters into estimates of the error values are proposed.
7.6.1 Variance-Based Sensitivity Analysis: Background & Theory
Variance-based sensitivity analysis is a form of global sensitivity analysis in which the variance
in a model output, Y , is decomposed according to single or multiple contributing input factors,
X (Saltelli et al., 2008). For systems where the relationship between input and output is not
clear, variance-based methods are attractive insomuch they can accommodate non-linear
responses and interactions between input parameters.
Saltelli et al., (2010) compare existing and new practices in the identification of first
order sensitivity indices and the total e↵ect indices; including interactions between input
variables. Saltelli et al., (2010) motivate their usage of variance-based techniques via a
demonstration of the deficiencies of OFAT sensitivity analysis (Saltelli and Annoni, 2010). It
was shown that OFAT increasingly under-explores the hyperspace of an increasing number
of model inputs. Hence, more explorative variance-based techniques are likely to give a more
representative estimate during output variance decomposition. For brevity, the reader is
referred to Saltelli et al., (2010) for a detailed description and numerical verification of the
methods used throughout this section. A brief introduction is given here, with descriptions
of its application to TMBB testing.
The general principle of variance-based sensitivity analysis is to makeN model evaluations
in a similar fashion to Monte Carlo simulation. A total of k model inputs are varied for each
model evaluation using a quasi-random number generation (in this case the Sobol generation
function built in to MATLAB R2014b). Initially, two equal sized matrices, A, B are used
for creating inputs for model evaluations. A and B are both N ⇥ k pseudorandom matrices





a1,1 a1,2 . . . a1,k
a2,1 a2,2 . . . a2,k
...
... . . .
...
aN,1 aN,2 . . . aN,k
377777775 B =
266666664
b1,1 b1,2 . . . b1,k
b2,1 b2,2 . . . b2,k
...
... . . .
...
bN,1 bN,2 . . . bN,k
377777775
A further set of pseudorandom input parameters are required to evaluate total e↵ects-
indices, and are referred to as the ANB matrices. A total of N , (k+1)⇥k, blocks are created.
The first row in each block is identical to A; however, subsequent rows have their kth entry
replaced with kth entry of B. An example of the first such block is:
A1B =
266666666664
a1,1 a1,2 . . . a1,k
b1,1 a1,2 . . . a1,k
a1,1 b1,2 . . . a1,k
...
... . . .
...
a1,1 a1,2 . . . b1,k
377777777775
By making N model evaluations using the rows of input matrixA, a further N evaluations
using the rows of B, and N ⇥ k evaluations using the the rows of the ANB matrices, all first-
order and total-e↵ect sensitivity indices can be calculated.
In the following descriptions of sensitivity indices, f(A)j refers to an evaluation of the
machine tool and TMBB model using the pseudorandom inputs from the jth row of input
matrix A. VXi(·) and EXi(·) are the variance and mean of the argument, (·), respectively,
for all factors, Xi. VX⇠i(·) and EX⇠i(·) are the variance and mean of the argument, (·), for
all factors but Xi.
i Total-e↵ect Indices
The total-e↵ect indices describe the contribution of an input to the output variance, includ-
ing all of its interactions, of any order, with any other input variable. Firstly, the expected

















this is divided by the total output variance giving:
ST i =
EX⇠i (VXi (Y |X⇠i))
V (Y )
(7.14)
7.6.2 Sensitivity Analysis Simulation Parameters
The variance-based sensitivity analysis was undertaken using 2000 iterations, which is suitably
large compared to the minimum of 500 iterations stipulated in Saltelli et al., (2010). For each
of these iterations, all linear and rotary axis location errors were varied between upper and
lower limits using a Sobol pseudo random number set. O↵set errors were varied between
±100µm, and squareness and tilt errors were varied between ±100µm/m. All errors are
diagnosed by fitting a LS circle to radially-aligned testing data and a least-squares plane to
axially-aligned test. The variance-based analysis is then conducted based on the outputted
fitting parameters. The set-up parameters defining the single set-up are given in Table 7.5.
Table 7.5: Parameters describing the set-up used in the variance-based sen-
sitivity analysis
Param. Value Further Notes
L0 100mm
The radial C-axis test was run with the tool-cup travelling in a
concentric circular path, with radius Oy+L0. This maximised the
impact of linear axis squareness errors on this test by increasing
the travel. Similarly, the Y -coordinate of the tool-cup during the




7.6.3 Sensitivity Analysis Results
Variance-based sensitivity analysis was conducted for all least squares fitting parameters
listed in Table 7.4 and their respective testing toolpaths. For each testing tool-path, a graph
such as the one shown in Figure 7-6 was created to show the error parameters that have
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the greatest influence on the variance of the relevant LS-fitting parameters. The Y -axis of
these plots is a unit-less total e↵ects sensitivity coe cient that has been normalised to give
relative weightings. The example given in Figure 7-6 is for the radially-aligned B-axis test.
The graphs reporting the results of the axial B, radial C and axial C tests are located in
Appendix E.


























Figure 7-6: Total-e↵ects sensitivity indices for the Radial B-axis testing pa-
rameters
To summarise the findings of the total-e↵ect sensitivity indices, figures 7-7 and 7-8 have
been compiled. These figures show the contributing factors to the output variance of each
LS fitting parameter. Furthermore, Figure 7-8 shows a smaller subset of the sensitivity
coe cients, where relative contributions less than 1% have been treated as negligible and
therefore removed. As an illustrative example, Figure 7-8 shows that in radial B-axis testing,
the X-coordinate of the LS circle’s centroid (Cx) is sensitive to radial o↵set errors in the
B-axis average line, squareness between the Z and X axes (EB0Z) and tool-cup errors in
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the X-direction (ETX). As such, error diagnosis algorithms should account for each of these
errors when isolating the target error, EX0B.
Cx Cz RB Ux Uz dB Cx Cy RC Ux Uy dC
E_C0X 2.15E-08 4.26E-10 4.12E-10 4.95E-01 6.38E-11 2.15E-16 4.35E-09 1.09E-09 9.85E-12 7.28E-07 4.01E-10 8.38E-10
E_A0Z 5.93E-11 2.21E-08 8.78E-09 2.98E-11 5.01E-01 8.43E-16 5.40E-11 2.17E-12 3.28E-02 1.03E-05 1.15E-05 5.22E-09
E_B0Z 7.48E-02 4.40E-02 4.29E-02 1.06E-06 1.40E-06 1.13E-10 7.24E-08 1.57E-07 2.84E-08 1.01E-05 2.27E-05 3.33E-09
E_X0B 4.62E-01 1.16E-06 5.56E-07 1.32E-05 1.92E-05 1.61E-09 3.31E-01 5.33E-06 5.45E-07 9.76E-05 1.67E-04 1.95E-09
E_Z0B 7.15E-07 4.76E-01 4.68E-01 1.33E-05 1.86E-05 3.17E-09 1.10E-09 3.18E-09 1.93E-07 5.25E-11 3.74E-11 4.47E-15
E_A0B 5.73E-09 3.44E-03 2.65E-09 4.58E-07 5.00E-01 1.25E-02 4.03E-08 1.25E-02 1.36E-10 9.42E-06 4.99E-01 3.59E-03
E_C0B 3.35E-03 6.94E-09 1.08E-09 4.98E-01 4.60E-07 1.06E-08 4.59E-09 8.25E-09 2.47E-08 7.18E-07 5.56E-07 2.60E-09
E_X0C 1.22E-07 1.26E-07 9.23E-07 2.24E-11 1.50E-11 1.63E-09 3.31E-01 5.28E-06 5.73E-07 9.92E-05 5.15E-04 2.50E-06
E_Y0C 1.05E-08 1.08E-08 1.93E-07 2.24E-11 2.63E-11 4.26E-15 1.60E-06 4.90E-01 4.85E-01 1.05E-04 7.63E-05 3.31E-09
E_A0C 6.15E-10 5.49E-10 3.39E-03 1.00E-07 1.03E-07 1.25E-02 4.09E-08 1.25E-02 1.37E-10 9.53E-06 5.00E-01 3.59E-03
E_B0C 8.04E-09 8.42E-09 2.31E-08 3.42E-07 3.47E-07 8.60E-09 8.45E-03 6.09E-08 1.69E-10 9.99E-01 4.78E-06 1.91E-08
E_XT 4.61E-01 8.41E-07 6.46E-08 1.32E-05 1.31E-05 1.94E-07 3.30E-01 2.36E-06 5.86E-09 9.47E-05 6.96E-05 7.56E-06
E_YT 1.44E-08 1.47E-08 1.91E-07 2.46E-10 2.70E-10 4.85E-01 1.58E-06 4.87E-01 4.21E-09 1.40E-04 4.68E-05 2.10E-07
E_ZT 7.26E-07 4.76E-01 7.32E-08 1.35E-05 1.32E-05 1.95E-07 7.97E-10 2.36E-09 1.92E-07 1.83E-07 1.04E-07 4.97E-01
E_XW 8.09E-07 8.44E-07 4.94E-07 1.30E-05 1.35E-05 2.05E-07 1.07E-06 2.34E-06 5.06E-07 1.04E-04 7.34E-05 3.57E-05
E_YW 1.04E-08 1.07E-08 3.23E-07 2.20E-10 2.93E-10 4.87E-01 4.13E-14 1.44E-13 4.85E-01 1.48E-04 5.23E-05 2.34E-07
E_ZW 5.86E-13 8.03E-13 4.68E-01 1.40E-05 1.41E-05 2.07E-07 3.78E-09 1.09E-08 3.37E-07 7.95E-10 6.89E-10 4.97E-01
Radial	B Axial	B Radial	C Axial	C
Figure 7-7: The complete set of sensitivity coe cients, showing the relative
impact of all considered error sources on each of the LS fitting
parameters. Light and dark shading represent high and low rel-
ative sensitivity, respectively.
7.6.4 Identifying and Handling Inseparable Error Sources
Each of the LS fitting parameters given in this section represents an observation tool that
may be used to identify and separate error e↵ects. As with the LS fitting parameter, UX , in
the axial C-axis test, only a single error source has a significant e↵ect. This scenario is ideal
from an error separation and quantification perspective.
In this research, there are no further levels of granularity that may be called upon to
separate error e↵ects from length measurements. As such, errors that manifest themselves
in the same way on a fitting parameter are inseparable from the point of view of that pa-
rameter. Furthermore, errors are completely inseparable in the case that a fully-reduced set
of parameters does not result in linearly-independent equations relating input error sources
to output LS fitting parameters. An example of this analysis is now given for errors EX0B,
EC0B and EB0C .
Let it be assumed that linear axis squareness errors can be accurately measured using
three planar circular tests. This removes any e↵ects associated with error EC0X , EA0Z and
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Cx Cz RB Ux Uz dB Cx Cy RC Ux Uy dC
E_C0X - - - 0.495 - - - - - - - -
E_A0Z - - - - 0.501 - - - 0.033 - - -
E_B0Z 0.075 0.044 0.043 - - - - - - - - -
E_X0B 0.462 - - - - - 0.331 - - - - -
E_Z0B - 0.476 0.468 - - - - - - - - -
E_A0B - - - - 0.500 0.012 - 0.013 - - 0.499 -
E_C0B - - - 0.498 - - - - - - - -
E_X0C - - - - - - 0.331 - - - - -
E_Y0C - - - - - - - 0.490 0.485 - - -
E_A0C - - - - - 0.012 - 0.013 - - 0.500 -
E_B0C - - - - - - - - - 0.999 - -
E_XT 0.461 - - - - - 0.330 - - - - -
E_YT - - - - - 0.485 - 0.487 - - - -
E_ZT - 0.476 - - - - - - - - - 0.497
E_XW - - - - - - - - - - - -
E_YW - - - - - 0.487 - - 0.485 - - -
E_ZW - - 0.468 - - - - - - - - 0.497
Radial	C Axial	CRadial	B Axial	B
Figure 7-8: A reduced set of sensitivity coe cients where coe cients < 0.01
have been removed. With colour viewing enabled, cells shaded
red and green represent high and low sensitivity, respectively.
EB0Z . Let it also be assumed that tool-cup errors in the X and Y -directions can also be set
to zero either by tool-cup adjustment or some other physical compensation. This removes
error e↵ects relating to EXT and EY T . Finally, any columns that contain only a single
error parameter can also be removed as these can be confidently quantified at this stage.
This removes the e↵ects of EX0B, EC0B and EB0C . The final, reduced set of parameters is
presented in Table 7.6.
This final reduced set of sensitivities illustrates two issues. Firstly, errors EX0C , EY 0C and
EA0C are dependent on previously calculated error sources associated with the B-axis. This
does not impede the separation of error sources but it does indicate that the uncertainty
of C-axis error parameters will be inextricably linked to the uncertainty of B-axis error
parameters. Secondly, error EZ0B is indistinguishable from either EZT and EZW , depending
on the test. As such, it is inseparable using any single LS fitting parameter. A set of three
equations with three unknowns can be constructed relating EZ0B, EZT and EZW to the fitting
parameters that they influence. This is shown in Equation 7.15 where terms aij are constants
representing a linearised relationship between error parameters and LS fitting parameters.
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Table 7.6: Sensitivity coe cients after the final removal of fully-isolated error
e↵ects (3† = Targeted error in fitting algorithm)
Radial B Axial B Radial C Axial C






EA0B 3 3 3
EC0B
EX0C (3†)
EY 0C (3†) 3




























If the determinant of the matrix A is zero (i.e. |A| = 0 and A is not invertible), the error
EZ0B will inseparable from the point of view of the methods detailed in this research. This
issue is readdressed in Section 7.7, when the coe cients of matrix A are known.
7.7 Identifying the Relationship Between Inseparable Error
Pairs
The sensitivity coe cients detailed in the previous section have shown that machine tool
errors have varying influences on the LS fitting parameters associated with the four candidate
TMBB tests. What is also clear is that multiple errors manifest themselves in the same way
from the point of view of a particular LS fitting parameter. It is important to define methods
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to separate error sources and, where necessary, declare error sources as completely inseparable.
In the latter case, countermeasures to minimise the impact of inseparable errors should be
specified.
When inseparable error sources combine additively within the model, the relationship
between the error sources and relevant fitting parameters can be identified by evaluating
di↵erent combinations of values for inseparable error sources. Here, three values for each
inseparable error source are used: ‘low’, ‘null’ or ‘high’. It is assumed that a linearisation of
the input/output relationship is acceptable as the errors magnitudes are not excessively large.
Values of ±100µm/m and ±100µm were used for angular and o↵set errors, respectively. This
is a simplification of the analytical approach to sensitivity analysis whereby partial derivatives
of the output function (least squares parameter variation) are taken with respect to each input
parameter (machine tool error). The method adopted in this research can be thought of as
a finite di↵erencing approximation of this di↵erentiation process.
A convenient method for establishing the input/output relationship between a set of
inseparable error sources is via an algebraic LS fit of an n-dimensional hyperplane. This
hyperplane represents the response of the output variable to the various inseparable inputs.
For a single input and output (n = 1), this will give the least squares line of best fit, whereas
two input (n = 2) and a single output will give the plane of best fit. The convenience of this
method lies in its generalisation to higher dimensions (e.g. 4D hyperplane). An illustrative
example is given here for the n = 2 condition, with EC0X and EC0B becoming inseparable
from the perspective of the Ux fitting parameter during axial B-axis testing.
Firstly, the problem is expressed in the form of:
z = A+Bx+ CY (7.16)
Ux = A+BEC0X + CEC0B (7.17)
Parameters are varied using 3n = 9 model evaluations, varying each input in a trinary
fashion using the low, null and high values. For example:
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EC0X  1⇥ 10 4,  1⇥ 10 4,  1⇥ 10 4, 0, 0, 0, 1⇥ 10 4, 1⇥ 10 4, 1⇥ 10 4
EC0B  1⇥ 10 4, 0, 1⇥ 10 4,  1⇥ 10 4, 0, 1⇥ 10 4,  1⇥ 10 4, 0, 1⇥ 10 4

















Using the matrices X and Z, the coe cients in the polynomial can be identified using least








Equations relating error source inputs to least squares fitting parameters have been iden-
tified and presented in Table 7.7. Most error e↵ects have a 1 : 1 relationship with a least
squares fitting parameter; indicated using a ‘+’ or ‘ ’ sign, without a constant term. The ±
sign is depends on the alignment of the axis coordinate frame with respect to the coordinate
frame of the workpiece (see Table 6.1), which also depends on the kinematic chain that the
axis belongs to. Other errors are multiplied by a constant term, which reflects the influence of
a set-up parameter. For example, parameter Cy is a↵ected by errors EA0B and EA0C , each of
which is multiplied by ±1.6⇥10 4. This constant is merely an expression of the centre-pivot
o↵set parameter, Oz (160mm). The complex relationship between the linear squareness error
EB0Z and the two centroid coordinates, Cx and Cz, in the radial B-axis test is a combina-
tion of two phenomena: the e↵ect of the squareness error in the Z-axis causing an elliptical
appearance in the linear axis circular motion (see Section 7.8.4), and an o↵setting the circle
traced by the linear axes in the X-direction (see Section 7.8.5).
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Table 7.7: Mathematical relationships between input error parameters and
output LS fitting parameters that have been reverse-engineered
using sensitivity analysis
Radial B-axis
Cx =  4.04⇥ 10 4EB0Z   EX0B   EXT
Cz = 3.05⇥ 10 4EB0Z + EZ0B   EZT
Axial B-Axis Testing
Ux = EC0X   EC0B
Uz = EA0Z   EA0B
Radial C-Axis Testing
Cx =  EX0B   EX0C   EXT
Cy = 1.6⇥ 10 4EA0B   EY 0C   1.6⇥ 10 4EA0C   EY T
Axial C-Axis Testing
Ux =  EB0C
Uy =  EA0B   EA0C
Returning now to the problem of the potentially inseparable error parameter, EZ0B,





















The determinant of the matrixA is zero, which confirms that the error EZ0B is inseparable
from the point of view of the methods proposed in this research. Hence, assuming the
parameter Cz will be used to identify this error, set-up errors in the tool-cup that act in
the Z-direction must be minimised as much as possible i.e. the tool-cup’s length must be
measured very accurately.
Various phenomena exist between input errors and least squares fitting parameters. Fur-
ther understanding of these relationships is required, especially in the radial B-axis test.
Giving further description of these relationships and defining ways to manage their e↵ects
is the focus of subsequent sections. In addition, evidence of the same phenomenon must be
produced on a real machine tool, which forms the focus of Chapter 8.
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7.8 Designing Error Diagnosis Algorithms and Techniques
The sensitivity analysis helped isolate phenomena describing the relationships between loca-
tions errors and LS fitting parameters. It also highlighted errors that are inseparable from the
point of view of one or all fitting parameters. This information can be used to design error di-
agnosis algorithms and techniques that will help isolate the e↵ects of individual error sources
from a series of TMBB length measurements captured during axially and radially-aligned
tests.
7.8.1 Phenomenon 1: Tool-Cup Error vs. B-axis O↵set Errors
The centroid of the LS circle that is fitted to the radial B-axis data is a↵ected by tool-cup
o↵set errors in the X and Z-directions. Tool-cup o↵set errors in the Z-direction influence
the centroid via the tool-centre-point algorithm within the Numerical Control (NC). This is
because the tool-tip’s motion is governed by the tool length, the stored pivot-point coordinates
of the rotary axis and the position of the tool-tip with respect to this pivot point. In contrast,
tool-cup errors in the X-direction simply alter the length of the TMBB to a varying degree
throughout the testing toolpath.
When the TMBB is near-parallel with the Zdirection, tool-cup o↵set errors in the X-
direction are approximately perpendicular to the sensitive direction and have no appreciable
e↵ect on the extension. Conversely, when the TMBB is near parallel with the X-direction,
tool-cup o↵set errors are approximately parallel with the sensitive direction. At this point,
there is a 1 : 1 ratio between the tool-cup error and the change in TMBB length. The
result of this tool-cup error is a perceived shift in the location of B-axis average line in the
X-direction. This phenomenon is shown in Figure 7-9a.
Tool-cup errors acting in the Z-direction have a negligible e↵ect when the TMBB is near-
parallel to the X-direction. However, the tool-cup error acts directly along the sensitive
direction when the TMBB is near-parallel with the Z-direction. This error manifests itself




(a) X-direction (b) Z-direction
Figure 7-9: The impact of tool-cup errors on Radial B-axis tests
The literature has already reported that the o↵set errors of the tool-cup that act in the
X and Y -directions can be removed via an adjustable tool-cup device. The previous section
demonstrated that the tool-cup error in Z is inseparable from the error EZ0B. Historically,
this issue has been dealt with by minimising the tool-cup error by using a dial gauge to mea-
sure the length of the tool-cup. This typically requires the use of a calibrated Known-Length
Tool (KLT), which is measured first and the tool-cup is then measured with respect to the
known length. The accuracy of this method is dependent on the bi-directional repeatability
of the machine tool’s Z-axis, the quality and consistency of engagement between the tool
and the dial gauge, and the measurement uncertainty of the dial gauge itself. As there is no
controlled actuation to alter the tool-cup’s length during testing, it is challenging to introduce
any improvement upon the dial gauge method.
It is the author’s opinion that manual removal of the tool-cup errors acting in the X and
Y -directions is time-consuming and relies heavily on operator patience and dexterity. This
creates opportunities for human error to encroach upon the apparatus set-up and measure-
ment data. Machine tools that provide control over the spindle orientation have a means by
which to actuate the tool-cup, resulting in a change the direction of the tool-cup errors acting
in X and Y . This is done by rotating the spindle to di↵erent angular positions. The XYZ
1020 VMC machine tool used throughout this research has a Siemens 840D SL controller,
which has the option to specify the orientation of the spindle via the following command:
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SPOS = 120 (Orientate the spindle at 120 )
Equivalent functionality is available on most modern NC controllers such as the Fanuc 31i,
which uses the M19 command for similar purposes.
A schematic of a misaligned tool being rotated in the spindle is shown in Figure 7-10.
Assuming the absence of spindle tilt errors, a rotation of the spindle will change the direction
of the X and Y tool-cup errors, but will not change their magnitude. The use of three
uniformly distributed spindle orientations over a full 360  rotation is su cient to cancel the
e↵ects of radial tool-cup errors. This may be thought of as taking the arithmetic mean of the
X and Y coordinates of three points on the perimeter of a circle, each separated by 120 . It
is proposed that three radial B-axis tests may be conducted with the spindle in the 0 , 120 
and 240  positions. Taking the arithmetic mean of the centroid coordinates identified using
the LS circle will result in a cancellation of the tool-cup error e↵ects acting in X and Y . This
concept is explained in more detail in the next subsection, with simulation results presented
in Figure 7-12.
(a) SPOS = 0  (b) SPOS = 120  (c) SPOS = 240 




7.8.2 Phenomenon 2: Tool-Cup Error vs. C-axis O↵set Errors
The radially aligned C-axis test is a↵ected by tool-cup o↵set errors in the X and Y -directions.
Both of these tool-cup errors result in a shifting of the centroid of the LS-circle when it is
fitted to the radial C-axis testing data. These e↵ects are shown in Figure 7-11.
Figure 7-11: Demonstrating the perceived average line o↵set that occurs as a
result of tool-cup errors in the X (left) and Y (right) directions
As with the B-axis, tool-cup errors in the X and Y -directions could be cancelled by
conducting radially aligned C-axis tests with the spindle at the 0 , 120  and 240  orientations
and then taking the average of the identified centroid coordinates.
To give an initial demonstration of the spindle-indexing method’s e cacy, the Virtual
Machine Tool (VMT) is used. In this simulation all errors are set to zero except the radial tool-
cup errors in the X and Y -directions. These errors are set to ETX = 10µm and ETY = 20µm,
respectively. The testing parameters used in these simulations are given in Table 7.8 in
accordance with the definitions described in Section 7.3, Table 7.1.
It can be seen that that radial o↵set errors in the tool-cup significantly a↵ect the iden-
tification of the radial o↵set of the B-axis average line in the X-direction. However, the
Z-direction is una↵ected which is intuitive. Radial o↵set errors in the C-axis average line
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Table 7.8: Set-up and testing parameters used in virtual and empirical vali-
dation of the methods outlined in this research
Centre-Pivot O↵sets [mm] Tool-Cup O↵sets [mm] Angle of Arc [ ]
Test Ox Oy Oz TCx TCy TCz ✓start ✓end L0
Radial B 0 -85 159.982 0  85 259.892 -10 95 100
Axial B 0 -85 159.982 0 15 159.892 -10 95 100
Radial C 0 -85 159.982 0 15 159.892 -10 95 100
Axial C 0 -85 159.982 0  85 259.892 -10 95 100
are a↵ected in both the X and Y directions. In both cases, these detrimental e↵ects can be
suppressed the spindle-indiexing method. By identifying the centroid of the LS circle in each
repeat and then taking the arithmetic mean of these centroid coordinates, the radial tool-cup













(Cx, Cz) = ( 10.0, 0.0)µm (Cx, Cz) = (22.3, 0.0)µm (Cx, Cz) = ( 12.3, 0.0)µm













(Cx, Cy) = ( 10.0, 20.0)µm (Cx, Cy) = (22.3, 1.3)µm (Cx, Cy) = ( 12.3, 18.7)µm
Mean Cx = 0.0µm Mean Cy = 0.0µm
Figure 7-12: Diagrams showing the spindle-indexing method applied to the
radial B and radial C-axis tests using the VMT
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7.8.3 Phenomenon 3: Planar Tilt Induced by Linear Axis Squareness
Errors
In the case of the XYZ 5-axis vertical machining centre used in this research, there are three
squareness errors between the linear axes. Taking the Y -axis to be the datum axis, the
following errors are present:
i. EC0X – Squareness of X with respect to Y ;
ii. EA0Z – Squareness of Z with respect to Y ;
iii. EB0Z – Squareness of Z with respect to X;
The three linear axes form an oblique coordinate system. To reflect the motion of the
tool-tip within this oblique coordinate system, a transformation is required to convert from
the oblique coordinate frame into a conventional Cartesian system. Using small angle approx-
imations, this transformation may be expressed using Equation 7.20, which shall be referred
















x0, y0 and z0 are the commanded axis positions, and x, y and z are the resulting Cartesian
coordinates of the tool-tip. Here, the column vectors of the 3 ⇥ 3 transformation may be
thought of as the direction cosines of the three linear axes. Care needs to be taken at this
stage regarding the use of squareness error reported in the Renishaw Ballbar software suite,
as the definition of squareness di↵ers to that in ISO 230-1 (ISO, 2012). In the case of the
software suite, a negative squareness value denotes an error resulting in the angle less than
90  being subtended between two nominally perpendicular linear axes. Conversely, a positive
value implies an angle greater than 90 . To clarify, the transformation in Equation 7.20 uses
the definitions given in ISO 230-1 (ISO, 2012).
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Taking the squareness errors reported in the QC-20-W Advanced Software (sqX2Y ,
















Inspection of the squareness transform yields two phenomenon of interest when conducting
planar two-axis motions. Firstly, any circular motion in the plane subtended by two axes
will adopt an elliptical appearance, where the major and minor semi-axes are inclined to the
±45  positions (measured from a datum axis). Secondly, the ZX and Y Z planes will be
tilted with respect to their nominal orientations.
In axially aligned tests, the TMBB is approximately normal to the centre-pivot’s plane
of motion. The elliptical appearance of the motion will therefore have a negligible a↵ect on
the extension of the TMBB. Assuming that squareness errors are minute compared with the
radius of the circular motion, squareness-induced tilting of the plane will act in a direction
that is approximately parallel to the TMBB’s sensitive direction. As such, the measured
length of the TMBB will be a good approximation of the separation between two planes in a
direction that is normal to the reference plane. This concept is illustrated in Figure 7-13 by
the top and middle planes.
To remove this e↵ect from rotary axis tests, the linear axis squareness errors must be
measured first. This can be achieved using the conventional planar circular tests. The
columns of the transformation given in Equation 7.20 are the direction cosines (unit vector)
of each linear axis. Therefore, the normal vector of the plane of motion can be approximated
using the vector cross product.
uˆ0plane = uˆz ⇥ uˆx (7.22)
Given that the axially aligned tests can be used to measure the orientation of one plane with
respect to a reference plane, the unit vector outputted by the plane fitting algorithm will
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Figure 7-13: Schematic showing the extension of the TMBB between parallel
planes (lower two planes) and non-parallel planes (upper two
planes). Small angle approximations permit the TMBB length
reading to be taken as a measure of the separation between two
planes at a given point.
describe the orientation of the plane of rotary axis motion with respect to the plane defined
in Equation 7.22.
7.8.4 Phenomenon 4: Elliptical Motion Induced by Linear Axis
Squareness Errors
Circular motion between any two linear axes will adopt an elliptical appearance if squareness
error exists between them. The semi-axes of these ellipses will be aligned to the ±45  and the
±135  positions in the trajectories (measured counter-clockwise from the positive horizontal
axis).
In radially aligned tests, the sensitive direction of the TMBB can be approximated as lying
in the plane of circular motion if squareness errors are small. The radial alignment means
that the TMBB will be prone to the changes in radius of the elliptical path. Conversely,
the tilting e↵ects will have a negligible influence on the extension. Full 360  motions are not
a↵ected by the elliptical path due to the cancelling of radius changes at diametrically opposed
positions in the motion. However, this is not the case in partial-arc testing and care must be
taken to account for the impact of the elliptical trajectory. A diagrammatic representation
of this e↵ect is depicted in Figure 7-14.
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Figure 7-14: A schematic showing the elliptical appearance of a circular
motion undertaken by two nominally orthogonal axes when a
squareness error exists between them.
To remove the elliptical motion e↵ects from radially aligned tests, the squareness trans-
form in Equation 7.20 can be used. Recalling that the predicted tool-tip position is used to
estimate the centre-pivot position using the TMBB unit vector (Equations 7.2-7.5), Equa-
tion 7.20 can be used to provide a modified tool-tip position prediction, inclusive of linear
axis error e↵ects. Due to the minute nature of the squareness errors, the TMBB vector
can be formed using the ideal centre-pivot coordinates. This is because the errors will not
significantly a↵ect the orientation of the TMBB device, which will maintain a near-radial
alignment.
7.8.5 Phenomenon 5: Linear Axis Squareness Errors O↵setting the
Circular Motion
The previous two phenomena have been reported in the literature. However, an e↵ect that
has not yet been explicitly referred to is the o↵setting of circular motions with respect to
intended location. Taking either C-axis test as an example, the linear axis circular motion
is undertaken using axes X and Y . The range of motion travelled by each of these axes is
defined by the radius of the circle. When there are squareness errors in the Z-axis, the centre
of the circle traced by the XY -motion will move further away from the desired location as
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the height of the circular motion increases in Z. This can be seen in the four circular traces
in Figure 7-15. It should be noted that as the Y -axis is taken as a datum in the XYZ machine
tool used in this research, there will be no such e↵ect in B-axis tests.
Figure 7-15: Z-axis squareness resulting in an increasing o↵set between the
desired and actual circular motion carried out by the X and Y
axes as the Z-height increases
To counteract this o↵set, it is necessary to reposition the centroid of the least squares
circle that is fitted to the data. The amount by which it is repositioned varies in accordance
with the distance to the machine tool coordinate system. Given that squareness errors are
to be reported in µm/m, the perpendicular o↵set between the machine tool origin and the
plane in which the circular motion lies (i.e. the tool-tip motion) need only by multiplied by
the squareness error in question to ascertain the shift.
7.8.6 Proposed Error Identification Algorithms
For each test, it is necessary to define the position of the tool-tip and centre-pivot relative
to the machine tool coordinate system when both rotary axes are at their zero positions. As



















Here, Ox, Oy and Oz+LTC are the axis commands, relative to the machine tool origin. This
can be thought of as the spindle datum’s position, relative to the point of nominal intersection
between the ideal rotary axis average lines. This is converted into tool-tip coordinates by
subtracting the tool-cup length, LTC .
The corresponding tool-tip coordinate depends on the test that is being conducted. An

















The expected position of the centre-pivot can then be identified for any rotary axis position
by using the transformation that rotates a point about an arbitrary axis (Equation 7.2). In
this case, the point is PCP(start), which rotates about the ideal rotary axis average line
passing through the machine tool coordinate system origin. The expected tool-tip locations,
inclusive of linear axis squareness e↵ects, can be generated by first identifying the linear
axis commands to give the desired tool-tip positions throughout the trajectory. The ideal
coordinates of the spindle datum are simply the ideal tool-tip positions, with the tool-cup
length added to the Z-coordinate. Once the datum coordinates, [xd, yd, zd]
T , have been found
for each point in the testing trajectory, these are transformed to include the e↵ects of linear



















The predicted centre-pivot and tool-tip positions are then used to form a TMBB direction
unit vector. This is used to represent the sensitive direction of the instrument. The results
file from the QC20-W Advanced software suite contains only length measurement values.
The sampling frequency of the TMBB is constant throughout the test and the angle of arc
that the test covers is known. It is therefore a straightforward conversion to associate a
length measurement with a position in the trajectory, as these are linearly spaced (assuming
constant feed-rate).
By using the squareness transform to predict centre-pivot starting positions and tool-tip
coordinates throughout the motion, the e↵ects of phenomena 3-5 can be removed from the
testing data. This is achieved by stating that the measured TMBB length originates at the
predicted tool-tip position, extends along the predicted TMBB direction unit vector and has
length lBB = L0 +  L. This results in predicted centre-pivot positions using Equation 7.5,
which are then used in the circle fitting or plane fitting algorithms.
7.9 Validating Error Diagnosis Techniques
To give an indication of the performance of the proposed error diagnosis techniques, inclusive
of compensation techniques, a form of Monte Carlo simulation is used. To execute this, the
Monte Carlo simulation module of the VMT environment is used. A total of 10, 000 Monte
Carlo iterations are used to generate input error parameters that vary randomly using uniform
probability distributions. In accordance with the values taken from ISO 13041-1:2004 (ISO,
2004) (See Section 5.3), radial o↵set errors of rotary axes are varied in the range ±10µm, tilt
errors in the rotary axes are varied in the range ±40µm/m, all set-up errors are varied in the
range ±50µm, linear axis squareness errors are varied in the range ±66.6˙µm/m. Finally, the
TMBB length measurements receive a noise component that randomly varies in the interval
±1µm. This represents the uncertainty of length measurement in accordance with previous
research findings (Lee and Yang, 2013d; Lee and Yang, 2013b).
A machine tool error profile is created in the VMT to match the kinematic configuration
of the XYZ 1020 VMT that will be used in experiments. Similarly, an experimental set-
up is defined that would be feasible on the same machine tool. Using the aforementioned
single set-up parameters (Table 7.1), this set-up is defined as: Ox = 0mm, Oy =  85mm,
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Oz = 160mm, L0 = 100mm and LTC = 100mm. In the axial B-axis and radial C-axis tests,
the TMBB extends in the negative Y -direction. Hence, in the radial C-axis test, the tool-tip
moves in the larger of the two concentric circles.
By simulating the error measurement process, TMBB length measurements are stored
and later used to diagnose error sources. The diagnosed values are then compared with
the input error parameters to ascertain the identification error. The distribution of the
identification errors is then summarised using the mean, standard deviation, shortest 95%
confidence interval, skewness and kurtosis to give an impression of the identification behaviour
and accuracy.
Four separate Monte Carlo simulations have been conducted to explore the performance
limitations of the proposed error diagnosis techniques.All simulations conduct 10, 000 itera-
tions. The first simulation considers only location errors and aims to demonstrate that the
error diagnosis techniques can correctly identify rotary axis location errors in the presence of
linear axis location errors only. The second simulation is similar to the first, but this time
location errors in the tool-cup and centre-pivot are acting. The final two simulations consider
location, set-up and component errors. The di↵erentiating factor between these two simula-
tions is the magnitude of the component errors errors as a percentage of the location error
magnitudes. In the third simulation, component errors are limited to 5% of the magnitude
of the location errors. This means the maximum permissible angular error represents 5%
of the maximum permissible squareness error or parallelism error. Similarly, the maximum
permissible linear positioning, straightness, radial error or axial error is constrained to be 5%
of the maximum permissible rotary axis o↵set error e.g. EZ0B. The final simulation is again
similar, but this time the thresholds are increased to 20%. Simulations three and four aim to
capture any degradation in the error identification techniques as component errors become
increasingly dominant. A summary of these error limits are given in Table 7.9.
The results from the four Monte Carlo simulations are summarised using four statistical
metrics. These metrics are used in conjunction with the location error identification error (i.e.
Eident   Egiven). In accordance the Guide to the Expression of Uncertainty in Measurement
(GUM) (ISO/IEC, 2008a) and with Supplement 1 to the GUM – Propagations of distributions
using a Monte Carlo method (ISO/IEC, 2008b), the estimate of the output quantity and
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Table 7.9: Sources of uncertainty and their respective distribution character-
istics used in the Monte Carlo uncertainty analysis of the single
set-up method (CP = centre-pivot, TC = tool-cup, Lin. = linear
and Rot. = rotary)
Apparatus
Error Source Mean Threshold Units Distribution
TMBB 0 ±1 µm Uniform
CP Positioning 0 ±50 µm Uniform
TC Positioning 0 ±50 µm Uniform
Location Errors
Error Source Mean Threshold Units Distribution
Lin. Squareness 0 100 µm/m Uniform
Rot. O↵set 0 ±50 µm Uniform
Rot. Orientation 0 ±200/3 µm/m Uniform
Component Errors
Error Source Mean Threshold Units Distribution
Lin. Straightness 0 0%, 5%, 20% Rot. O↵set µm Uniform
Lin. Angular 0 0%, 5%, 20% Lin. Squareness µm/m Uniform
Lin. Positioning 0 0%, 5%, 20% Rot. O↵set µm Uniform
Rot. Radial 0 0%, 5%, 20% Rot. O↵set µm Uniform
Rot. Axial 0 0%, 5%, 20% Rot. O↵set µm Uniform
Rot. Tilt 0 0%, 5%, 20% Lin. Squareness µm/m Uniform
Rot. Angular 0 0%, 5%, 20% Rot. O↵set µrad Uniform
Fourier Phase 0 ±⇡ rad Uniform
its associated standard uncertainty are given by the sample mean and standard deviation,
respectively. In addition, the shortest 95% confidence interval is given for each value. To
further describe the nature of the output distributions the sample skewness and kurtosis
are given to highlight non-normality. These results are presented for the four Monte Carlo
simulations in Table 7.10. It should be noted that a suitable coverage factor must be selected
and used to adapt these findings. However, no such factor is included in this data, leaving it
unaltered.
7.9.1 Comparison with Existing Methods
The performance of the error diagnosis capabilities have been compared with the only other
published uncertainty analysis of TMBB testing of rotary axes (Lee and Yang, 2013d; Lee
and Yang, 2013b). A side-by-side comparison is given in Table 7.11.
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Table 7.10: Output distributions identified using Monte Carlo uncertainty
analysis, covering four error scenarios. 10, 000 iterations have
been used in all simulations. Mean and standard deviation val-
ues are reported in µm and µm/m for o↵set and tilt errors,
respectively
Simulation 1: Only Location Errors Acting
Mean, Std. Dev., Shortest Skewness, Kurtosis,
q¯k s2(qk) 95% C.I. b1(qk) b2(qk)
EX0B 0.00 0.01 [-0.01, 0.01] 0.06 4.10
EZ0B  0.02 0.01 [-0.05, 0.00]  1.22 4.75
EA0B 0.12 0.30 [-0.37, 0.65] 0.00 1.94
EC0B 0.01 0.28 [-0.45, 0.48] 0.00 1.87
EX0C 0.00 0.02 [-0.05, 0.05] 0.11 4.67
EY 0C 0.00 0.02 [-0.21, 0.01] 0.11 4.67
EA0C 0.41 0.43 [-0.37, 1.28] 0.39 2.78
EB0C  0.01 0.68 [-1.14, 1.23] 0.02 2.07
Simulation 2: Location, Set-up, Ballbar & Component Errors (0%) Acting
EX0B  0.01 0.27 [-0.54, 0.50] 0.01 2.89
EZ0B 0.46 28.51 [-43.99, 50.00] 0.00 1.82
EA0B  0.03 2.35 [-4.85, 4.38]  0.01 2.90
EC0B  0.03 2.12 [-4.51, 3.61] 0.01 2.83
EX0C 0.02 0.46 [-0.96, 0.82]  0.03 2.98
EY 0C  0.04 0.28 [-0.62, 0.47]  0.03 3.02
EA0C 0.32 2.62 [-4.57, 5.58] 0.01 3.08
EB0C  0.03 1.23 [-2.32, 2.43] 0.05 2.95
Simulation 3: Location, Set-up, Ballbar & Component Errors (5%) Acting
EX0B 0.00 3.56 [ -6.83, 7.04] 0.05 2.97
EZ0B 2.49 29.22 [-46.03, 50.30] 0.00 1.83
EA0B  17.07 19.57 [-55.90, 20.22]  0.05 2.88
EC0B 2.94 18.60 [-33.14, 39.54] 0.03 2.91
EX0C  0.48 4.32 [-8.94, 7.85] 0.02 2.93
EY 0C 1.61 2.65 [-3.37, 6.96]  0.07 3.00
EA0C  31.62 22.35 [-75.83, 12.08]  0.03 2.92
EB0C 11.04 8.81 [-5.89, 28.52]  0.25 3.34
Simulation 4: Location, Set-up, Ballbar & Component Errors (20%) Acting
EX0B 0.00 14.18 [-26.88, 28.64] 0.05 2.96
EZ0B 10.25 32.31 [-47.05, 69.12] 0.02 2.20
EA0B  68.02 77.50 [-225.15, 76.39]  0.05 2.88
EC0B 11.78 73.71 [-131.24,156.41] 0.04 2.90
EX0C  2.00 17.17 [-34.67, 32.07] 0.02 2.93
EY 0C 6.53 10.54 [-13.56, 27.47]  0.07 2.99
EA0C  127.12 88.42 [-301.19,46.92]  0.03 2.91
EB0C 44.25 34.80 [-22.68,113.02]  0.25 3.34
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Table 7.11: A comparison of the measurement uncertainties associated with
the methods proposed in this research and the established works
of Lee and Yang, (2013b) and Lee and Yang, (2013d). All
reported measurement uncertainties use a coverage factor of
k = 1.96 or a simplified k = 2 (* = Lee and Yang, (2013d),
** = Lee and Yang, (2013b))
Measurement Uncertainty Evaluation
Literature This Research
Error Lit. 1* Lit. 2** Error Sim. 2 Sim. 3
EY 0A, [µm] - 1.8 EX0B, [µm] 0.5 7.0
EZ0A, [µm] - 1.8 EZ0B, [µm] 55.9 57.3
EB0A, [µm/m] - 2.0 EA0B, [µm/m] 4.6 38.4
EC0A, [µm/m] - 2.0 EC0B, [µm/m] 4.2 36.4
EX0C , [µm] 1.83 1.8 EX0C , [µm] 0.9 8.5
EY 0C , [µm] 1.83 2.5 EY 0C , [µm] 0.5 5.2
EA0C , [µm/m] 17.32 0.1 EA0C , [µm/m] 5.1 43.8
EB0C , [µm/m] 17.32 2.0 EB0C , [µm/m] 2.4 17.3
There is a clear degradation in the measurement uncertainties of all rotary axis location
errors when component errors are introduced (except EZ0B, which is always high). Inspec-
tion of the standard deviations in Table 7.10 suggests that component errors reaching 20%
(Simulation 4) of the location error magnitude would result in excessive measurement uncer-
tainty. This would render measurement values almost unusable in subsequent error compen-
sation. The uncertainty analysis therefore indicates that the proposed measurement and error
identification methods would be highly e↵ective if location errors remain large compared to
component errors.
There is a strong disparity between the uncertainties reported in this research and those
in the literature for the radial o↵set error of the primary rotary axis that acts in the Z-
direction. This is due to existing methods using ±1µm variation in the tool-cup o↵set in the
Z-direction. This research uses ±50µm, which is highly conservative to clearly illustrate the
criticality of tool-cup length measurement. No further comparisons between these values are
drawn.
In the work of ‘Lit. 2’ (Lee and Yang, 2013b), the authors report a comparatively low
uncertainty for the identification of error EA0C . Similarly, this research reports a compara-
tively low uncertainty for error EB0C . In both cases, this is due to the isolation of the tilt
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error associated with the secondary rotary axis, acting about the direction of the primary
rotary axis. The sensitivity analysis of Section 7.6 has already described the fact that this
error is the only error that influences the fitting parameter Ux (or for an A-axis, Uy). ‘Lit. 2’
does not consider the influences of linear axis errors on rotary axis testing. In contrast, ‘Lit.
1’ (Lee and Yang, 2013d) considers Z-axis errors as a contributing factor in the uncertainty
budget. This is reflected in the dramatic reduction in measurement uncertainty values for
C-axis errors reported in Table 7.11.
The most meaningful comparisons between the simulations conducted in this research and
those found in the literature are as follows: Simulation 2 vs. ‘Lit. 2’ (Lee and Yang, 2013b)
and Simulation 3 vs. ‘Lit. 1’ (Lee and Yang, 2013d). The first comparison considers cases
where no extraneous errors are modelled. Conversely, the second comparison considers cases
where extraneous errors (including linear axis component errors) are included in the analysis.
Considering rotary axis o↵set errors, Simulation 2 has a standard uncertainty that is between
2 and 5 times smaller than that of ‘Lit. 2’. Simulation 3, however, has standard uncertainty
between 2.8 and 4.6 times larger than ‘Lit. 1’. Comparison of tilt error uncertainty shows
that Simulation 2 is between 1.2 and 51 times larger than ‘Lit. 2’. Simulation 3 on the other
hand is between 1 and 2.5 times larger than ‘Lit. 1’.
Simulation 3 is taken to be the more conservative estimate of a true machine tool’s errors.
There is a reasonable expectation that standard uncertainty would increase for all errors as
this research requires synchronised linear and rotary axis motion. To compare measurement
uncertainty against a testing procedure that requires no linear axis motion during testing puts
this research at a natural disadvantage. However, the the fact that standard uncertainties
are all between 1 and 4.6 times larger than the respective values found in literature is taken
to be a positive outcome. Therefore, the uncertainty analysis conducted in this research
indicates that the management of linear axis squareness errors and set-up errors has been
highly successful.
7.10 Summary
In this chapter, variance-based sensitivity analysis has identified errors that a↵ect the LS-
fitting parameters when a circle and a plane are fitted to the radially and axially aligned
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tests, respectively. In addition to this, errors that have identical influences on the LS fitting
parameters have been identified by analysing the combined e↵ect of error pairs on the variance
in the fitting parameters.
This new method for identifying relevant and inseparable error source e↵ects avoids the
limitations of OFAT sensitivity analysis, as it considers inter-error-parameter interactions
and is generally more exploratory as per the description given by Saltelli and Annoni, (2010).
Additionally, this method does not require model linearisation in the same way that the work
of Abbaszadeh-Mir et al., (2002) does. As such, a conventional homogeneous transforma-
tion matrix description of the machine tool kinematics and error e↵ects is su cient for this
analysis. Many of the relationships identified in this chapter are intuitive. However, this
method is highly relevant in situations where relationships between parameters are numerous
or counter-intuitive. It is envisaged that this would be of great use in future analysis of more
complex error e↵ects e.g. component errors.
Compensation schemes to remove the e↵ects of linear axis squareness errors and tool-cup
errors in theX and Y -directions have been proposed and their e cacy has been demonstrated
using the VMT environment. No method has been found to remove the e↵ects of tool-cup
errors in the Z-direction, other than to measure the tool-cup length as accurately as possible.
If the need for tool-cup alignment can be alleviated as suggested in this chapter, it is proposed
that significant time savings can be made in machine tool verification. Additionally, the
reliance operator expertise and dexterity will be reduced and the need for modified testing
hardware will be removed altogether.
The phenomena and testing methods identified in this chapter will be taken forward into
the next chapter, where they will be experimentally evaluated on a commercial 5A-MT. In
this next phase of the validation, experimental evidence will be sought to demonstrate the
same error-e↵ects, which will provide further validation of the VMT as a development and
analysis tool. Statistical analysis will be used to quantify the performance of the proposed
compensations. This will allow conclusions to be drawn regarding the relative performance of
the single set-up method compared with the established two set-up method found Tsutsumi
et al., (2013b) and ISO 10791-6:2014 (ISO, 2014).
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Rapid and Robust 5-Axis Machine
Tool Verification Using the Ballbar
8.1 Introduction
Much of the existing research relating to Telescoping Magnetic Ballbar (TMBB) testing of
five-axis machine tools requires at least two unique centre-pivot positions. Testing methods
utilising a single set-up have been reported in the literature. However, each of these research
e↵orts fall under one or more of the following categories:
i. They have not been experimentally validated on an operational machine tool;
ii. They specify no particular tool-path geometry, making their standardisation across dif-
ferent machine tools di cult and their Numerical Control (NC) programming complex;
iii. They rely heavily on a model-based calibration approach, which in turn relies on a
complex kinematic model and complex error identification algorithms.
This chapter experimentally validates the single set-up testing method and associated
data processing techniques. Each previously described inseparable error e↵ect phenomenon
is demonstrated on a commercial machine tool. This further validates each testing proce-
dure and also the degree to which the virtual machine tool model represents a real machine
tool’s motion. Evidence of the single set-up method’s performance is then given, including
comparisons with traditional two set-up methods. Characteristics of the two approaches are
compared and contrasted, highlighting advantages and limitations of the new method.
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8.2 Perceived Advantages of Using a Single Set-up Testing
Method
A single set-up testing procedure has several significant advantages. Firstly, it permits the
heightened automation of rotary axis testing, which in turn is likely to reduce the testing
duration. As has been shown in the work of Andolfatto et al., (2011), fluctuations in thermal
gradients can significantly alter the error identification process in five-axis machine tools.
As such, a reduced testing duration will minimise the likelihood of significant thermal drift
over the course of the testing procedure. Additionally, a reduced testing duration increases
the viability of regular machine tool verification. It is envisaged that verification could be
undertaken at regular intervals between operations, or even mid-way through a manufacturing
operation. This is especially poignant if the part is a high-value, critical component or if the
workpiece mass changes significantly during material removal, thereby changing the geometric
error values.
In a similar vein, the use of a single set-up implies that there will be one set of operator-
induced set-up errors, which will be present in all tests. This is assuming that the equipment
is rigidly mounted and does not undergo a significant change in geometry due to thermal
gradients during the test duration. The presence of only one set of operator-induced errors
simplifies the error identification process, especially for errors that are identified using a
previously calculated value e.g. orientation of the C-axis with respect to the B-axis.
8.3 Experimental Methodology & Procedures
The experimental activities conducted throughout this research can be divided into five dis-
tinct phases. These phases include: reproducing phenomena identified in the Virtual Ma-
chine Tool (VMT) on a commercial machine tool, identifying the repeatability of the pro-
posed methods, comparing errors measured at di↵erent positions and comparing the proposed
method with methods from the literature. A depiction of how these phases map onto sec-
tions 8.4-8.9 of this chapter are given in Figure 8-1. The experimental methods are detailed
throughout this section within each separate investigation. However, some aspects of this































Figure 8-1: The five experimental phases of this research and how they map




In this section, the methods and activities surrounding data collection during experimentation
are described. Collected data broadly refers to recording and storing of length measurements
from the QC20-W TMBB device, via the QC20-W Advanced software. However, it also refers
to recordings from on-machine laser tool length measurements and measurements from dial
gauges.
All measurements have been gathered using the same equipment, operator and under
the same calibration certificates for the TMBB. Where necessary, intervals between testing
repeats were reduced as much as possible to minimise the e↵ects of ambient thermal fluctua-
tions, drift away from the calibrated TMBB length and creep in position of testing apparatus
such as an aligned tool-cup. When practicable, the TMBB was recalibrated and the position
and alignment of the tool-cup was re-established to alleviate the assumption of constancy
in their position or length. Due to the sensitivity of the set-up to operator-induced error,
extreme care was taken to avoid accidental movement of the apparatus during testing.
i Recording Measurements using the TMBB
The Renishaw QC20-W TMBB was used throughout this research. This device was calibrated
and certified by Renishaw Plc. prior to all experiments reported in this chapter. A technical
specification for this device is presented in Appendix C. Once installed within the machine,
length measurements were communicated to a nearby laptop using a Bluetooth R  connection.
The maximum sampling frequency of the sensor in the device was 1kHz. The sampling
frequency remains constant throughout each test, but the value is set according to the testing
feedrate stipulated in the QC20-W Advanced software.
The QC20-W Advanced software only formally accommodates planar circular tests. Set-
ting the radius of the test to be equal to the TMBB length, the angle of arc over which the
test is conducted and the programmed feedrate is su cient to convert length measurements
into approximate positional coordinates of the tool-cup with respect to the centre-pivot. In
rotary axis testing, this is not so straightforward as the radius of the circular path generally
involves set-up parameters such as Oz. To ensure that all data is captured and presented cor-
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Table 8.1: The di↵erences between the programmed controller and software
feedrates for all TMBB tests
Specified Controller Feedrate Perceived Software Feedrate
Test [mm/min] [mm/min]
Radial B 300.0 523.6
Axial B 300.0 522.4
Radial C 500.0 872.2
Axial C 500.0 872.2
rectly within the QC20-W Advanced software, a trial test was used to establish the feedrate
from the perspective of the software. This was then updated in the software’s test profile,
resulting in the correct presentation of measurement data.
The data analysis functions within the QC20-W Advanced software are generally unus-
able, as there is no conception of rotary axis errors or their e↵ects on radial and axial TMBB
tests. It is therefore necessary to use purpose-built data processing and error diagnosis scripts
for data extraction and manipulation. These scripts have been developed in-house using the
MATLAB R2014b (Mathworks, 2015) software suite and are used to extract length mea-
surements from the Renishaw results files, which are stored in a modified .xml file format
(extension .b5r). The results files indicate which length measurements are associated with
the feed-in, data capture and feed-out regions of the testing tool-path. Combining this in-
formation with the set-up parameters and angle of arc covered by the rotary axis, TMBB
length measurements can be assigned to positions in the testing toolpath, accordingly.
Each test presented in this chapter is run in both directions (e.g. clockwise and counter-
clockwise). This is recommended by ISO 230-1:2012, ISO 230-4:2005 and ISO 10791-6:2014
(ISO, 2012; ISO, 2005a; ISO, 2014). It should be noted that this research gives no consid-
eration to the di↵erences between positive and negative travel directions and has no facility
to specify direction-dependent error values. As such, the arithmetic mean of the parameters
identified in the positive and negative test directions is used to represent the results from each
test. Similar notions are described for planar circular tests in ISO 230-4:2005 (ISO, 2005a).
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8.3.2 Considerations Towards Temperature
It is known that thermo-mechanical errors can significantly alter the geometric errors in the
machine tool’s kinematic loop. As such, it is necessary to consider the temperature range
over which TMBB readings were taken. The QC20-W Advanced software has a facility to
compensate the measurement results by supplying a material temperature reading from the
machine tool structure and an expansion coe cient for the machine tool material (typically
11.7 parts per million). This compensation has not been used in this research as its rele-
vance and accuracy in rotary axis testing has not yet been established. Instead, a nominal
temperature of 20 C was used in all experiments as this represents no compensation.
Throughout all experiments reported in this research, ambient and material temperature
reading were taken immediately before each test using Renishaw’s XC20 temperature, pres-
sure and relative humidity sensor. Both temperature readings were taken in the vicinity of
the B-axis and C-axis drives on the tilting rotary table as shown in Figure 8-2. Although no
further analysis is conducted in relation to these readings, the following statements can be
made with respect to all TMBB tests reported in this chapter:




18.96  Tambient( C)  22.56
18.74  Tmaterial( C)  22.70
This degree of fluctuation is assumed to be acceptable for comparison of results captured
within this interval. It should be noted that this temperature range may not be representative
of a shop floor, which is the perceived end-use environment. As will be discussed in later
chapters, full analysis of the implications of more significant thermal fluctuations should form
part of the future development of the methods outlined in this research.
As a final note, many of the values presented in this chapter form pairs or groups of data.
The maximum changes in ambient and material temperature between associated tests were
0.36 C and 0.39 C, respectively. The temperature readings confirmed that the changes were
gradual and that fluctuations between associated tests were small. As such, the e↵ects of
changing thermo-mechanical errors have been ignored.
8.3.3 Statistical Considerations for Repeated Experiments
Throughout this chapter, repeated experiments are used to give evidence supporting the
validity of the phenomena outlined in the previous chapter. Additionally, repeated measure-
ments are used to facilitate statistical hypothesis testing and to characterise the underlying
probability distributions associated with measurement outputs (location error values). The
number of repeated measurements is always an odd number to facilitate the straightforward
identification of a median value.
The number of repeated measurements varies according to the aims of a particular inves-
tigation. When demonstrating that a phenomenon is occurring repeatedly and not by chance,
five repeated measurements have been used (more than the minimum of three). When sam-
ple sizes are this small, no parametric or non-parametric tests are used due to insu cient
statistical power and the associated risk of a Type-II error. Instead, descriptive statistics or
qualitative assessment of the data is given.
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Both parametric (paired T -Test assuming equal variance and F -Test) and non-parametric
(Wilcoxon Signed Rank Test) statistical hypothesis tests are used throughout this chapter.
In some cases the number of repeated experiments extends to 31 repeated measurements to
exploit the properties of the central limit theorem in which the distribution of mean values
taken using sample sizes of n (31 repeats) is approximately normal.
It is not always practical to conduct 31 repeated measurements due to significant testing
durations and the requirement to capture all values on the same day to minimise the impact
of ambient fluctuations (e.g. temperature). The importance of this consideration is described
in Andolfatto et al., (2011). In these cases, the number of repeated measurements is either 11
or 15. If a parametric statistical hypothesis test is conducted on these smaller sample sizes,
a Shaprio-Wilk normality test is conducted to test the assumption of normality in the data;
a requirements of the parametric tests. Parametric tests are then only used if the data are
found to be normal. Care is then taken to report the p-value and a measure of the e↵ect size
(e.g. Cohen’s d). These confirm acceptance or rejection of the hypothesis and that the e↵ect
size is su ciently large for a statistical comparison of the data sets to remain meaningful. If
a non-parametric statistical hypothesis test is used (e.g. Wilcoxon Signed Rank Test), the
correlation coe cient, r, is used to quantify the e↵ect size for the same reasons.
8.3.4 Additional Testing Guidelines & Good Practice
There are numerous testing factors that are defined by the user that can influence the integrity
of the data and also the measurement uncertainty. The following general guidelines identify
these factors and describe the approaches used in this research to manage their contributions
and interactions.
Guideline 1. When testing rotary axes, it is essential to exercise the axis to the fullest ex-
tent, covering the largest possible range of rotary axis motion. There are several
reasons for this, including: (i) giving the best approximation of the mean loca-
tion and orientation of the axis average line over the full range of axis motion;
(ii) Minimising the uncertainty associated with Least-Squares (LS) circle fit-
ting by covering the largest possible arc and (iii) minimising the appearance of
collinearity in the data points when fitting a LS plane.
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Guideline 2. When conducting an axially-aligned test to identify tilt errors, the sensitivity to
tilt errors increases with an increasing perpendicular o↵set between the rotary
axis average line and centre-pivot. This can be thought of as maximising set-up
parameter Oz or Oy for axial B and axial C-axis tests, respectively. When the
perpendicular o↵set is zero, there will be no sensitivity to tilt errors.
Guideline 3. Error diagnosis is highly reliant on a close approximation of tool-tip’s true po-
sition and also the orientation of the TMBB. For this reason, excessively small
TMBB lengths should be avoided, as small displacements in either of the pre-
cision spheres results in a more significant change in the orientation of the
TMBB’s sensitive direction. Unless strictly necessary, TMBB lengths greater
than or equal to 100mm are used throughout the experiments documented in
this chapter.
Guideline 4. To minimise the impact of linear axis squareness errors on rotary axis tests, the
radius of the circular motion traced by the linear axes should be as small as
possible and ideally zero.
Guideline 5. On a vertical machine tool with a tilting-rotary table, there is typically a trade-
o↵ between the length of the tool-cup, the accessible range of B-axis motion,
and the Z and X-axis travel. If a longer tool-cup is used, the chance of collision
between the spindle and the tilting-rotary table is reduced, resulting in a greater
accessible range of B-axis motion. However, when the tool-cup is excessively
long there needs to be su cient Z-axis travel to accommodate its length and
also the length of the testing apparatus. The same can be said of the X-axis
travel in radial B-axis testing. Another drawback of using a longer tool-cup is
that it results in di↵erent portions of the Z-axis travel being used during testing
and machining, risking a false impression of final part accuracy limits.
Guideline 6. The perceived squareness errors between linear axes is dependent on the radius
of the circular testing path (TMBB length) and the location of the centre-pivot
on the machine’s table. All tests in this chapter have tested the linear axis errors
with the centre-pivot on the C-axis line using a TMBB length of 100mm. It is
assumed at this stage that changes to these squareness errors would be minimal
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if the centre-pivot was relocated to any position within a 100mm radius of this
position. The validity of this assumption may vary from one machine to another.
8.4 Suppression of Axial Tool-Cup Errors (Phenomenon 1)
The sensitivity analysis undertaken in the Section 7.6 highlighted that errors in the measured
length of the tool-cup result in a falsification of the radial o↵set error in the B-axis average
line in the Z-direction. In lieu of a method to decouple these inseparable e↵ects, it is critical
to provide the most accurate measure possible for the tool-cup length.
A possible solution would be to supply TMBB testing kits with a tool-cup that has been
calibrated for length. This concept has been disregarded at this stage as di↵erent machine
tool sizes and configurations warrant di↵erent tool-cup lengths to maximise the possible range
of motion in rotary axis tests. It would therefore be challenging to provide all perceived users
with calibrated tool-cups that suit their needs.
To minimise tool-cup error in the Z-direction, researchers have previously employed dial
gauges or depth gauges to measure the length of the tool-cup. This section investigates the
usage of dial gauge to identify tool-cup length and compares this to a commercial non-contact
laser tool setting probe manufactured by Renishaw Plc. The purpose of this investigation is
to gain further insight into the suitability of each measurement method for this application
and the di↵erences between them.
8.4.1 Tool-cup Length Measurement: Experimental Methodology
Tool length measurements were taken using the Renishaw NC4 laser tool setting probe (Ren-
ishaw Plc., 2016c) and a using a dial gauge. The laser probe was calibrated using the supplier
guidelines and a certified tool of known length and diameter. A technical specification for
this probe can be found in Appendix D. The dial gauge is manufactured by WNT and is
called a ‘Z-height Zero Height Setting Gauge’ (WNT Ltd., 2016). The supplier’s statement
of measurement precision is ±0.01mm and the measurement uncertainty is not specified.
It should be noted at this stage that both measurement methods require the use of the
machine tool axes to move the tool-cup into the measuring range of the probing systems.
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Consequently, each of these procedures is limited by the bidirectional repeatability of the
machine tool axes i.e. the Z-axis. However, all machine tool accuracy tests in this chapter
are already limited by the repeatability of the machine tool axes. This makes this level of
uncertainty acceptable so long as it is su ciently well characterised and represented in any
statement of uncertainty for the measured error source values. A comparative study of the
two tool-cup measurement techniques has been undertaken using a five stage experimental
procedure:
i. A Known-Length Tool (KLT) of certified calibrated length 150.005mm is mounted in
the spindle of the machine tool. With no further interference, the length of this KLT
is measured a total of 31 times using the non-contact laser and in-built macro function
within the controller. This set of measurements is used to identify the inherent variability
of the machine tool (Z-axis) and laser measurement system, removing the e↵ects of an
automatic tool change and three-axis positioning.
ii. Another 31 repeated length measurements of the KLT are undertaken; however, an
automatic tool-change is conducted between each repeat. The machine is also sent to
its home position between each tool length measurement. The results of this experiment
include the uncertainty e↵ects of three-axis motion to position the tool and the e↵ects of
an automatic tool change.
iii. Similar to (i), 31 repeated measurements of the tool-cup length are made using the dial-
gauge method. No tool-changes or re-homing of the machine tool axis are undertaken.
iv. A further 11 repeated tool-length measurements are undertaken using the dial-gauge
method. As it is necessary to change between the tool-cup and the KLT for each repeat,
the e↵ects of an automatic tool change and three-axis motion control to position the
tool-cup are present in all measurements. It should be noted that the tool-cup length
was not intentionally adjusted in these experiments. For each repeat, the tool-cup is also
measured using the laser method to compare variations in the measured length.
v. Finally, the agreement between the two methods is tested by arbitrarily setting the
tool-cup length, manually aligning the tool-cup using the in-built adjustment and then
measuring its length using the two methods. A total of 11 repeats are made for this step.
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Figure 8-3: On-machine laser tool length measurement of adjustable
tool-cup
i Measurement by Laser Non-Contact Tool-Setting Probe
In laser non-contact tool measurement systems, a laser beam is passed between transmitter
and receiver to detect the presence of a tool (or other spindle-mounted device). By first estab-
lishing that there is a tool, the machines NC controller uses a macro to identify the position
according to the machine tool’s Z-axis encoder at which the tool-tip breaks the laser beam.
By pre-calibrating the position of the beam using a tool with certified (calibrated) length
and diameter, the system may be used to measure the lengths of di↵erent tool geometries
and spindle-mounted apparatus. Figure 8-3 shows a photograph of a TMBB tool-cup being
lowered into the path of the laser measurement system.
ii Measurement by Dial Gauge
The dial gauge is placed on the table of the machine tool and a KLT is inserted in the spindle.
The KLT is lowered onto dial gauge until the dial reads a pre-defined displacement from its free
position. Once this displacement is achieved, the Z-coordinate of the datum line of the spindle
in the machine tool’s coordinate system is registered. The tool-cup is then inserted into the
spindle, and is then lowered onto the dial gauge until the same predefined displacement
is achieved. Once again, the Z-coordinate of the spindle’s datum line is registered. The




Figure 8-4: Depth measurement of known-length tool (a) and a tool-cup
(b) using a dial gauge to indirectly identify tool-cup length
between the known-length tool and unknown length of the tool-cup. Hence, the length of
tool-cup is identified using Equation 8.1.
LTC = LKLT   (ZKLT   ZTC) (8.1)
Figure 8-4 contains two photos showing the KLT and the tool-cup being lowered onto the
dial-gauge.
8.4.2 Measuring Tool-Cup Length: Experimental Results
Table 8.2 contains the summary statistics for (i) 31 repeated measurements of the KLT using
the laser system (without automatic tool changes, ‘B2B’), (ii) 31 repeated measurements of
the KLT using the laser system (with automatic tool changes and homing of the machine,
‘rand.’) and (iii) 31 repeated measurements of the tool-cup using the laser system (without
automatic tool changes, ‘B2B’). For each set of results, the mean length (q¯), the sample
standard deviation (s(qk)), sample skewness (b1) and sample kurtosis (b2) are given.
Inspection of the standard deviations associated with the first two rows of Table 8.2,
shows that there is no appreciable increase in variation when the machine is re-homed and an
automatic tool-change is introduced between repeats. This result is confirmed with a F-Test
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Table 8.2: Statistical metrics characterising the tool length measure-
ments undertaken using the non-contact laser method for the
arbour and tool-cup
Tool Strategy n q¯ [mm] s(qk) [mm] b1 b2
Arbour B2B 31 150.004 0.0018  0.2201  0.5280
Arbour Rand. 31 150.010 0.0017  0.1659 0.0341
Tool-Cup B2B 31 166.298 0.0013 0.9061 0.2506
for two sample variances, where there is insu cient evidence to reject the null hypothesis of
equal variances in the two data sets at the ↵ = 0.05 significance level (P (F  f)two-tail =
0.731). It is therefore concluded an automatic tool-change has no detrimental e↵ect on the
uncertainty of tool length measurement using the laser tool setter and a KLT. Using the
same statistical F-Test, back-to-back tool-cup length measurements showed a reduction in
standard deviation as compared with the KLT. This led to the conclusion that there is no
significant di↵erence in the variation between measuring a tool with a flat or spherical tip
from the point of view of the non-contact laser measurement.
To further compare the two methods, the tool-cup was first measured using the dial gauge
method and then measured using the non-contact laser method. This was done for steps (iv)
and (v) of the experimental procedure. The results from this analysis are presented in Table
8.3, where the first and second rows of the table are associated with steps (iv) and (v) of the
experimental procedure.
 L = LLaser   LDial (8.2)
Table 8.3: Statistical metrics characterising the tool length measurements
undertaken using the dial-gauge method for the tool-cup and also
the di↵erence between laser and dial gauge measurements
Tool Metric n q¯ [mm] s(qk) [mm] b1
Tool-Cup LDial 11 170.413 0.004 1.863
Tool-Cup LLaser 11 170.408 0.004 0.682
Tool-Cup  L 11  0.006 0.002  0.294
Crucially, there is no appreciable di↵erence between the standard deviation of the dial
gauge and laser methods in this experiment. Therefore, there will be no significant degra-
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dation in the measurement uncertainty if one method is chosen over the other. There is
a large positive skewness associated with LDial, indicating a highly asymmetric underlying
distribution. The majority of the length measurements fall at the shorter end of the range,
which is not the case with the LLaser as these fall within the grey area between minor and
moderate positive skewness.
The parameter L has a non-zero mean and has an approximately symmetric distribution.
This is indicative of the dial-gauge typically yielding a larger tool-cup length than the laser
method. A paired t-Test comparing the means of the two samples was conducted (↵ = 0.05
significance level) and the null hypothesis of equal means was rejected (P (T  t)two-tail =
4.75 ⇥ 10 6). It was therefore concluded that the two measurement techniques were not
equivalent and could not be used interchangeably. What is not clear at this stage is which
method produces results that are closest to the unknown true length. Two likely explanations
for the negative and non-zero mean of  L are as follows:
i. Imperfect engagement between the tips of KLT and tool-cup, and the plate of the dial
gauge may have increased the perceived length of the tool-cup using the dial gauge
method.
ii. If the laser beam is broken by any point other than the lowest point of the sphere attached
to the tool-cup, the perceived length will be shorter than expected. As the tool-cup makes
contact with the dial gauge’s flat plate, this phenomenon is unlikely to occur with dial
gauge method.
At this stage, it is proposed that point (ii) is the best explanation for this di↵erence.
However, further work is required to clarify this statement. Throughout the remainder of
this research, the dial-gauge method is employed for all experiments. This is because it
represents the more accessible of the two techniques, requiring no installation of on-machine
tool probing technologies. Additionally, a dial gauge and a single KLT can service multiple
machines, making it transportable along with the rest of the TMBB equipment.
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8.4.3 Experimental Validation of the E↵ects of Axial Tool-Cup Errors
The VMT has suggested that a 1µm error in the tool-cup length results in a 1µm error
in the Z-coordinate of the B-axis average line as they are directly correlated. To test this
relationship, the tool-cup is measured using the dial-gauge method and a radial B-axis test
is undertaken to find the Z-coordinate of the B-axis average line. The test is then repeated
by overriding the tool-cup length in the machine tool’s controller, changing the length by
 40µm,  20µm, 20µm and 40µm with respect to the measured value. With each newly
assigned tool-cup length, the centre-pivot position is re-established before running the new
test. This is an important part of the set-up process as the tool-cup is moved to the desired
centre-pivot position.
In each experiment, the centroid coordinates of the LS circle applied to the radial B-axis
testing data are monitored for change. These values are taken directly from the Renishaw
Advanced TMBB software, and are used for subsequent analysis. This is reasonable at this
stage as the absolute value of the Z-coordinate of the B-axis is not important, rather, the
change between values using di↵erent tool-cup lengths is of primary concern.
If the relationship identified by the VMT is correct, the identified Z-coordinate of the
average line should change accordingly. This entire process (five candidate tool lengths) is
then repeated five times to give repeated values at each length. The e↵ect of axial tool-cup
error on the identification of the Z-direction radial error of the B-axis average line is reported
in Table 8.4.
Table 8.4: The e↵ects of induced tool-cup length errors (set-up errors in Z)
on the identified Z-coordinate of the least squares circle when
fitted to the radial B-axis test data.
Induced Tool-Cup Length Error [µm]
Test No.  40  20 20 40
1 -39.0 -19.0 20.4 40.8
2 -38.4 -18.9 20.6 41.2
3 -38.6 -18.8 20.8 41.1
4 -38.6 -18.9 20.5 40.9
5 -38.5 -18.8 20.5 41.0
Mean [µm] -38.6 -18.9 20.6 41.0
Std. Dev. [µm] 0.23 0.08 0.15 0.16
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The expectation is that the data should follow a y = x relationship. The line of best fit
applied to the five repeated measurements is:
y = 0.9934x+ 1.015
To exaggerate deviations from this relationship, a graph has been generated showing
the residuals between the measured data and the y = x line (Figure 8-5). In this plot,
it can clearly be seen that all residuals are positive and there is no obvious monotonically
increasing or decreasing relationship between the residuals and the induced error values. The
residuals all exist in the range 0.4  residual  1.6, as per the systematic o↵set in the line
of best fit. The line of best fit does not pass through zero, nor does zero fall within the
95% confidence intervals for the intercept fitting parameter. However, the systematic o↵set
is approximately 1µm, which is deemed su ciently small to accept the findings of the VMT
regarding relationship between axial tool-cup error and the radial o↵set of the B-axis in Z.
The same can be said for the gradient of the line, which is 0.9934 and su ciently close to the
expected value of one to accept the 1 : 1 relationship identified by the VMT.
8.5 Methods for Removal or Compensation of Radial
Tool-Cup Errors (Phenomena 1 & 2)
In this subsection, countermeasures against radial tool-cup errors are introduced and critically
assessed. Radial tool-cup errors are defined as o↵set errors inherent to the centre-coordinates
of the sphere carried by the tool-cup, in the directions that are orthogonal to the nominal
spindle average line e.g. X and Y -directions for a vertical machining centre.
8.5.1 Manual Removal Using a Newly Developed Adjustable Tool-Cup
The sensitivity analysis of Section 7.6 has shown that radial tool-cup errors can lead to a
falsification of rotary axis radial o↵set errors in the radial B-axis and radial C-axis tests. The
literature review (Section 3.6.3) identified numerous designs for adjustable tool-cups used to
remove radial tool-cup errors (Lee and Yang, 2013d; ISO, 2014). All of these existing devices
have a degree of complexity in their construction that potentially makes them costly. As
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Figure 8-5: The residuals between the change in the Z-coordinate of the B-
axis average line and the y = x line with a changing tool-cup
length error
part of this research, a new tool-cup design is presented that can be machined using a single
installation on a turn-mill machine tool, using round stock material.
The author proposes a new design that exploits an intentionally introduced ‘neck’ in
the diameter of the tool-cup shaft, about which a change in the tool-cup alignment may
be induced. Using screws that are aligned in the axial direction of the tool-cup shaft, the
alignment of the tool can be changed by loosening and tightening the three screws. This
action causes a small deflection in the tool-tip position and may be controlled to such as
degree that the magnitude of the radial tool-cup errors can be reduced to the order of 1µm.
Photographs and a rendering of this design are presented in Figure 8-6.
To align the tool-cup such that the spindle-side sphere lies on the spindle average line, a
manual process is used. Firstly, the centre-pivot is installed on the table of the machine tool
and set in position using the setting sphere and the tool-cup. The tool-cup is then moved






Figure 8-6: Adjustable tool-cup design (a) finished design, (b) side view
showing adjustment screws pushing against stationary face and




the spindle and observing the change in the measured length of the TMBB, an indication of
the misalignment of the spindle-side sphere from the spindle average line can be gauged. To
remove the misalignment, the three adjustment screws are tightened and loosened until there
is a negligible change in the TMBB’s extension for a full 360  rotation of the spindle. It is
the experience of the author that with careful adjustment, the variation in the TMBB can
be reduced to approximately ±1µm. To validate the alignment, the tool-cup is then moved
so that ballbar extends away from the centre-pivot in the positive Y -direction. Once again,
the tool-cup is rotated and the change in the TMBB is monitored. If the alignment has been
successful, little or no change in alignment should be present in the new position.
It should be noted that adjusting the tool-cup to coincide with the average line of the
spindle does not equate to a removal of o↵set and tilt errors in the spindle’s axis of rotation.
Any unknown o↵set or orientation error in the spindle average line will also lead to an
unforeseen positioning error. However, geometric errors in the spindle do not fall within the
scope of this research.
8.5.2 Removal of Tool-Cup Errors by Spindle Indexing
Although the removal of radial tool-cup error e↵ects is essential, it is a time consuming process
that is reliant on the skill and dexterity of the operator. Further to this, adjustable tool-cup
designs (including the solution presented in this research) have a tendency to leave the tool-
cup or its adjustment mechanism in a stressed state during testing. Any gradual relaxation
or accidental disturbance of the tool-cup will necessitate realignment, incurring further loss
of time. To circumvent these issues and to further the automation of the entire testing
procedure, the spindle-indexing method was proposed in Section 7.8.1. The XYZ machine
tool used for the experiments in this research uses a Siemens 840d SL controller (Siemens AG,
2015). With this controller, the spindle orientation is set using a single command ‘SPOS’.
8.5.3 Experimental Comparison of the Two Methods
Having demonstrated the proficiency of the spindle-indexing method in the VMT, an exper-
imental verification is proposed to further validate the method on a commercial Five-Axis
Machine Tool (5A-MT). Firstly, the radial B-axis and radial C-axis tests were conducted with
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Figure 8-7: Manual adjustment of the tool-cup alignment, centring the
spindle-side sphere on the average line of the spindle axis.
The ballbar is used to check the alignment
a misaligned tool-cup and the spindle-indexing method (SPOS = 0 , 120  and 240 ). The
tool-cup was then aligned manually and the toolpaths were repeated using a single spindle
orientation (SPOS = 0 ). The tool cup was deemed to be aligned if the change in TMBB
length over a full spindle rotation was less than 3µm. The radial coordinates of each rotary
axis, identified via the least squares circle, were then compared. For this experiment, the
novel adjustable toolcup was used in all tests to introduce and subsequently remove radial
tool-cup errors. The desired outcome from this experiment is a close agreement between the
centroids of the least squares circles identified using an aligned tool-cup and those identified
using a misaligned tool-cup and the spindle-indexing method.
To give su cient evidence that there is close agreement between the aligned tool-cup
tests and the spindle indexing tests, a total of five repeats were conducted. The complete
procedure for one of these repeats is as follows:
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Step 1. The adjustable tool cup was installed in the spindle of the machine tool.
Step 2. The centre-pivot was then placed on the machine tool table, beneath the tool-cup
and subsequently set in the desired position using the setting sphere.
Step 3. This position was then set as the new work o↵set in the machine tool controller.
Step 4. The tool-cup was repositioned such that it TMBB could be connected between the
centre-pivot and tool-cup, aligned in the positive Y -direction i.e. [X = 0mm,Y =
100mm,Z = 0mm].
Step 5. Using the adjustment screws, an arbitrary misalignment was introduced to the tool-
cup. By orientating the spindle in the 0 , 90 , 180  and 270  positions, an estimate
of the induced alignment error was made based upon the measured TMBB length at
each orientation.
Step 6. The tool-cup was then repositioned 100mm above the centre-pivot ([0mm, 0mm, 100mm])
such that the ballbar extended away from the centre-pivot in the positive Z-direction.
Once again, the spindle was orientated in the 0 , 90 , 180  and 270  positions and a
length reading was taken from the TMBB. This gave an indication of the change in
the axial position of the tool-tip when the spindle was indexed.
Step 7. The tool-cup was then measured for length using the dial-gauge method and this
value updated in the machine tool controller.
Step 8. Without disturbing the tool-cup, the centre-pivot was then repositioned at the de-
sired location for the radial B and radial C-axis tests. In this case, the centre-pivot
was placed at [0mm, 85mm, 159.892mm] with respect to the point of nominal inter-
section of axes B and C. This centre-pivot position was then taken as the new work
o↵set. From the same set-up, radial B-axis and radial C-axis tests were conducted,
each with spindle orientations of 0 , 120  and 240  to facilitate the spindle-indexing
method. Therefore, each repeat contained six TMBB tests, three radial B-axis tests
and three radial C-axis tests.
Step 9. The tool-cup was moved so that the TMBB extended away from the centre-pivot in
the positive Y -direction. In this position, the tool-cup was then aligned using the
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adjustment screws until the fluctuation in the TMBB length was less than 3µm for
a full 360  rotation of the spindle.
Step 10. The newly aligned tool-cup was then measured for length using the dial-gauge method.
Step 11. The centre-pivot was then repositioned in the desired testing location (as in Step 8),
the work o↵set reassigned and the radial B and radial C-axis tests repeated.
Step 12. The identified radial o↵set errors of the rotary axes were then analysed to ascertain
the agreement between the two testing methods.
Whilst comparing the results of the spindle-indexing and aligned tool-cup methods, it is
important to check that two conditions have been met. Firstly, there must be no significant
change in tool-cup length as a result of indexing the spindle as this will result in the falsifica-
tion of the Z-coordinate of the B-axis average line. Secondly, the spindle-indexing method’s
performance must not significantly degrade in the presence of large radial tool-cup errors (of
the order 100µm). These conditions can be checked via the use of Step 6 and Step 5 of the
experimental method, respectively.
To test the first requirement, the TMBB length was monitored when it extended away
from the centre-pivot in the positive Z-direction. The spindle was then indexed to the 0 ,
90 , 180  and 270  orientations and a TMBB length reading was recorded at each position.
Table 8.5 contains minimum, maximum and range ( L) of recorded length measurements in
each of the repeated experiments. The approximate magnitude of the radial tool-cup errors
is also presented to ascertain whether the magnitude of these errors impacts the changing
length of the tool-cup.
The results in Table 8.5 show that the length of the TMBB is generally not a↵ected by the
magnitude of the radial tool-cup errors. However, in an extreme case where the radial errors
were approximately 451.4µm, the change in TMBB length over a spindle rotation reached
4.9µm. This indicates that so long as the radial tool-cup errors are not excessively large, the




Table 8.5: How the approximate magnitude of the radial tool-cup error af-
fects the perceived length of the tool-cup during spindle-indexing
Radial-B
Approx. Radial TC Error Lmin Lmax  L
Test No. [µm] [mm] [mm] [µm]
1 11.1 100.0103 100.0112 0.9
2 22.0 100.0153 100.0161 0.8
3 145.1 100.0138 100.0147 0.9
4 6.8 100.0209 100.0217 0.8
5 5.6 100.0194 100.0239 0.6
Radial-C
Approx. Radial TC Error Lmin Lmax  L
Test No. [µm] [mm] [mm] [µm]
1 451.4 100.0066 100.0115 4.9
2 98.4 100.0110 100.0118 0.8
3 49.4 100.0105 100.0109 0.4
4 11.1 100.0186 100.0192 0.6
5 149.7 100.0234 100.0239 0.5
Using the steps outlined in the experimental method, the spindle-indexing, misaligned
tool-cup and aligned tool-cup methods were compared. The resulting centroid coordinates for
the radial B and radial C-axis tests are reported for the aligned tool-cup (Align), misaligned
tool-cup (Misalign) and the spindle-indexing method (S.I.) in Tables 8.6 and 8.7. These
tables contain the identified centroid coordinates (Cx, Cz, Cx and Cy), and the absolute
( ) and percentage di↵erences between the aligned tool-cup results and the other methods.
In an ideal case  -values associated with the spindle-indexing method would be zero. To
supplement the raw data in each table, interval plots have been generated in Figures 8-8 and
8-9. In each case, the mean and 95% confidence intervals of the mean are given for each data
set. The ‘Misaligned’ tool-cup data has not been shown in these plots to preserve clarity
in the comparison of the aligned tool-cup and spindle-indexing method results (due to the
excessively large standard deviation).
To analyse the results in Tables 8.6 and 8.7, the data is viewed in two di↵erent ways.
Firstly, the data is considered on a case-by-case basis, comparing the agreement between
each method and the magnitude of the radial tool-cup error. Secondly, the data is considered
as a series of repeated experiments, with the sample mean and standard deviation are given.
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Table 8.6: A comparison of the aligned tool-cup, misaligned tool-cup and
spindle-indexing methods for identifying the least squares circle
centroid coordinates during the Radial B-axis test.
LS Centroid X-Coordinate: Radial B
Align Misalign S.I.
Test. kEradialk[µm] Cx[µm] Cx[µm]  [µm] % Error Cx[µm]  [µm] % Error
1 11.1  62.0  55.8 6.2  10  64.1  2.1 3
2 22.0  61.8  59.5 2.3  4  61.6 0.2 0
3 145.1  60.5  204.6  144.1 238  59.8 0.7  1
4 6.8  59.8  60.9  1.1 2  62.7  2.9 5
5 5.6  59.1  61.6  2.5 4  60.5  1.4 2
q¯k  60.7  88.5  27.8 46  61.7  1.1 2
s(qk) 1.7 65.0 65.0 108 1.3 1.5 2
LS Centroid Z-Coordinate: Radial B
Align Misalign S.I.
Test. kEradialk[µm] Cz[µm] Cz[µm]  [µm] % Error Cz[µm]  [µm] % Error
1 11.1  19.1  19.6  0.5 3  17.1 2.0  10
2 22.0  15.9  16.5  0.6 4  17.1  1.2 8
3 145.1  13.0  14.1  1.1 9  11.8 1.2  9
4 6.8  10.8  12.1  1.3 12  8.7 2.1  19
5 5.6  9.4  10.4  1.0 11  7.7 1.7  18
q¯k  13.6  14.5  0.9 8  12.5 1.1  10
s(qk) 14.2 3.6 0.3 4 4.5 1.4 11
(a) Radial B, Cx (b) Radial B, Cz
Figure 8-8: Interval plots showing the LS centroid coordinates for five re-
peated observations of the Radial B-axis test, as identified using
an aligned tool-cup and the spindle-indexing method.
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Table 8.7: A comparison of the aligned tool-cup, misaligned tool-cup and
spindle-indexing methods for identifying the least squares circle
centroid coordinates during the Radial C-axis test.
LS Circle Centroid X-Coordinate: Radial C
Align Misalign S.I.
Test. kEradialk[µm] Cx[µm] Cx[µm]  [µm] % Error Cx[µm]  [µm] % Error
1 451.2  27.8  479.0  451.2 1621  26.5 1.3  5
2 98.4  26.4  54.8  28.4 107  25.4 1.0  4
3 49.4  26.8 22.8 49.6  185  25.1 1.7  6
4 11.1  26.9  33.3  6.4 24  24.3 2.6  10
5 149.7  27.1 75.1 102.2 377  25.8 1.3  5
Mean  27.0  93.8  66.8 238  25.4 1.6  6
s(qk) 0.5 221.2 220.8 718 0.8 0.6 2
LS Circle Centroid Y -Coordinate: Radial C
Align Misalign S.I.
Test. kEradialk[µm] Cy[µm] Cy[µm]  [µm] % Error Cy[µm]  [µm] % Error
1 451.2  12.3  31.8  19.5 159  10.7 1.6  13
2 98.4  10.3 85.6 95.9  934  10.0 0.3  3
3 49.4  9.2  21.0  11.8 127  8.7 0.5  6
4 11.1  7.7  15.0  7.3 95  7.2 0.5  6
5 149.7  6.0 105.7 111.7 1852  6.2  0.2 3
q¯k  9.1 24.7 33.8 260  8.6 0.5  5
s(qk) 2.4 65.4 64.3 1002 1.9 0.7 6
The parameter Cz associated with the radial B-axis test is seemingly una↵ected by radial
tool-cup errors, regardless of magnitude. This result was predicted by the VMT in sections
7.8.1 and 7.8.2. The absolute errors for both misaligned tool-cup and spindle-indexing meth-
ods are su ciently small for error identification and compensation purposes. The magnitude
of the mean  -value for Cz is marginally smaller for the misaligned tool-cup method com-
pared with the spindle-indexing method ( 0.9µm vs. 1.1µm). The mean  -value for the
spindle-indexing method is smaller than the 3µm threshold at which a tool-cup was con-
sidered ‘aligned’. This di↵erence is negligibly small and the two are treated as equal. The
sample standard deviations for the aligned tool-cup, misaligned tool-cup and spindle-indexing
methods are 3.9µm, 3.6µm and 4.5µm, respectively, for Cz. Therefore, there is an increase
in the variability when using the spindle-indexing method of approximately 15%. However,
the absolute increase in standard deviation is su ciently small to accept the spindle-indexing
method without fear of significant degradation in the measurement uncertainty.
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(a) Radial C, Cx (b) Radial B, Cy
Figure 8-9: Interval plots showing the LS centroid coordinates for five re-
peated observations of the Radial B-axis test, as identified using
an aligned tool-cup and the spindle-indexing method.
The parameter Cx associated with the radial B-axis test is highly sensitive to radial tool-
cup errors. Considering Test 3, it can be seen that large radial tool-cup errors drastically
a↵ect Cx when the tool-cup is misaligned. The spindle-indexing method is able to suppress
large error e↵ects such as this, resulting in a value that is very close to the aligned tool-
cup value (  = 0.7µm). In four out of five tests, the spindle-indexing method gives a
closer approximation of the the aligned tool-cup value than the misaligned tool-cup method.
The one exception to this statement (Test 4) is of little concern, as both values give close
approximations of the aligned tool-cup value. Once, again the mean  -value for the spindle-
indexing method is smaller than the 3µm threshold at which a tool-cup was considered
‘aligned’.
Both of the centroid coordinates of the LS circle in the radial C-axis test are highly
sensitive to the presence of radial tool-cup errors. It is clear that the spindle-indexing method
is preferable to the misaligned tool-cup method in all cases. The mean  -value of the spindle-
indexing method (1.6µm for Cx and 0.5µm for Cy) is smaller than 3µm threshold at which
the tool-cup was considered to be ‘aligned’. The standard deviations for the aligned tool-cup
and spindle-indexing methods are 0.5µm and 0.8µm for parameter Cx, and 2.4µm and 1.9µm
for parameter Cy. The closeness of these values gives evidence to suggest that the spindle-
indexing method has no obviously detrimental e↵ects on the identification of the radial C-axis
centroid coordinates and the variability in these values.
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From these experimental findings it is concluded that the spindle-indexing method has
close agreement with the aligned tool-cup method and does not significantly degrade the
repeatability of the measured centroid coordinates. It should therefore be used in all radial
tests hereafter due to its time-saving credentials and simplicity of procedure.
To identify whether the approximate magnitude of the radial tool-cup errors has an impact
on the closeness between the centroid coordinates identified using the two methods, Table 8.8
has been constructed. Here, an impression of the radial alignment errors of the tool-cup has
been gleaned using Step 5 of the experimental method. By comparing the measured TMBB
extension at diametrically opposed spindle orientations, components of the o↵set errors in
the X and Y directions can be approximated and later combined using Pythagoras’ theorem
to give an approximation of the largest misalignment. kEradialk. This is used to identify any
degradation in the performance spindle-indexing method when the magnitude of the tool-cup
errors changes.
Table 8.8: Comparing the approximate magnitude of the radial tool-cup er-
rors with the observed di↵erences in the centroid coordinates of
the LS circle when using the aligned tool-cup and spindle-indexing
methods
Radial-B
Test No L0  [mm] L90  [mm] L180  [mm] L270  [mm] kEradialk[µm]  Cx[µm]  Cz[µm]
1 100.0568 100.0409 100.0394 100.0548 11.1 2.1  2.0
2 100.0467 100.0209 100.0035 100.0293 22.0  0.2 1.2
3 100.0842 100.1951 100.0225 99.9115 145.1  0.7  1.2
4 100.0559 100.0496 100.0423 100.0481 6.8 2.9  2.1
5 100.0439 100.0422 100.0343 100.0365 5.6 1.4  1.7
Radial-C
Test No L0  [mm] L90  [mm] L180  [mm] L270  [mm] kEradialk[µm]  Cx[µm]  Cy[µm]
1 99.9970 99.5670 99.0950 99.5270 451.4  1.3  1.6
2 99.9175 99.9817 100.1053 100.0402 98.4  1.0  0.3
3 100.0270 100.0643 100.0052 99.9680 49.4  1.7  0.5
4 100.0323 100.0164 100.0155 100.0310 11.1  2.6  0.5
5 99.9120 100.1230 100.1330 99.9210 149.7  1.3 0.2
Inspection of the values in Table 8.8 shows that the performance of the spindle-indexing
method is not a↵ected by the size of the radial tool-cup errors. It is clear that larger dis-
crepancies between the aligned tool-cup method and the spindle-indexing method are not
consistently associated with the larger or smaller radial tool-cup errors. Likewise, the mini-
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mum discrepancies are not consistently associated with the larger or smaller radial tool-cup
errors.
The results and associated analyses from this experiment have given su cient supporting
evidence for the continued use of the spindle-indexing method in favour of the aligned and
misaligned tool-cup methods. This will significantly reduce set-up times for machine tool
testing, without any appreciable loss in error identification accuracy or measurement uncer-
tainty. As a result of this, the spindle-indexing method is used in all further radially-aligned
TMBB tests of axes B and C in this research.
8.6 Removal of Linear Axis Squareness Error E↵ects
(Phenomena 3, 4 & 5)
The sensitivity analysis in Section 7.6 highlighted that linear axis squareness errors detri-
mentally a↵ect the identification of o↵set and tilt errors in rotary axis testing. A method
for removing the e↵ects of linear axis squareness errors was proposed and proven in a simu-
lation conducted within the VMT. This section aims to provide experimental evidence that
the linear axis squareness errors a↵ect rotary axis tests in the same way that they do in
the VMT. Furthermore, the e cacy of the proposed correction in removing their e↵ects is
experimentally validated.
8.6.1 Removing Linear Axis Squareness Error E↵ects from a
Radially-Aligned Test
Two radially aligned tests are undertaken on the C-axis of the XYZ machine tool as shown
in Figure 8-10. In addition to this, a circular test is conducted in the XY -plane with the
centre-pivot on the C-axis average line. This test establishes a value for the squareness error
EC0X .
In the first radial test, the centre pivot is placed at coordinates [Ox, Oy,Oz]T and the
tool-tip is placed at [Ox, Oy   L0, Oz]. The point [0, 0, 0]T is located at the point of nominal
intersection between the two rotary axis average lines. Using a ballbar length, L0, of 50mm,
and setting Ox = 0mm, Oy = 50mm and Oz = 159.892mm, the tool-tip is positioned on
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Figure 8-10: Experimental set-ups used to validate the removal of linear
axis squareness e↵ects in radially aligned tests
the C-axis average line. This means that a radially aligned C-axis test may be undertaken
by moving the C-axis in isolation (Figure 8-10). This type of test is only possible if the
tool-tip can be placed on the average line of the rotary axis under test, making it impossible
to conduct the same test on the B-axis. The C-axis is commanded to move through an arc
of 360 , with a 45  feed-in/out motion added to each end of the trajectory.
The second radial test uses the same centre-pivot starting position and the tool-tip starting
position is calculated in the same way. The TMBB length is 150mm, resulting in tool-
tip starting coordinates of [0mm, 100mm, 159.892mm]T . In order to maintain the radial
alignment throughout the test, the tool-tip must follow a circular path of radius 100mm,
which is achieved through linear axis motion (using X and Y ). The purpose of this test is
to capture the e↵ects that linear axis squareness error has on the identification of the radial
coordinates of the C-axis average line. A schematic of this test is shown in Figure 8-10.
The sensitivity analysis in Section 7.6 showed that linear axis squareness errors should
only a↵ect partial arc tests, as diametrically opposed e↵ects will cancel in a full 360  test. As
such, two sets of analysis are undertaken on the recorded data. The first considers all data
across the entire testing trajectory. The second considers only the first 180  of data, recorded
between C = 45  and C = 225 . The centroid coordinates of the LS-circle are identified for
each test using three techniques:
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Method 1. Using the first radial test and spindle-indexing, with linear axis squareness e↵ects
removed from the data;
Method 2. Using the second radial test and spindle-indexing, without removing linear axis
squareness e↵ects;
Method 3. Using the second radial test and spindle-indexing, with linear axis squareness
e↵ects removed from the data.
Based upon the results from the VMT, the expected outcome of this test is that the
results from Method 1 and Method 3 will be identical, whereas Method 1 and Method 2 will
be significantly di↵erent when and arc of 180  is used. It is also anticipated that the removal
of linear axis squareness e↵ects will only a↵ect the identification of parameter Cx, with no
significant alteration to Cy. Finally, it is predicted that the results from methods 1-3 will be
identical if a full 360  arc is used in the test.
Using the 11 repeated measurements of methods 1-3, the mean LS circle centroid coordi-
nates were calculated. Before making statistical comparisons, the data sets were tested for
normality using the Shapiro-Wilk (S-W) test. The raw data and associated W and p-values
from the S-W normality tests are contained in Table 8.9. Inspection of the W and p-values
shows that the null hypothesis that the data came from a normally distributed population
cannot be rejected at the 95% significance level. Consequently, this investigation proceeds
by assuming that the identified centroid coordinates are normally distributed.
Next, statistical two sample t-Tests (assuming equal variances, with ↵ = 0.05) were used
to compare the means of methods 1 and 2, and methods 1 and 3. Ideally, there would be no
significant di↵erence between the means of methods 1 and 3, implying that the linear axis
squareness correction could be used when with radial tests that do not require linear axis
motion are impossible. Table 8.10 contains the results of this statistical analysis.
In the following analyses and statements, it is assumed that radial tests in which the
linear axes do not move are ideal from the point of view of minimising the e↵ects of linear
axis squareness. As such, the results of Method 1 are used as a baseline against which
methods 2 and 3 are compared. Inspection of the ‘P(T <= t) two tail’ values in Table 8.10,
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Table 8.9: The LS centroid coordinates as identified using 11 repeats of test-
ing methods 1-3. The mean, standard deviation and Shapiro-Wilk
test parameters, p and W are also given.
Method 1 Method 2 Method 3
Test Cx[µm] Cy[µm] Cx[µm] Cy[µm] Cx[µm] Cy[µm]
1 27.1 14.8 22.9 16.5 25.4 14.0
2 26.1 13.9 22.6 15.4 25.2 12.9
3 25.9 13.4 22.6 14.9 25.1 12.4
4 26.3 13.0 22.8 14.2 25.3 11.7
5 26.6 11.2 23.1 13.1 25.5 10.7
6 26.3 11.5 23.0 13.0 25.5 10.6
7 26.8 11.2 23.4 12.6 25.9 10.1
8 26.7 11.4 23.4 12.9 25.8 10.5
9 27.4 11.1 24.2 12.2 26.6 9.8
10 27.5 10.8 24.1 12.6 26.4 10.2
11 27.4 11.8 24.3 12.8 26.7 10.4
q¯k[µm] 26.7 12.2 23.3 13.6 25.8 11.2
s(qk)[µm] 0.6 1.3 0.6 1.4 0.6 1.3
W 0.935 0.858 0.882 0.856 0.892 0.863
p 0.466 0.055 0.111 0.050 0.147 0.063
shows that there is a significant di↵erence between the mean centroid coordinates in methods
1 and 2. This implies that the linear axis squareness error, EC0X , is having an appreciable
e↵ect on the identification of radial o↵set errors in the C-axis average line. Inspection of the
mean values shows that the di↵erence in the means is 2.6µm and 3.1µm for for Cx and Cy,
respectively. This is over four times the standard deviation for Cx and 2.4 times the standard
deviation for Cy. This supports the findings of the sensitivity analysis in Section 7.6, giving
a clear indication that linear axis squareness errors should be considered when conducting
radially-aligned rotary axis tests.
The p-values from the comparison of Method 1 and Method 3 show that there is a sig-
nificant di↵erence between the mean Cx values. However, there is insu cient evidence to
suggest that there is a di↵erence between the two tests for Cy. The di↵erence between the
means are 0.9µm and 1.0µm for Cx and Cy, respectively. This is 1.5 times the standard
deviation for Cx and 0.77 times the standard deviation for Cy. The di↵erences between the
means of Method 3 and Method 1 are reduced by 65% and 68% for Cx and Cy, respectively,
when compared to Method 2. A reduction of 100% would imply an exact match between the
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Table 8.10: Paired two-sample t-Test (assuming equal variance, ↵ = 0.05),
comparing radial C-axis test results gathered using testing meth-
ods 1-3. This is used to identify the e cacy of linear squareness
e↵ect removal techniques proposed in this research.
Test 1 vs. Test 2
Cx Cy
Method 1 Method 2 Method 1 Method 2
Mean [µm] -26.7 -23.3 -12.2 -13.6
Variance 0.3 0.4 1.8 1.9
Observations 11 11 11 11
Pooled Variance 0.3 1.9
Hypothesized Mean Di↵erence 0 0
df 20 20
t Stat 13.7 -2.5
P(T <= t) one tail 6.3⇥ 10 12 1.0⇥ 10 2
t Critical one-tail 1.7 1.7
P(T <= t) two tail 1.3⇥ 10 11 0.02
t Critical two-tail 2.1 2.1
E↵ect Size (Cohen’s d) 5.7 1.5
Test 1 vs. Test 3
Cx Cy
Method 1 Method 3 Method 1 Method 3
Mean [µm] -26.7 -25.8 -12.2 -11.2
Variance 0.3 0.3 1.8 1.8
Observations 11 11 11 11
Pooled Variance 0.3 1.8
Hypothesized Mean Di↵erence 0 0
df 20 20
t Stat 4.1 1.7
P(T <= t) one tail 3.0⇥ 10 4 0.05
t Critical one-tail 1.7 1.7
P(T <= t) two tail 6.0⇥ 10 4 0.10
t Critical two-tail 2.1 2.1
E↵ect Size (Cohen’s d) 1.0 0.8
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means of methods 1 and 3. Despite the statistically significant di↵erence between methods 1
and 3 in the identification of Cx, a clear improvement is made in the agreement between tests
that do not use linear axis motion and those that do. This improvement is clearly shown in
Figure 8-11 as there the first and third columns (Method 1 and Method 3) have a consistently
closer agreement than the first and second columns (Methods 1 and 2). This highlights the
e cacy of the proposed squareness-e↵ect correction technique.
To further confirm the findings of the VMT, the same testing data was used to establish
the di↵erences between Tests 1, 2 and 3 if the full 360  of arc was used in the analysis. Figure
8-12 shows a direct comparison of the identified centroid coordinates for each testing method.
The close agreement between the heights of all columns (Methods 1, 2 and 3) is indicative of
the fact that linear axis squareness errors do not significantly a↵ect full 360  radially aligned
tests.
Via visual inspection it can be seen that the three testing methods have only a small
di↵erence between them. To further quantify this statement, the data were again tested for
normality using the S-W test. It was found that the null hypothesis that the data came
from a normally distributed population could not be rejected at the 95% significance level.
The same paired two-sample t-Test (assuming equal variance, ↵ = 0.05) was undertaken
to identify any significant di↵erences between the mean values of the three data sets. The
resulting ‘P(T <= t) two tail’ values were 0.239 and 0.610 for Cx and Cy in a comparison of
Method 1 vs. Method 2, and 0.237 and 0.608 for Cx and Cy in a comparison of Method 1
vs. Method 3. It is therefore concluded that there is insu cient evidence to reject the null
hypothesis that all means are equal. This gives su cient supporting evidence to accept the
assertion of the VMT that linear axis squareness does not influence radially aligned tests if
a full 360  arc is used for the testing trajectory.
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(a) Centroid coordinate Cx
(b) Centroid coordinate Cy
Figure 8-11: 180  test results for C-axis LS circle centroid applied to radial
C-axis tests using the three aforementioned testing methods.
The error bars represent the standard error of the mean.
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(a) Centroid coordinate Cx
(b) Centroid coordinate Cy
Figure 8-12: 360  test results for C-axis LS circle centroid applied to radial
C-axis tests using the three aforementioned testing methods.
The error bars represent the standard error of the mean.
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8.6.2 Removing Linear Axis Squareness Error E↵ects from
Axially-Aligned Tests
This experiment shows how the measured linear axis squareness errors can be used to predict
their contribution to an axially-aligned TMBB test. A particular challenge associated with
validating this assertion is the need for two di↵erent methods for identifying the tilt errors
of a given rotary axis. As previously discussed, an axially-aligned TMBB test gives the
orientation of the rotary axis e.g. C, with respect to the plane spanning the two linear axes
used in the test e.g. the XY -plane.
The second testing method used to identify the orientation of a rotary axis is based upon
that proposed by Lee and Yang, (2013d). Here, two axially separated radially-aligned tests
are used. Each radial test identifies the radial coordinates of the rotary axis average line.
Two such points may be connected by a vector, which represents the orientation of the rotary
axis average line with respect to the linear axis that is nominally parallel to the rotary axis
average line (e.g. Z if the C-axis is being tested). A set-up diagram of these two tests is
shown in Figure 8-13.
Figure 8-13: An alternative experimental method to capture the tilt errors
of the C-axis using two axially separated radial tests. This
method is based upon the work of Lee and Yang, (2013d)
To demonstrate the importance of including the e↵ects of linear axis squareness when
conducting axial tests, the orientation of the C-axis is identified using three types of test and
data processing techniques. These are:
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Method 1. Two axially separated radially-aligned tests are used identify the parallelism of
the C-axis with respect to the Z-axis.
Method 2. An axially-aligned C-axis test that gives no consideration to the linear axis square-
ness e↵ects in data processing. This identifies the orientation of the C-axis with
respect to the nominal XY -plane.
Method 3. An axially-aligned C-axis test that attempts to remove the e↵ects of linear axis
squareness errors from the measurements during data processing. This identifies
the orientation of the C-axis with respect to the tilted XY -plane.
An important di↵erence in this investigation is the need to use the Z-axis as the datum
axis. This greatly simplifies the comparison between the C-axis average lines identified using
the three methods outlined above. Using the Z-axis as the datum requires a new transforma-
tion matrix to express motion within the oblique linear axis coordinate system. In essence,
Equation 7.20 is redefined using Equation 8.3, below. This transformation encapsulates the
















The axial C-axis test identifies the orientation of the C-axis with respect to the XY -plane.
Two radial C-axis tests identify the parallelism of C to Z. However, if all location errors
are identified correctly and the machine tool axes may reasonably be modelled using straight
lines, then Method 3 and Method 1 should produce the same C-axis unit vector.
A total of 5 repeats were undertaken for each test to provide evidence that the correction
is e↵ective and repeatable. Within each repeat, an axial C-axis test, all planar tests for
linear axis squareness, and the two axially separated radial C-axis tests were conducted. For
all radial C-axis tests, the spindle-indexing method was utilised to minimise the impact of
tool-cup misalignment. Additionally, the linear axis squareness removal technique (outlined
in the previous Section 8.6.1) was used to limit the impact of linear axis squareness errors on
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Table 8.11: Set-up and test parameters used to validate the removal of linear
axis squareness error e↵ects from axially aligned tests
Parameter Value Units Description
L0 100 mm Nominal / Calibrated TMBB length
Ox (Lower) 0 mm Centre-Pivot starting coordinate in X relative to
nominal machine tool originOx (Upper) 0 mm
Oy (Lower) -50 mm Centre-Pivot starting coordinate in Y relative to
nominal machine tool originOy (Upper) -50 mm
Oz (Lower) 160 mm Centre-Pivot starting coordinate in Z relative to
nominal machine tool originOz (Upper) 262 mm
H 102 mm Axial separation between Oz (upper) and Oz (Lower)
Cstart 0   Start angle of C-axis in radial tests
Cend 450   End angle of C-axis in radial tests
Cfeed in 45   Feed-in angle, where data is not captured in test
Cmeas 360   Angle of arc over which data is captured
the radially aligned tests. Each repeat used a completely new testing set-up to ensure that
the results were repeatable under realistic end-user conditions. The testing parameters used
for these experiments are detailed in Table 8.11.
The resulting C-axis average line components are reported in Table 8.12 for Methods 1-3
using µm/m as a common unit of measure. This table also contains -values, which represent
the di↵erence in the average line components identified using Methods 1 and 2, and Methods
1 and 3. This di↵erence is also expressed as a percentage of the original component magnitude
identified using Method 1. This table also contains summary statistics for comparison of the
data sets. Additionally, visual inspection of the results can be conducted with the use of
Figure 8-14, where the results from each test are presented side-by-side. A closer agreement
between columns one and three (Methods 1 and 3) compared with columns one and two




Table 8.12: C-axis vector components identified using methods 1-3.  -values
and %-Error values show the proximity of methods 2 and 3 to
method 1, which is taken as a baseline value
C-axis Average Line: X-Component
Method 1 Method 2 Method 3
Test. Ux[µm/m] Ux[µm/m]  [µm/m] % Error Ux[µm/m]  [µm/m] % Error
1 23.5 73.9 50.4 215 16.7  6.8  29
2 27.5 72.7 45.2 164 13.1  14.4  52
3 23.4 71.3 47.9 204 18.3  5.1  22
4 29.4 71.4 42.0 143 20.2  9.2  31
5 29.0 70.2 41.2 142 19.9  9.1  31
q¯k 26.6 71.9 45.3 1.7 17.6  8.9  33
s(qk) 2.9 1.4 3.9 0.3 2.9 3.5 11
C-axis Average Line: Y -Component
Method 1 Method 2 Method 3
Test. Uy[µm/m] Uy[µm/m]  [µm/m] % Error Uy[µm/m]  [µm/m] % Error
1  221.5  161.4 60.1  27  199.5 22.0  10
2  204.1  160.9 43.2  21  196.7 7.4  4
3  203.0  161.5 41.4  20  209.2  6.3 3
4  204.7  161.8 42.9  21  203.9 0.8 0
5  211.5  161.6 49.8  24  203.6 7.8  4
q¯k  208.9  161.5 47.5 174  202.6 6.3  3
s(qk) 7.8 0.4 7.8 34 4.8 10.5 5
Inspection of the mean Ux and Uy values shows that there is a closer agreement between
the axial C-axis test and the two-radial test method (Method 1) if linear axis squareness
errors are compensated for. The mean discrepancy ( ) between these two methods, reduces
from 45.3µm/m to  8.9µm/m for Ux, and from 47.5µm/m to 6.3µm/m for Uy. Both of these
reductions are considerably larger than the standard deviations for the  -parameter. This
gives a strong initial indication that considering the e↵ects of linear axis squareness errors
leads to a closer approximation of the of the true rotary axis average line orientation.
The standard deviations for both Ux and Uy are largest or joint largest, for the two-
radial test method (Method 1). The standard deviation associated with test methods 2 and
3 are typically lower, with the lowest standard deviation from Method 2 being almost 20
times smaller than the two-radial test counterpart (0.4µm/m vs. 7.8µm/m). This result
shows that it is preferable to adopt an axial testing method to minimise the variation in the
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(a) Identification of Ux (b) Identification of Uy
Figure 8-14: A comparison of the estimated C-axis direction unit vector
components using test methods 1-3. Error bars represent the
standard error of the mean.
identified rotary axis orientation. However, the Method 3 method has a consistently greater
standard deviation than Method 2. This is due to the inclusion of the variance associated
with the identification of linear axis squareness errors.
There is a residual systematic artefact in the Method 3 data, as mean deviations between
for the X-component in Method 1 and Method 3 is 8.9µm/m ( 33% error). Possible causes
for this include incorrectly identified linear axis squareness error, or errors in the identification
of the C-axis average line using testing methods 1-3. It is the contention of the author that
an incorrectly identified C-axis average line using Method 1 is the most likely cause of this
disparity. The justification for this statement is given in the following paragraphs.
The two radial testing method cannot be regarded as an ideal reference. The orientation
of the average line is calculated using two LS circle centroid coordinates from two radially-
aligned tests. These have an appreciable measurement uncertainty as a result of set-up
errors, limitations in the spindle-indexing method, incorrectly identified linear axis squareness
errors, limitations in linear axis squareness correction and the measurement uncertainty of
the TMBB. As detailed in Section 7.9, the uncertainty of the C-axis radial o↵set errors
varied between 0.3µm and 17µm (depending on the component error magnitude thresholds).
The two radial C-axis tests had an axial separation (H) of 102mm. If one of the centroid
coordinates had an error of 17µm, this would equate to an error in the identified rotary axis
orientation of 167µm/m. This is one likely explanation for the larger standard deviation
values associated with the two-radial test method.
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An additional risk with the two-radial test method is the use of a cylindrical steel spacer
to introduce the axial separation of H = 102mm. The spacer had mass of approximately
10kg and it is not known whether this mass causes significant deflections in the machine tool
structure. This gives further reason to assume that the results from the two-radial testing
method may contain extraneous error.
As a result of the experimental findings and data analysis, it has been concluded that
correction of linear axis e↵ects is of high importance and should be continued in subsequent
machine tool verification. The following sections capture the variability in identified error
parameters and seek to attribute this to various sources of measurement uncertainty.
8.7 Running Back-To-Back Repeats
It is important to understand the amount of variability in the measured error parameters,
excluding e↵ects that are introduced in the set-up procedure. This can be thought of as the
combined repeatability of the machine tool, TMBB, gradual movement in the centre-pivot
and tool-cup, and data processing chain. This variability will be present in all tests, regardless
of whether various corrections are employed.
To quantify this variability, experiments were undertaken on the commercial XYZ 5A-
MT. The tool-cup was installed, manually aligned using the adjustable tool-cup and then
checked for length. The omission of the spindle-indexing method is intentional, as it is
desirable to characterise its influence separately. The centre-pivot was then installed using
the typical method of attracting it to the tool-cup and setting sphere, which are positioned at
the desired centre-pivot location. Finally the work o↵set was assigned to reflect the location
of the centre-pivot.
The centre-pivot was installed in the single set-up position [0mm, 85mm, 159.892mm]
and a total of 31 repeats of all four tool-paths were recorded. The coordinates of a point
on each rotary axis average line and the direction unit vector describing the orientation of
each axis average line were identified. As these tests were run in quick succession without
changing the set-up or using spindle-indexing, the only statistical analysis of interest was the
standard deviation associated with each LS fitting parameter.
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In the absence of systematic contributions to the experimental variance, the LS fitting
parameters should vary in accordance with a normal distribution. In this investigation,
31 repeated observations of each LS fitting parameter are gathered in quick succession. A
sample size of this order is su cient to treat data as if it is normally distributed under the
assumptions permitted by the central limit theorem (Brase and Brase, 2014). The LS fitting
parameters evaluated in Table 8.13 are used to estimate the location errors inherent to the
two rotary axes within the tilting-rotary table. The result of this conversion is documented
in Table 8.14. In this analysis, squareness errors in the linear axes are assumed to be zero
and no spindle-indexing is used. As such, this analysis monitors the di↵erences between the
distributions representing LS fitting parameters and calculated machine tool errors without
the influences of corrections to the data. It is important to acknowledge and understand the
e↵ects that converting LS fitting parameters into machine tool errors has on the distributions
and in particular the standard deviation.
Table 8.13: Results from 31 back-to-back repeated tests of two rotary axes
using the single set-up method. Analyses include the sample
mean (q¯) and sample standard deviation (s(qk))









Inspection of the values in Tables 8.13 and 8.14 shows that the standard deviations asso-
ciated with the LS fitting parameters and individual error sources are very low. Three out
of four radial o↵set errors have a sub-micron standard deviations. The only exception to
this observation is EZ0B, which has a standard deviation of 1.3µm. All orientation errors
have standard deviations below 2µm/m, which are also considered very low. It has been the
experience of the author that absolute value for orientation errors often exceed 100µm/m.
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Table 8.14: Geometric errors identified using 31 back-to-back repeated tests
of two rotary axes using the single set-up method. Analyses in-






EX0C [µm] 107.7 0.4
EY 0C [µm]  18.5 0.5
EA0C [µm/m]  7.6 2.4
EB0C [µm/m]  202.1 0.9
The experimental data also shows that the conversion of least squares fitting parameters
into geometric error source values does not increase the standard deviations. Some fitting
parameters are equivalent to error sources, such as: UB(x) and EC0B, UB(z) and EA0B, and
UC(x) and EB0C . The mean and standard deviations are either completely unchanged or only
undergo a change in sign (+/ ). All centroid coordinates are projected back to the machine
tool coordinate system origin using the direction unit vector of the corresponding average
line. It was initially thought this this process would result in an increase in the standard
deviations for the radial o↵set errors. However, the evidence given in Table 8.14 contradicts
this expectation for the B-axis, where the standard deviations of EX0B and EZ0B are lower
than Cx and Cz. This is a positive outcome, as there is no significant increase in variability
as a result of this projection for this particular machine tool.
Errors associated with the C-axis are influenced by the errors present in the B-axis due
to the physical mounting of C upon B. As such, it is expected that the standard deviations
associated with C-axis errors will generally be larger than the LS fitting parameters used to
describe them. Table 8.14 confirms this prediction, especially for errors EX0C and EA0C , as
these are influenced by EX0B and EA0B, respectively. The inflation of the standard deviations
associated with these parameters is larger than that of the B-axis error parameters. The
uncertainty analysis of Section 7.9 clearly highlighted the fact that there is a relatively low
233
Chapter 8
measurement uncertainty associated with error EB0C . This is because UC(x) is only a↵ected
by EB0C . The experimental findings support this assertion, clearly showing that EB0C has
the lowest standard deviation of all orientation errors.
It has been concluded that the combined repeatability of the machine tool axes, TMBB
device and LS fitting procedures are high enough to be suitable for error diagnosis and
subsequent compensation procedures. To support this statement geometric error acceptance
thresholds have been taken from ISO 13041-1:2004 (ISO, 2004). Previously introduced in
Chapter 5, these values are repeated in Table 8.15 for convenience. These errors are not
specifically related to vertical machining centres with a tilting-rotary table, but are issued for
testing turning centres. The threshold for squareness between linear axes and the workhead
spindle are used for general rotary axis tilt errors and the radial run-out of the workhead
spindle is used for radial o↵set errors. In lieu of well-defined acceptable error thresholds for
the specific target machine tool, these error values are taken to be indicative of contemporary
manufacturing requirements. If the standard deviations of of the measured error sources listed
in Table 8.14 are compared with the corresponding error thresholds, they are su ciently
small to be used for acceptance testing based upon thresholds for all machine categories. In
accordance with the definitions in ISO 13041-1:2004 (ISO, 2004), the XYZ machine tool used
in these experiments is a ‘Category 1’ machine, as its C-axis table has a diameter of 200mm
(Table 8.15).
Table 8.15: Error acceptance threshold for the workhead spindle of a hori-
zontal turning centre, as specified in the ISO 13041-1:2004 (ISO,
2004)
Machine tool sizes
Category 1 Category 2 Category 3
Diameter permitted over bed [mm] D  250 250 < D  500 500 < D  1000
Squareness between workhead spindle (C 0-axis), (a) and (b)
Category 1 Category 2 Category 3
a)X-axis (ZX-Plane) [µm/m] 50.0 50.0 83.3
b)Y -axis (Y Z-Plane) [µm/m] 66.7 66.7 66.7
Run-out of workhead spindle
Category 1 Category 2 Category 3
a) Radial [µm] 5.0 8.0 12.0
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The results presented in this section give a clear indication of the natural variability in
the identification of each rotary axis error source parameter. This variability is a result of the
machine tool repeatability, the uncertainty of the TMBB device, the fitting of LS geometries
and any movement in the set-up of the apparatus.
8.8 Repeated Measurements Using Compensations,
Spindle-Indexing and Unique Set-ups
The previous section quantified the inherent variability of the error identification process
using the single set-up method. It is equally important to quantify the e↵ects of linear axis
squareness corrections, spindle-indexing and the set-up procedure on the variability in the
identified machine tool errors. It is envisaged that an end-user will approach a machine tool,
may or may not conduct a warm-up cycle, and will make a business decision based upon the
findings of a single repeat of the measurement process. As such, it is critical that the single
set-up method and the proposed corrections are highly repeatable and robust in the presence
of set-up errors and linear axis squareness errors.
To identify whether the single set-up method is capable of delivering this level of per-
formance, a further 15 repeats of the entire measurement process were made. Within each
repeat, the standard (not adjustable) tool-cup was removed from the spindle, disassembled,
reassembled and then replaced in the spindle via the collet. The tool-cup was then measured
for length using the dial gauge method and the tool length value was updated in the con-
troller. In addition to this, the machine tool axes were reset against their respective datums
by moving to the reference position. The TMBB was then recalibrated using the Zerodur R 
calibration block. Finally, the centre-pivot is repositioned, using the conventional method.
Using the variation observed in the back-to-back testing as a base-line, the impact of using
a new testing set-up each time is quantified. In an ideal case, the measurement procedure
would be completely robust to all set-up induced error, resulting in no significant change in
the variation in the identified geometric errors. Like the back-to-back tests from the previous
section, these results were gathered at the Oy =  85mm centre-pivot position for consistency.
However, the two data sets were not recorded on the same day, so may contain systematic
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di↵erences as a result of environmental changes. The sample mean and standard deviation
for each rotary axis geometric error are given in Table 8.16. In addition to this, standard
deviations from the back-to-back measurements are reported along with the absolute change
and the ratio of the two values (i.e. standard deviation of new set-up each time, divided by
standard deviation from back to back tests).
Table 8.16: A comparison of the experimental standard deviations associ-
ated with each geometric when (a) a new experimental set-up is
used for each repeat and all corrections are used, and (b) when
a single experimental set-up is used for all repeats and now cor-
rections are used. These represent the upper and lower bounds
of repeatability, respectively.
New Set-ups Each Time One Set-up Change in s(qk)
Error q¯ s(qk) s(qk)   Ratio
EX0B[µm]  86.8 2.5 0.3 2.1 7.1
EZ0B[µm] 16.5 5.0 1.3 3.7 4.0
EA0B[µm/m]  107.8 9.1 1.2 7.9 7.7
EC0B[µm/m]  44.9 4.0 1.3 2.7 3.1
EX0C [µm] 111.7 1.0 0.4 0.6 2.5
EY 0C [µm]  25.8 3.6 0.5 3.1 7.9
EA0C [µm/m] 56.4 8.3 2.4 5.9 3.5
EB0C [µm/m]  205.6 3.3 0.9 2.5 3.9
Inspection of the  -values and the percentage change in Table 8.16 shows that the set-up
procedure, tool length setting, uncertainty in linear axis squareness measurement, squareness
e↵ect correction and spindle indexing methods combine to result in an increased standard
deviation for every rotary axis geometric error source. The  -values show that the maximum
increase in the standard deviation is 3.7µm and 7.9µm/m for radial o↵set and tilt errors,
respectively. Conversely, the smallest  -values are 0.6µm and 2.5µm/m, which are regarded
as very low.
Referring back to the IS0 13041-1:2004 (ISO, 2004) acceptance tolerances listed in Table
8.15, the ideal case would be for the standard deviations for each identified rotary axis error
sources to be considerably smaller than the associated acceptance values. If this condition is
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violated, it is di cult to provide a suitable degree of certainty during acceptance testing of
rotary axes’ limiting the usefulness of this type of testing.
All rotary axis standard deviations are smaller than the acceptance threshold of 50  
83.3µm/m for tilt errors. If four standard deviations are taken to represent ±2  (e.g 95%
of cases), it is possible to make a visual comparison between the variability associated with
each error and the acceptance thresholds for each error type. Figures 8-15 and 8-16 show the
width of the interval covered by ±2  for each geometric error source. The vertical dashed lines
represent the largest and smallest acceptance thresholds outlined in ISO 13041-1:2004 (ISO,
2004) (dependent on axis travel). The interval denoted by the arrow and the dark shaded
boxes represents the width of the remaining interval if the ±2  error intervals extend inwards
from the acceptance thresholds. The size of this remaining interval gives a direct indication
of the ‘safe-acceptance’ region, which represents the region in which machine tool errors can
safely pass the largest acceptance threshold when considering measurement uncertainty.
Figure 8-15: A visual comparison of the±2  interval associated with eachB-
axis geometric error source (new experimental set-up each time)




Figure 8-16: A visual comparison of the±2  interval associated with each C-
axis geometric error source (new experimental set-up each time)
and the error acceptance thresholds outlined in ISO 13041-
1:2004.
Figure 8-15 illustrates that the proposed measurement process presents challenges in ac-
ceptance testing. This is based on the fact that the safe-acceptance intervals for EZ0B and
EY 0C have negative width. Despite having a positive interval width, error EX0C must fall
within the ±8.14µm interval before it can be safely accepted against the largest acceptance
threshold. Similarly, error EX0B must fall within the ±2.26µm interval to be safely accepted.
The narrowness of these intervals puts strenuous constraints on the acceptance process, plac-
ing considerable onus on commissioning and compensation e↵orts to greatly reduce each
error.
Unlike the radial o↵set errors, the tilt errors identified using the proposed testing methods
have a much narrower ±2  interval with respect to the acceptance thresholds. Errors EA0B,
EC0B, EA0C and EB0C must fall within the ±47.71µm/m, ±67.51µm/m, ±50.68µm/m and
±70.32µm/m intervals, respectively, to be safely accepted against the largest acceptance
threshold. It should be noted that the smaller acceptance threshold begins to pose chal-
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lenges for tilt error measurement. The aforementioned safe-acceptance regions reduce to
±14.41µm/m, ±34.21µm/m, ±17.38µm/m and ±37.02µm/m. Once again, these narrow
bands will place strenuous constraints on the rotary axis acceptance process.
Some of the variation found in the identified rotary axis errors is attributable to uncer-
tainty in the identification of linear axis squareness errors. This uncertainty a↵ects both
rotary axis tilt errors and radial o↵set errors. To ascertain the severity of the linear axis con-
tribution to variability, the mean and standard deviation for each of the linear axis squareness
errors are identified and listed in Table 8.17. To quantify the severity of the linear axis con-
tribution, the data is processed again using the mean linear axis squareness values in all error
diagnoses. The results of this analysis are presented in Table 8.18, where the sample stan-
dard deviations for each error are compared side-by-side with linear axis squareness variance
included.
Table 8.17: The sample mean and standard deviation for the 11 repeated
linear axis squareness measurements using planar circular tests
at the Oy = 0mm centre-pivot position
Error q¯ s(qk)
EC0X [µm/m]  31.9 1.9
EA0Z [µm/m]  48.8 7.0
EB0Z [µm/m]  45.3 7.1
Table 8.18: Resulting sample standard deviations when rotary axis errors
are calculated with individual linear axis squareness values (2nd
column), and when rotary axis errors are calculated with the
mean linear axis squarenss errors from 15 repeats. The ratio of
the two standard deviations is also shown.
s(qk), s(qk),
Error With Linear Variation Without Linear Variation Ratio
EX0B[µm] 2.5 1.6 1.5
EZ0B[µm] 5.0 5.8 0.9
EA0B[µm/m] 9.1 4.5 2.0
EC0B[µm/m] 4.0 4.3 0.9
EX0C [µm] 1.0 0.6 1.7
EY 0C [µm] 3.6 2.6 1.4
EA0C [µm/m] 8.3 4.0 2.1
EB0C [µm/m] 3.3 3.3 1.0
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It can be seen from Table 8.18 that errors EZ0B, EC0B, EB0C undergo minor changes
to the geometric error standard deviations. This implies that the inherent variability in the
linear axis squareness measurement results does not influence severely a↵ect the identification
of these errors. In contrast, the standard deviation undergoes significant increases for errors
EX0B, EA0B, EX0C , EY 0C and EA0C . The linear squareness errors result in changes in
orientation for the ZX-plane via linear squareness error EA0Z . As the Axial B-axis test moves
the tool in the ZX-plane, EA0B is influenced directly and EA0C is influenced by association
to EA0B. This results in both standard deviations doubling with the inclusion of linear axis
squareness variation. Linear o↵set errors EX0B and EX0C are moderately a↵ected by the
variation in linear axis squareness. It can be said that this is likely to be due to the elliptical
shape of the tool-path, as the standard deviation of tilt error EC0B remains unchanged and
is the only other cause of shifts in EX0B. This is further supported by the error EY 0C ,
which is also moderately a↵ected. An elliptical tool-tip motion and tilt error EB0C can cause
this e↵ect. However, the standard deviation of EB0C is unchanged by removing linear axis
squareness variance, suggesting that the elliptical tool-tip motion is the root cause.
Repeated measurements that exclude set-up induced errors have a su ciently small stan-
dard deviation for them to be applicable to rotary axis acceptance testing; even at the lowest
accuracy threshold. Despite this, the introduction of the various set-up procedures and error
compensations results in the repeatability of the testing methods becoming insu cient for
acceptance testing. From this it can be said that it is theoretically possible to use the pro-
posed tool-paths to measure such errors. However, further work must be conducted to ensure
that the inherent variability in the measured errors is at a suitably low value to remain useful
in the acceptance testing context.
8.8.1 Measuring Errors in Di↵erent Locations
The single set-up testing method designed in this research should accurately approximate the
errors measured using conventional means. If it is successful in this respect, it is an attractive
replacement for the two set-up methods that are already established. This is because a single
set-up can be highly automated, reducing testing durations and limiting the need for operators
to interact with testing apparatus between tests. It also means that a single unique set of
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set-up errors will be present in all tests. As such, no additional complication is added through
the presence of multiple and di↵ering set-up errors.
In this investigation, three centre-pivot locations are considered. In all three locations,
the parameters Ox and Oz are set to zero and 159.892mm, respectively. The parameter Oy
(the o↵set of the centre-pivot sphere from the machine tool coordinate system origin in the
y-direction) is either set to Oy =  85mm, Oy = 0mm or Oy = 85mm. The purpose of using
three centre-pivot locations is twofold:
i. Errors identified using Oy = ±85mm can be compared against the more conventional
Oy = 0mm set-up described by Tsutsumi and Saito, (2003) and Tsutsumi et al., (2013b).
This gives an indication as to whether the projection of the error values back to the origin
gives a good approximation of the errors actually measured at the origin.
ii. This researches hinges upon the assumption that all machine tool axes within a 5A-MT
can be modelled as straight line elements whose position and orientation are independent
of axis position. By comparing the errors measured at all three centre-pivot locations, the
validity of this assumption can be tested for the machine tool used in these experiments.
The entire measurement process outlined in the previous subsection is repeated a total of
15 times at each centre-pivot location. In an attempt to remove and time-dependent trends in
the data, tests were conducted in the three centre-pivot positions in a random order. Within
each of the 15 test repeats, all three centre-pivot positions are visited. The testing schedule
was generated using a random number generator, using values between one and three, with
no duplicates. Numbers one, two and three correspond to Oy =  85mm, 0mm, 85mm,
respectively. The resulting testing schedule is presented in Figure 8-17 alongside illustrative
set-up diagrams.
When the centre pivot was placed at Oy = 0mm, the three planar circular tests were
conducted to measure the linear axis squareness errors. It is assumed that the squareness
errors measured at Oy = 0mm are accurate approximations of those that would be measured
at the Oy = ±85mm positions. These were then followed by the radial and axial B-axis tests.





Test Repeat Number 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Centre-Pivot Position 1 C C N N P N N C C P C N P C N
Centre-Pivot Position 2 N N P P N C C N N N N P N P C
Centre-Pivot Position 3 P P C C C P P P P C P C C N P
Figure 8-17: Testing diagram and schedule showing the randomised sequence
in which the centre-pivot positions were assigned. Within each
test repeat, all three centre-pivot positions are used. ‘N’: Oy =
 85mm, ‘C’: Oy = 0mm and ‘P’: Oy = 85mm.
this location (using an axial test). When the centre-pivot was placed in the Oy = ±85mm
positions, the radial B, axial B, radial C and axial C axis tests were conducted (in this
order). The results from these experiments are contained within Tables 8.19 - 8.21.
In this investigation, the testing methods are the three centre-pivot locations. Each of
the 15 repeats are taken as a separate investigation of a potentially changing property e.g.
a particular geometric error source. The decision was taken to treat the data as if it were
paired using the a priori knowledge that time-dependent changes occur in error values. It is
assumed that these changes are due to thermal fluctuation in the machine shop. This type of
fluctuation has been previously reported by Andolfatto et al., (2011). The data was gathered
over three days, indicating the significant duration of each full repeat. As such, there is no
reasonable expectation that the error values in the first repeat should closely resemble those
of the final (15th) repeat, three days later. There is, however, an expectation that values
between centre-pivot locations within the same repeat should be closely matched. The three
centre-pivot locations are first compared using using bar charts in Figures 8-18 and 8-19.
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Table 8.19: B-axis o↵set errors identified at the Oy =  85, 0 and 85mm
centre-pivot positions
EX0B[µm] EZ0B[µm]
Test  85mm 0mm 85mm  85mm 0mm 85mm
1  88.8  84.3  79.6 23.0 22.1  1.4
2  89.3  84.9  80.0 17.2 9.8 11.9
3  84.9  79.4  74.7 20.3 15.3 11.2
4  86.7  84.0  78.3 17.2 19.8 17.0
5  87.6  82.8  76.7 23.2 18.8 17.7
6  86.9  82.4  77.4 21.9 17.9 13.1
7  86.5  82.0  76.2 19.1 15.8 13.2
8  83.4  78.8  76.6 15.8 11.7 9.2
9  81.3  76.8  71.6 9.1 33.3 2.6
10  89.1  85.6  79.7 16.8 19.3 10.8
11  89.5  84.0  82.5 20.1 19.4 8.2
12  90.2  85.4  80.3 7.6  10.9  12.2
13  87.8  82.2  77.4 11.3 11.1 2.2
14  85.5  81.1  75.2 11.9 20.2 2.1
15  85.0  79.9  76.0 12.4 8.9 1.3
Table 8.20: B-axis tilt errors identified at theOy =  85, 0 and 85mm centre-
pivot positions
EA0B[µm/m] EC0B[µm/m]
Test  85mm 0mm 85mm  85mm 0mm 85mm
1  115.8  113.2  128.7  39.7  37.9  36.8
2  105.0  94.9  114.8  37.7  30.2  38.0
3  108.2  104.4  120.4  43.2  39.7  41.1
4  81.1  80.2  93.9  41.1  23.9  39.2
5  105.7  104.4  115.0  43.6  41.1  39.7
6  114.5  109.1  127.0  44.0  45.0  42.0
7  109.9  106.8  123.6  43.9  46.5  44.3
8  109.6  105.3  142.1  48.2  50.1  11.5
9  107.8  101.3  118.7  50.0  49.5  47.5
10  95.9  89.3  119.4  41.2  33.9  28.9
11  112.1  103.8  155.7  43.7  45.5  13.8
12  107.6  101.9  115.5  47.6  47.9  46.3
13  112.9  107.4  140.3  49.1  50.9  39.4
14  118.3  112.4  128.6  50.2  50.9  48.7







Figure 8-18: A comparison of B-axis errors measured at three di↵erent
centre-pivot locations, with a new set-up for each test
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Table 8.21: C-axis errors identified at the Oy = ±85mm centre-pivot posi-
tions
EX0C [µm/m] EY 0C [µm/m] EA0C [µm/m] EB0C [µm/m]
Test  85mm 85mm  85mm 85mm  85mm 85mm  85mm 85mm
1 111.2 101.8  25.8  27.1 48.0 41.5  203.0  205.2
2 111.6 102.5  31.5  31.7 61.2 52.6  203.2  202.9
3 111.1 101.1  29.9  31.6 56.5 47.6  203.9  200.0
4 112.2 102.9  32.2  29.8 81.1 74.9  209.2  209.2
5 112.2 101.3  23.9  23.4 58.2 51.8  205.8  207.1
6 111.6 101.6  23.3  24.8 49.8 39.3  204.4  201.4
7 111.7 101.0  26.2  27.0 56.8 43.7  205.9  201.7
8 110.7 107.6  27.4  29.8 52.3 28.2  202.7  203.3
9 109.7 100.1  28.9  29.3 56.9 47.5  199.3  199.8
10 112.6 103.9  22.9  25.2 65.0 48.0  211.4  211.3
11 113.2 105.7  19.9  21.1 53.6 12.3  209.3  207.9
12 113.6 103.0  21.9  23.5 55.9 49.3  210.4  206.9
13 112.1 101.8  23.7  23.7 50.7 24.5  206.8  204.8
14 111.0 100.6  24.2  24.7 48.1 38.1  205.3  203.2
15 111.3 102.1  26.1  27.8 52.3 39.1  203.9  201.5
Visual inspection of the bar charts for the B-axis errors (Figure 8-18) shows varying
degrees of agreement between errors measured using the Oy =  85, 0 and 85mm centre-pivot
positions. The error EX0B appears to be reducing linearly as the Oy becomes more positive.
The maximum di↵erence between values at di↵erent centre-pivot positions is approximately
10µm. Error EZ0B has large fluctuations, which reflect the expectation that tool-cup length
error significantly influences this error. Despite these fluctuations, the majority of cases show
close agreement between two or three of the centre-pivot positions. There is close agreement
between the centre-pivot positions Oy =  85mm and 0mm for error EA0B. However, values
for EA0B at Oy = 85mm are consistently larger. In most cases, there is good agreement
between all three centre-pivot positions for the error EC0B. However, in a third of cases, the
values at Oy = 85mm are notably smaller than the other two positions.
A similar visual inspection of the bar charts for the C-axis errors (Figure 8-19) again
shows varying degrees of agreement between errors measured using the Oy =  85 and 85mm
centre-pivot positions. There is a clear and repeatable di↵erence between the error EX0C as
measured at the Oy = ±85 centre-pivot positions. It is consistently smaller at Oy = 85mm by
a margin of approximately 10µm. In contrast, there is generally very good agreement between
the two positions for EY 0C , reflected by in the similarities of columns one and three for each




(b) Error EY 0C
(c) Error EA0C
(d) Error EB0C
Figure 8-19: A comparison of C-axis errors measured at two di↵erent centre-
pivot locations, with a new set-up for each test
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There are three examples of large di↵erence between the two measured values. However, for
the remaining 12 repeats the di↵erence is repeatedly within approximately 10µm/m. Finally,
EB0C shows a consistently close agreement between the two centre-pivot positions.
To formalise the comparison of results gathered at di↵erent centre-pivot positions, a
Wilcoxon Signed Rank test was conducted to compare the medians of the data sets. The use
of this non-parametric hypothesis test was motivated by the presence of significant outliers
in the individual data sets and also in the di↵erence between data sets (one subtracted from
the other). In addition to this, skewness in the data introduced a further violation of the
assumptions necessary for a parametric paired t-Test. Error comparisons were made between
all pairs of centre-pivot positions e.g. Oy =  85mm vs. Oy = 0mm etc. The null hypothesis
(H0) in all cases was that the median di↵erence between pairs of data is zero. All hypothesis
tests were conducted at the ↵ = 0.05 significance level. To summarise the findings, Tables
8.22 (B-axis) and 8.23 (C-axis) list the estimated median, the z-score of the Wilcoxon Signed
Rank test, the associated two-tail p-value, the e↵ect size and the decision as regards the null
hypothesis at the ↵ = 0.05 significance level.
For all but two errors, a statistically significant di↵erence exists between samples. The
statistically significant di↵erences prompt a rejection of the null hypothesis. The two ex-
ceptions to this are EZ0B at Oy =  85mm and Oy = 0mm, and EC0B at Oy =  85mm
and Oy = 0mm, where there is insu cient evidence to reject the null hypothesis. Using the
e↵ect sizes to quantify the perceptibility of the di↵erence between groups, the correlation
coe cient, r, is considered. The following general rules apply: r = 0.1, r = 0.3 and r = 0.5,
represent small, medium and large di↵erence between groups, respectively. All but the same
two errors have medium to large e↵ect sizes, giving certainty that there is a systematic di↵er-
ence between centre-pivot positions. Those comparisons in which the null hypothesis cannot
be rejected are also associated with small e↵ect sizes. This casts a degree of doubt over
the assumption that these errors can be measured interchangeably at di↵erent centre-pivot
positions. From this analysis it is concluded that error sources do not manifest themselves in
an identical manner across all three centre-pivot positions. Despite this finding, there may
still be significant value embedded within the measured error source data.
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Table 8.22: Results from the Wilcoxon Signed Rank test, showing the me-
dian di↵erence between B-axis errors measured at di↵erent
centre-pivot locations within each repeat (i.e. paired data)
Error Test Median z-Score p-Value E↵ect Size (r) Decision
EX0B
Oy =  85mm -86.9 3.408 p <0.001 -0.622 Stat. sig. di↵.
Oy = 0mm -82.4
Oy =  85mm -86.9 3.408 p <0.001 -0.622 Stat. sig. di↵.
Oy = 85mm -77.4
Oy = 0mm -82.4 3.408 p <0.001 -0.622 Stat. sig. di↵.
Oy = 85mm -77.4
EZ0B
Oy =  85mm 17.2 1.306 p =0.191 0.238 No stat. sig. di↵.
Oy = 0mm 17.9
Oy =  85mm 17.2 3.408 p <0.001 0.622 Stat. sig. di↵.
Oy = 85mm 9.2
Oy = 0mm 17.9 3.237 p =0.001 0.591 Stat. sig. di↵.
Oy = 85mm 9.2
EA0B
Oy =  85mm -109.6 3.408 p <0.001 -0.622 Stat. sig. di↵.
Oy = 0mm -104.4
Oy =  85mm -109.6 3.408 p <0.001 0.622 Stat. sig. di↵.
Oy = 85mm -123.6
Oy = 0mm -104.4 3.408 p <0.001 0.622 Stat. sig. di↵.
Oy = 85mm -123.6
EC0B
Oy =  85mm -43.9 0.738 p =0.460 -0.135 No stat. sig. di↵.
Oy = 0mm -45.5
Oy =  85mm -43.9 3.237 p =0.001 -0.591 Stat. sig. di↵.
Oy = 85mm -39.4
Oy = 0mm -43.9 1.988 p =0.047 -0.363 Stat. sig. di↵.
Oy = 85mm -39.4
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Table 8.23: Results from the Wilcoxon Signed Rank test, showing the me-
dian di↵erence between C-axis errors measured at di↵erent
centre-pivot locations within each repeat (i.e. paired data)
Error Test Median z-Score p-Value E↵ect Size (r) Decision
EX0C
Oy =  85mm 111.7 3.408 p <0.001 0.622 Stat. sig. di↵.
Oy = 85mm 101.8
EY 0C
Oy =  85mm -25.8 2.329 p =0.020 0.425 Stat. sig. di↵.
Oy = 85mm -27.0
EA0C
Oy =  85mm 55.9 3.408 p <0.001 0.622 Stat. sig. di↵.
Oy = 85mm 43.7
EB0C
Oy =  85mm -205.3 0.738 p =0.047 -0.363 Stat. sig. di↵.
Oy = 85mm -203.3
Let it be assumed that B-axis errors measured in the Oy = 0mm centre-pivot position
and C-axis errors measured in the Oy =  85mm position are correct and conventional. The
measurements taken in di↵erent testing locations can be assessed more pragmatically by
calculating the the residual between pairs of error measurements. In other words, if a perfect
compensation could be made based upon the incorrectly identified error values, what would
the magnitude of the remaining error be? Table 8.24 explores this notion and gives the mean
residual error between pairs, and the mean ratio of the residual error compared with the
original (‘correct’) error magnitude.
Table 8.24: Mean residual errors calculated by subtracting the errors mea-
sured in the conventional centre-pivot location from those mea-
sured in an unconventional location. The ‘Ratio’ expresses the
size of the residual with respect to the original baseline values.
Oy =  85mm Oy = 85mm
Error Baseline Mean Residual Ratio Mean Residual Ratio
EX0B[µm]  82.2 1.0 0.012  4.8 0.058
EZ0B[µm] 15.5  1.9 0.122 8.4 0.542
EA0B[µm/m]  102.7  5.1 0.050 22.0 0.214
EC0B[µm/m]  43.0  1.9 0.044  6.3 0.147
Oy = 85mm
Error Baseline Mean Residual Ratio
EX0C [µm] 111.7 9.2 0.082
EY 0C [µm]  25.8 0.8 0.031
EA0C [µm/m] 56.4 13.8 0.244
EB0C [µm/m]  205.6  1.2 0.006
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Table 8.24 confirms that despite the statistically significant di↵erences between centre-
pivot positions, it is still possible to greatly reduce B-axis errors based upon measurements
taken the Oy =  85mm position. B-axis errors measured at the Oy = 85mm would be less
e↵ective in compensation, with mean ratios as large as 0.542 (EZ0B). For C-axis errors, highly
e↵ective compensation could be achieved using both centre-pivot positions (Oy = ±85mm).
However, EA0C has a large mean ratio (0.244), which could severely inhibit compensation if
it was measured using the Oy = 85mm centre-pivot position.
8.9 Comparisons with Existing Methods
If a reduced set-up time and testing automation are desirable in an industrial setting, the
new single set-up method can be viewed as a viable replacement for existing methods if it
can be shown that the error source information is of equivalent or superior quality. In this
section, the assumption that all machine tool axes can be modelled as straight line elements
is used to test the errors captured using existing best practice and the new testing method(s)
proposed throughout this research.
If the assumption that all linear and rotary axes may be modelled as stationary straight
line elements is valid, measurements taken at di↵erent centre-pivot locations should result
in the same errors once they are projected back to the origin. This section shows that
the the spindle-indexing method and linear axis squareness corrections combine to support
this assertion, whereas existing methods struggle to identify the same errors at di↵erent
locations. The methodology used to test this notion uses the measurements taken at the Oy =
 85, 0, 85mm positions described in the previous section. Three approaches are then used to
process the measurements, each representing various examples of existing best practice:
Method 1. Use only the radially aligned test results associated with the spindle orientation
SPOS = 0  to identify the centroid coordinates of the LS circle. Also assume that
linear axis squareness errors are all zero. This represent a ‘no correction’ state for
the tool-cup and set-up generally, and also the linear axis location errors.
Method 2. The same as Method 1 but with the inclusion of the spindle-indexing method to
process the radially-aligned testing data.
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Method 3. Process measurement data using spindle-indexing and linear axis squareness cor-
rection.
Using these three testing methods, measurement data is converted into geometric errors
and these are projected back to the machine tool origin. The B-axis errors measured at
the Oy = 0mm position are subtracted from those taken at the Oy = ±85mm positions.
Similarly, the C-axis errors measured at the Oy =  85mm position are subtracted from
those measured at Oy = 85mm position. In an ideal case, these subtractions would result in
a value of zero for all errors, indicating that errors have been measured equivalently at each
di↵erent centre-pivot location.
Table 8.25 contains the mean (q¯k) and the standard deviation (s(qk)) of the di↵erences
between errors measured at di↵erent locations. These values are supplemented by the interval
plots in Figures 8-20 - 8-22, which show the distribution of residuals (after subtractions) about
the ideal zero point.
Table 8.25: The mean and standard deviation of the residual between er-
rors measured at di↵erent centre-pivot locations using the three
di↵erent testing methods
Oy =  85mm vs. Oy = 0mm Oy = 85mm vs. Oy = 0mm
Method 1 Method 2 Method 3 Method 1 Method 2 Method 3
Error q¯k s(qk) q¯k s(qk) q¯k s(qk) q¯k s(qk) q¯k s(qk) q¯k s(qk)
EX0B [µm] 22.5 100.6 5.5 6.7 4.6 0.8 10.2 100.7  7.5 1.3  4.8 1.3
EZ0B [µm]  15.1 9.0  3.8 9.3  1.0 9.1 8.1 9.1 12.2 9.1 8.4 9.2
EA0B [µm/m] 5.1 2.5 5.1 2.5 5.1 2.5 22.0 11.2 22.0 11.2 22.0 11.2
EC0B [µm/m] 1.9 5.4 1.9 5.4 1.9 5.4  6.3 14.0  6.3 14.0  6.3 14.0
Oy = 85mm vs. Oy =  85mm
Method 1 Method 2 Method 3
Error q¯k s(qk) q¯k s(qk) q¯k s(qk)
EX0C [µm]  13.9 3.5  12.9 7.0  9.2 1.9
EY 0C [µm]  34.0 86.5  0.8 1.2  0.8 1.2
EA0C [µm/m] 13.9 9.8  13.9 9.8  13.8 9.8
EB0C [µm/m] 1.1 2.0 1.1 2.0 1.2 2.0
Figure 8-20 contains interval plots constructed by subtracting the B-axis errors from
the Oy = 0mm position from the same errors measured at the Oy =  85mm positions.
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Intervals are shown for all three testing and error diagnosis methods as described above. It
is important to note that these graphs do not give an indication of correctly identified error
values, but the consistency between errors measured at di↵erent centre-pivot positions. It
can be seen from Figure 8-20 that only radial o↵set errors are influenced by the introduction
of the spindle-indexing method and the linear axis squareness correction. This is because
the spindle-indexing method is not used during axial tests and the the squareness correction
only o↵sets the measured tilt error quantities by a constant term to account for the tilt in
the linear axis plane of motion.
It is clear that the spindle-indexing method is of critical importance in identifying EX0B.
Figure 8-20a has been zoomed-in to show the details of methods 2 and 3. It is su cient to
say that the mean and 95% confidence interval for Method 1 are too large for machine tool
verification purposes. Method 3 shows an advantage over Method 2 as its mean is closer to
zero and its 95% confidence interval is much narrower than Method 2. It can be seen that
Method 3 has removed the outlier that adversely a↵ects Method 2, which is interesting given
that methods 2 and 3 process the same measurement data. Figure 8-20b again shows that the
agreement between EZ0B values increases with the introduction of spindle-indexing and then
again with the introduction of linear axis squareness correction. This supports the continued
use of both additional techniques in B-axis testing.
Inspection of Figure 8-21 shows that most of the patterns observed in the previous com-
parison of B-axis errors measured at the Oy =  85mm and Oy = 0mm positions are seen
when the Oy = 85mm centre-pivot position is compared. Error EZ0B is an exception as
Method 1 has the smallest mean (8.1µm) and standard deviation (9.1µm). Method 2 in-
troduces spindle indexing, which increases both the mean and standard deviation, indicating
that spindle-indexing in isolation increases the variability and reduces the agreement between
centre-pivot positions for this error. The introduction of squareness correction in Method 3
corrects this issue, reducing the mean to 8.4µm and the standard deviation to 9.2µm, which
is commensurate with Method 1.
Inspection of the C-axis errors highlights some interesting phenomena (Table 8.25 and
Figure 8-22). Firstly, using Method 1 to measure the error EX0C has noticeably lower stan-
dard deviation than using Method 1 to measure EY 0C . Both of these errors are adversely
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(a) Error EX0B (b) Error EZ0B
(c) Error EA0B (d) Error EC0B
Figure 8-20: Interval plots showing the agreement between B-axis errors
measured at di↵erent centre-pivot locations (Oy =  85mm vs.
Oy = 0mm) when three di↵erent testing methods are used.
a↵ected by tool-cup errors in X and Y , yet these plots give the impression that the tool-cup
errors are not a↵ecting the standard deviation of EX0C . This is due to the definition of error
EX0C , which is defined as being the o↵set error in the X-direction between the C-axis and
the B-axis. When spindle indexing is not used, the tool-cup errors point in the same direction
for both radial B and radial C-axis tests. So despite the location of the axis average lines
almost certainly being incorrect, the size of the o↵set between the two axis lines can still be
measured in a repeatable manner.
Method 3 shows improved mean and standard deviation as compared with methods 1
and 3 when measuring EX0C . Methods 2 and 3 give identical characteristics when measuring
EY 0C and both are a large improvement on Method 1. In both centre-pivot positions, the
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(a) Error EX0B (b) Error EZ0B
(c) Error EA0B (d) Error EC0B
Figure 8-21: Interval plots showing the agreement between B-axis errors
measured at di↵erent centre-pivot locations (Oy = 85mm vs.
Oy = 0mm) when three di↵erent testing methods are used.
radial C-axis test was conducted with the tool-tip motion in a circular path of small radius
(15mm). This is achieved by extending the TMBB away from the centre-pivot and towards
the centre of the C-axis table. This greatly reduces the impact of linear axis squareness e↵ects
on this test as they are a function of the length axis travel. Hence, there is no appreciable
di↵erence between methods 2 and 3. If the tool-tip motion was in a concentric circle that




(a) Error EX0C (b) Error EY 0C
(c) Error EA0C (d) Error EB0C
Figure 8-22: Interval plots showing the agreement between C-axis errors
measured at di↵erent centre-pivot locations (Oy =  85mm vs.
Oy = 85mm) when three di↵erent testing methods are used.
8.10 Summary
In Chapter 7, the VMT was used to develop candidate TMBB testing toolpaths and data
processing techniques to identify all rotary axis location errors from a single centre-pivot
position. These methods were proven within this virtual environment and found to be highly
e↵ective in error diagnosis. In this chapter, these candidate techniques were experimentally
validated for two reasons: (i) to confirm that the VMT accurately reproduces the true be-
haviour of a commercial machine tool and TMBB, and (ii) to demonstrate the ability of the
proposed testing methods to accurately and repeatably identify rotary axis location errors.
This validation process was divided into five phases.
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Firstly, an investigation into the suitability of using a dial-gauge and non-contact laser
tool setting probed to measure the tool-cup length was assessed. This is a critical part of
the measurement process as tool-cup errors in Z are inseparable from error EZ0B. Both
measurement methods produced similar experimental standard deviations in repeated mea-
surements. However, there was a statistically significant di↵erence between the length values
of the two methods. The dial gauge method was selected for continued use due to its inherent
portability and lower cost. By overriding the tool-cup length in the controller, it was found
that a y = x relationship exists between EZT and EZ0B, confirming the findings of VMT.
The VMT identified that spindle-indexing could potentially be used to remove the need to
manually align an adjustable tool-cup, significantly reducing set-up durations. Experimental
results showed a close agreement between the centroid coordinates identified using an aligned
tool-cup and those identified using the standard tool-cup and spindle-indexing. The spindle-
indexing method was capable of accommodating tool-cup misalignments as large as 451µm,
whilst maintaining a close agreement with aligned tool-cup method.
The VMT highlighted the significant e↵ects that linear axis squareness errors can have
on both radially and axially-aligned TMBB tests. Corrections for these e↵ects were devised
in the previous chapter and experiments have confirmed that these are highly e↵ective. This
was achieved by comparing tests that require synchronised linear and rotary axis motion with
equivalent tests that only require rotary axis motion. In C-axis tests, there was no statistically
significant di↵erence between the centroid coordinates in the Y -direction between the two
methods, making the corrections equivalent to tests where no linear axis motion is used. There
was a significant di↵erence between the centroid coordinates in the X-direction. However, the
mean di↵erence was su ciently small (< 1µm) to accept the squareness correction technique
for continued use in radial tests. A similar analysis was conducted on axially aligned C-axis
tests. Two radial tests were used to give an alternative interpretation of the C-axis tilt errors,
which were independent of tilt errors in the XY -plane. The di↵erence between C-axis tilt
errors measured using two radial tests and those measured using an axially-aligned C-axis test
was significantly less when corrections were applied. The mean di↵erence before correction
were 45.3µm/m and 47.5µm/m for tilt about Y and X-directions, respectively. The mean
di↵erences after correction were  8.9µm/m and 6.3µm/m.
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Experiments using a single apparatus installation for 31 repeated measurements showed
that the inherent variation associated with the machine tool axis repeatability, the measure-
ment uncertainty of the TMBB, the unwanted movement of the centre-pivot and tool-cup
and the data processing chain is low. Values were found to be small compared to reference
acceptance thresholds for errors found in ISO 13041-1:2004 (ISO, 2004). The newly proposed
testing techniques, including all corrections were then scrutinised with repeated measure-
ments. This time, the apparatus were disassembled, recalibrated and reassembled between
each repeat. The experimental standard deviations increased by between 2.5  7.1 times the
original value (depending on the error), highlighting the significant impact that the set-up
procedure has on the measurement uncertainty. Comparisons between these larger standard
deviations and the error acceptance thresholds of ISO 13041-1:2004 (ISO, 2004) showed that
some o↵set errors cannot be measured with a su cient repeatability to be useful in accep-
tance testing in accordance with these values. Measurement of tilt errors was found to be
su ciently repeatable for acceptance testing against these thresholds. Uncertainty associated
with measuring linear axis squareness errors was found to be accountable for up to half of
the variability in the measured rotary axis errors.
The Monte Carlo uncertainty analysis conducted within the VMT clearly showed that as
component errors become larger with respect to location errors, the accuracy and repeatabil-
ity of the proposed methods begins to deteriorate. Depending on the errors in the machine
tool, locations errors may not be equivalently measured at di↵erent centre-pivot locations.
Experimental findings support this notion, as statistically significant di↵erences were found
between errors measured at the Oy =  85, 0 and 85mm centre-pivot positions. This high-
lights the potential risks associated with conducting all TMBB tests using a single set-up,
as component errors and other extraneous e↵ects may influence the perceived location error
values. However, a comparison of the newly proposed measurement and correction techniques
resulted in an improved agreement between o↵set errors measured at di↵erent centre-pivot





In this chapter, the activities conducted for this research and the observations and results of
the simulation and experimental work are critically discussed. Discussions relate to the aims,
objectives and scope of this research and are later used to formulate the conclusions.
9.2 State-of-the-Art Literature Review of Telescoping
Magnetic Ballbar (TMBB) Testing of Machine Tools
One of the objectives of this research was to review and critically assess the state-of-the-art
in TMBB testing of machine tools. Having completed this review (Chapter 3), this area of
research was found to be growing, fuelled by recent interest in rotary axis testing. The major
challenges and deficiencies associated with this research area were identified as follows:
i. Direct testing of rotary axis errors is generally only possible if the rotary axis average
line is accessible to the tool-tip. This is often found not to be the case in small to
medium sized machine tools, necessitating synchronised linear and rotary axis interpo-
lations to maintain TMBB alignment and relative separation between the two spheres.
This presents a significant challenge when validating indirect testing methods for rotary
axes with an inaccessible rotary axis average line.
ii. Section 3.6.3 identified that set-up errors in the tool-cup acting in the Z-direction are
often completely inseparable from rotary axis radial o↵set errors. Tool-cup errors acting
in radial directions (X and Y ) directly influence the identification of rotary axis radial
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o↵set errors, but are not inseparable. This prompts the use of adjustable tool-cups to
manually remove these errors, which is a time-consuming process that requires significant
levels of manual dexterity.
iii. Research that is experimentally validated, uses a single testing set-up and considers linear
axis, rotary axis and set-up errors is limited to one existing case (Yang et al., 2015). This
case, as discussed in Section 3.5.6, uses a linearised kinematic model to relate machine
tool errors to TMBB length measurements. This is then used to fit errors to length mea-
surements on a maximum likelihood basis. Despite being unquestionably powerful, there
is significant mathematical complexity associated with generating a linearised machine
tool kinematic model and error identification algorithms. Furthermore, the arbitrary
nature of the tool-path makes standardisation across a di↵erent of machine tools chal-
lenging, and NC programming complex. The model-based method also makes a targeted
analysis of a sub-set of machine tool errors very di cult due to the need to identify all
errors simultaneously.
iv. Section i identified that only two studies (Lee and Yang, 2013b; Lee and Yang, 2013d)
have considered the uncertainty of measurement in rotary axis TMBB testing. In both
cases, an analytical approach following the guidelines of ISO 230-9:2005 (ISO, 2005b)
was used and this was expedited by using tests with no linear axis motion. Until now, no
uncertainty analysis has been undertaken to date on rotary axis TMBB tests that require
synchronised linear and rotary axis motion. This was identified as a major research gap
in the current state-of-the-art and was therefore addressed in this research.
v. Existing research has considered the use of sensitivity analysis to study the e↵ects of
location and set-up errors on TMBB tests for rotary axes. Section 3.9.2.i found that
this has generally been limited to One Factor at a Time (OFAT) techniques, which place
stringent assumptions on the interactions between errors sources. Furthermore, it is
exceedingly labour-intensive to consider a large number of error sources in this manner.
The future vision for TMBB testing of Five-Axis Machine Tools (5A-MTs) was developed
in Section 3.10 and summarised using five major attributes. Testing should be ‘complete’
by considering the e↵ects of linear axis, rotary axis and set-up errors. It should be ‘robust ’
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insomuch as it identifies rotary axis errors in a repeatable manner in the presence of set-up
errors and linear axis errors. This should be complimented by ‘accessible’ testing methods,
which are well-defined and straightforwardly programmed, whilst avoiding overly complex
data processing procedures and additional testing hardware. Testing and data analysis tech-
niques should be ‘proven’ through rigorous simulation and experimentation. This should
include sensitivity and uncertainty analysis. Finally, testing techniques should ideally be
‘rapid ’ to maximise industrial relevance. This implies that increased automation and a re-
duced number of set-ups and peripheral procedures should be pursued. These five metrics
were later used to formulate the aims and objectives of this research.
9.3 Development of a Virtual Machine Tool and Ballbar
Testing Environment
Throughout this research, many of the design and validation phases were conducted via
simulation. All of these required a kinematic model of a 5A-MT with a specific size and
axis configuration (structural loop). The literature review of Chapter 2 explored numerous
machine tool modelling approaches and established homogeneous transformation matrices
as the most widely used error-inclusive kinematic modelling paradigm. This approach was
therefore adopted as the kinematic modelling technique throughout this research. Chapter 2
also highlighted the inherent advantages of using a modular and reconfigurable architecture
to construct a virtual machine tool model that can be re-purposed to analyse numerous
and varying machine tool configurations. This notion was exploited to great e↵ect in the
work of Fesperman et al., (2015) in their ‘Reconfigurable Data Driven Virtual Machine Tool
(RDDVMT)’.
9.3.1 Architectural Similarities and Di↵erences Between the VMT and
the Work of Fesperman et al.
The Virtual Machine Tool (VMT) was inspired by research by the RDDVMT (Fesperman
et al., 2015) insomuch as it uses a reconfigurable and modular architecture to automatically
model the machine tool kinematic profile, error profile and testing simulation profiles. In
this regard, the VMT only subtly extends the functionality of the RDDVMT. This subtle
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di↵erence lies in the ability to specify location and component errors of a machine tool axis,
independently of each other. This is a traditionally challenging task, as the location errors are
by definition a by-product (property) of the perceived component errors. This was achieved
by manipulating the randomly generated component error functions to either set their mean
value to zero (rotary axis errors) or remove any trends (gradient and intercept o↵set) from the
function (linear axis errors). Fesperman et al., (2015) circumvent this issue, as their model is
data-driven i.e. real error source information is entered into the model, ensuring the correct
agreement between location and component errors.
The VMT further extends the RDDVMT through the inclusion of two further function-
alities. The first of these is a variance-based sensitivity analysis module, which repeatedly
simulates TMBB tests with randomly varying error source inputs. This module can be used
to decompose the variance observed in the Least-Squares (LS) fitting parameter outputs and
apportion aspects of this variance to input error sources. To the best of the author’s knowl-
edge, this sensitivity analysis approach has never before been used in machine tool accuracy
testing. The limited research addressing sensitivity analysis in TMBB testing has typically
used OFAT sensitivity analysis (Zargarbashi and Mayer, 2006; Xiang et al., 2014), which
does not accommodate interaction between inputs and increasingly under-explores the input
parameter space as the the number of inputs increases (Saltelli and Annoni, 2010). The only
exception to this is the work of Abbaszadeh-Mir et al., (2003), which uses the Singular Value
Decomposition (SVD) and other matrix operations. However, this method is reliant on the
formulation of a linearised machine tool kinematics model, which is complex to create and
validate.
The second additional functionality is a Monte Carlo uncertainty analysis module. This
also repeatedly simulates TMBB tests with randomly varying error source inputs. Chapter 3
highlighted that the only existing uncertainty analysis relating to TMBB testing of rotary axes
is found in Lee and Yang, (2013d) and Lee and Yang, (2013b). Both of these research e↵orts
use an analytical approach in accordance with ISO230-9:2005 (ISO, 2005b), which is expedited
by not using linear axis motion in their tests; a convenient by-product of having tool-tip access
to the rotary axis average line. This research recognises the step-change in contributors to
the uncertainty budget in synchronised linear and rotary axis interpolations. The inclusion
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of a Monte Carlo uncertainty analysis module, which can accept all location, component,
set-up and instrument reading errors as inputs, helps to address this issue. Although this
approach has been adopted with other machine tool metrology instruments such as the R-
Test (Bringmann and Knapp, 2006; Bringmann, 2007; Bringmann and Knapp, 2009), no
examples have been found for its usage with TMBB testing.
9.3.2 Known Limitations
A known limitation of the VMT resides in the perception of component errors. These errors
are defined at the origin of each axis drive coordinate frame. However, as highlighted by
Ekinci and Mayer, (2007) and demonstrated in Section 6.8.1, angular errors are correlated
with positioning and straightness errors in linear axes. As such, their e↵ect increases as a
reference point gets further away from the coordinate frame origin. When testing machine tool
errors, it is of critical importance to stipulate where the test is conducted. This accounts for an
increasing or diminishing contribution from the angular errors. As all component and location
errors are defined at the coordinate system origin, they will be di↵erent from the errors
perceived by a given TMBB test, which typically measures errors locally. This phenomenon
has not been investigated further, as accounting for component errors is outside of the scope
of this research. The current definitions are correct and also intrinsically pessimistic as they
will only exaggerate the di↵erence between the measured result and the true value.
9.4 Development of Ballbar Testing Methods in the Virtual
Machine Tool
The VMT was used to develop a new, single set-up TMBB testing procedure for identifying
locations errors within 5A-MT of tilting-rotary table type. The principle aim of this research
was to develop a means to measure all linear and rotary axis location errors from a single
centre-pivot location. It was hypothesised that all such errors could be measured from a single
o↵-axis centre-pivot location if all machine tool axes could reasonably be approximated as
straight lines with fixed position and orientation. The VMT, combined with previous research
confirmed that the radial location of a rotary axis average line could be characterised by the
centroid of a LS circle, fitted to radially-aligned testing data. Likewise, it was established
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that the LS plane was an intuitive and robust method for identifying orientation errors in
rotary axes. Using the direction unit vector and a point on the rotary axis average line, a
method to project rotary errors back to the machine tool origin was developed.
Using variance-based sensitivity analysis, linear and rotary axis location errors and set-up
errors could be mapped onto LS fitting parameters. Furthermore, this functioned as a screen-
ing to identify errors that have a negligible e↵ect on each fitting parameter. This simplified
the formulation of mathematical relationships between error sources and fitting parameters,
which were derived using a finite-di↵erencing approach. This sensitivity analysis also helped
identify error parameters that were inseparable from the point of view of the available fitting
parameters. This analysis confirmed that axially and radially-aligned TMBB tests would
be incapable of separating tool-cup error, EZT , from B-axis error, EZ0B. Therefore, it is
necessary to physically minimise EZT , whereas all other errors could be separated without
complication.
The e↵ects of linear axis squareness errors were removed from rotary axes tests by first
conducting three planar circular tests to identify linear axis squareness errors. These values
were then used to form an oblique coordinate system transformation to represent the ‘true’
tool-tip motion. All linear axis squareness errors were measured with the centre-pivot in the
centre of the C-axis table. This is not one of the single set-up testing locations but has the
advantage of being in the vicinity of all three of the explored centre-pivot locations, namely:
Oy =  85mm, 0mm, and 85mm. This greatly reduced the number of tests to be conducted
in repeated experiments, which resulted in recording more data on any given day. This was
desirable in terms of being able to compare data with similar ambient conditions, as this
could not be guaranteed on consecutive days. Further to this, the entire premise of this
research centres on all machine tool axes being approximated as straight lines. By testing
for linear axis squareness in a di↵erent location to the single set-up centre-pivot positions
(Oy = ±85mm), this assumption could also be tested.
Tool-cup errors acting in the X and Y -direction have significant and detrimental e↵ects
on radially aligned tests. Existing research and international standards recommend the use of
an adjustable tool-cup to manually remove these errors. This process is very time consuming
and requires high levels operator dexterity. It is the author’s opinion that these attributes
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needlessly risk degrading data integrity and make verification processes unattractive to in-
dustrial parties seeking to maximise productivity. In an attempt to alleviate these risks, the
spindle-indexing method was conceived to completely remove the need to tool-cup adjust-
ment via modified hardware. The VMT illustrated that by using three equally-spaced spindle
orientations (0, 120 and 240 ), the average of the identified centroid coordinates would cancel
the e↵ects of radial tool-cup error. This was shown to be highly e↵ective in simulations for
both radial B and C-axis tests. This notion has been used in touch-trigger probe routines to
maintain a constant direction of approach when probing e.g. a cylinder. However, to the best
of the author’s knowledge, such a method has not been used in TMBB testing of machine
tools.
Having defined testing toolpaths and associated error identification algorithms, the VMT
was used to conduct a Monte Carlo uncertainty analysis of the entire set-up, measurement
and data processing chain. This marks the first such study, where Monte Carlo simulation
has been used to evaluate measurement uncertainty in rotary axis TMBB testing. Four
error scenarios were considered to identify the operational limits of the proposed single set-
up method. It was found that the method was highly e↵ective if component errors were
negligibly small compared to location errors. When all component errors were set to zero,
the standard uncertainty was found to be commensurate with the values presented in Lee and
Yang, (2013b), with the exception of EZ0B, which was always large due to highly conservative
estimates of its variance. When the magnitude of component errors was fixed to 5% of the
location error magnitude, the standard uncertainty was found to be between 2.8   4.6 and
1   2.5 times larger than the values presented in Lee and Yang, (2013d) for o↵set and tilt
errors, respectively. The methods in this research require synchronised linear and rotary axis
interpolation, whereas the methods reported in Lee and Yang, (2013b) and Lee and Yang,
(2013d) do not. As such, an increase in standard uncertainty is expected for all error sources.
The fact that the standard uncertainties only increase by the values previously outlined is
viewed as a positive outcome.
It should be noted that when component errors are limited to 20% of the location error
magnitude, the measurement uncertainty becomes unsuitably large for machine tool verifica-
tion purposes. This clearly highlights the prevailing requirement for component errors to be
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small compared to location errors for the proposed method to function correctly. It should
also be noted that the standard uncertainty values reported in this research are likely to be
pessimistic due to the aforementioned limitation associated with component error represen-
tation in the VMT. This notion is reflected in the fact that mean residual between the given
and identified error values gets further from zero as the component error e↵ects get larger.
This is indicative of larger angular errors having an increasingly detrimental e↵ect on tests,
all of which are o↵set from the axis drive.
9.5 Rapid and Robust 5-Axis Machine Tool Verification
Using the Ballbar
The final set-up, measurement and data processing procedures for the single set-up method
are detailed in Figure 9-1. The experimental evaluation of the single set-up testing method
and associated data processing techniques was broken down into five distinct phases. These
are discussed in detail in the following subsections.
9.5.1 Reproducing Phenomena Found Within the VMT
One of the major challenges associated with this research is the need to find a means to verify
new testing techniques. When the average line of a rotary axis is accessible to the tool-tip,
standardised direct measurement techniques can be used to identify location and component
errors. When this is not the case, validation of indirect measurement techniques becomes
considerably more challenging. Where possible, concepts that could be generalised to any
rotary axis were exploited such that they could be evaluated on the C-axis, which had an
accessible average line. These could then be validated with alternative and advantageous
measurement techniques. The VMT identified five phenomena that adversely a↵ect rotary
axis TMBB testing. These fall into the categories of how tool-cup errors impact radially-
aligned tests and how the e↵ects of linear axis squareness errors a↵ect axially and radially-
aligned tests.
The first investigation considered the inseparable errors EZT and EZ0B. As previously
stated, no method for separating these errors has been found. Instead, minimising the error
EZT was used as an alternative strategy. To maintain portability, a known length tool and
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Figure 9-1: A flowchart documenting the final set-up, measurement and data
processing procedures of the single set-up method
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a dial gauge were viewed as a preferable alternative to on-machine laser tool setting probes.
Experimental evidence and statistical analysis found no significant di↵erence in the variance
between the two methods. This permits either method to be used without raising concerns
over measurement uncertainty. However, there was a tendency for the laser method to yield
shorter measurements than the dial gauge. It was assumed that this was due to the laser
being broken by the sphere at a position other than the lowest point. Future investigations
should seek to test this hypothesis. Existing research and the VMT highlighted that there
should be a direct correlation between EZT and EZ0B. However, little experimental evidence
has been given to confirm this relationship. The work of Fesperman et al., (2015) alluded to
an experimental validation of this phenomenon in conjunction with the a nested sensor array
(IBS R-Test). Section 8.4.3 showed that in repeated experiments, the tool-cup’s length could
be overridden in the controller and a 1 : 1 relationship was observed between synthetic EZT
values and the measured error EZ0B, confirming the supposed nature of this phenomenon
The second investigation sought to compare the errors measured using a manually aligned
tool-cup and those measured using the aforementioned spindle-indexing method. Radial B
and radial C-axis tests were conducted with the aligned tool-cup and the spindle indexing
method. The mean di↵erences in the LS circle centroid coordinates using the two methods
were all below 1.6µm. The minimum and maximum di↵erences between any centroid coordi-
nates were 0.2µm and 2.6µm, respectively. This confirmed the e cacy of the spindle-indexing
method, resulting in it being viewed as a preferable alternative to the more time-consuming
aligned tool-cup method. This marks a possible step-change in machine tool verification du-
rations, as all existing methods that consider set-up errors rely on the use of an adjustable
tool-cup.
Thirdly, this research considered the removal of linear axis squareness error e↵ects from
radially-aligned tests. By conducting radial C-axis tests with the tool-tip stationary on the
C-axis average line, centroid coordinates were identified without the influence of linear axis
squareness errors. The same axis was then tested using synchronised linear and rotary axis
interpolations and the two values were compared. It was found that partial-arc tests of a
rotary axis were significantly a↵ected by linear axis errors, whereas full circular paths were
not susceptible to these e↵ects. A statistically significant di↵erence was found between the X
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centroid coordinates but not in the Y centroid coordinate. Despite this significant di↵erent,
the residual between the two methods reduced by 65% and 68% for the X and Y centroid
coordinates when compared to the uncorrected case (mean di↵erences of 0.9µm and 1.0µm,
respectively). It should be noted that this method has not been unequivocally proven on
B-axis testing. Rather, is has been assumed with the support of the VMT that this method
generalises to the B-axis. An expanded future investigation should check this assumption on
a machine tool with an accessible B-axis average line.
Finally, this research explored the removal of linear axis squareness error e↵ects from
axially-aligned tests. An alternative approximation of C-axis tilt errors was generated using
two radially-aligned tests at axially separated locations. This method was insensitive to the
tiltedXY -plane caused by linear axis squareness errors. The C-axis direction vector identified
using this method was then compared to the same vector identified using the corrected and
uncorrected axial C-axis tests. The mean di↵erence between the two radial test method
and the axial C-axis tests reduced from 45.3µm/m to  8.9µm/m (X-component) and from
47.5µm/m to 6.3µm/m (Y -component). The linear axis squareness correction detrimentally
a↵ected the repeatability due to the inclusion of linear axis squareness variability in the
identified C-axis vector. Despite this increase, the experimental standard deviation was
su ciently low for machine tool verification purposes. A limitation of this study resided in
the fact that the two radial test method could not be viewed as an ideal reference. There
is still appreciable measurement uncertainty associated with this method (Lee and Yang,
2013b; Lee and Yang, 2013d), and the use of a steel spacer to conduct the higher test may
have induced a deflection in the machine tool’s structural loop. As static loading errors are
outside of the scope of this research, the e↵ect was assumed to be negligible. However, this
may not have been the case.
9.5.2 Repeatability Assessment, Excluding Set-up and Corrections
Some sources of measurement uncertainty manifest themselves in testing data, regardless of
the care taken in set-up and the use of compensations and corrections in testing and data
processing. The work detailed in Section 8.7 quantified this level of inherent variability, such
that it could later be separated from the variability introduced by operator intervention and
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various compensation and correction techniques. These values were thought of as the limit
of repeatability that could be expected from the proposed methods.
Values taken from ISO 13041-1:2004 (ISO, 2004) were used to represent acceptance criteria
in radial o↵set and tilt errors in rotary axes. The experimental findings confirmed that the
±2  interval for each error source were considerably smaller than the acceptance threshold
for the errors. The minimum and maximum standard deviations for radial o↵set errors were
0.348µm and 1.265µm (EZ0B). For tilt errors, the minimum and maximum experimental
standard deviations were 0.853µm/m (EB0C) and 2.408µm/m (EA0C). The assignations of
the minimum and maximum standard deviations are in full agreement with Simulation 2
of the uncertainty analysis of Section 7.9.1. There was also agreement with Simulation 3;
however, EY 0C has a marginally smaller standard deviation than EX0B (the second smallest)
in the Monte Carlo uncertainty analysis. The magnitude of these standard deviations with
respect to the acceptance thresholds confirmed that it is at least possible to use the proposed
set-up, measurement and data processing chain in rotary axis acceptance testing.
9.5.3 Repeatability Assessment, Including Set-up and Corrections
To identify the e↵ects that the set-up procedure and all corrections and compensations were
having on the measurement uncertainty, further repeated measurements were taken. In these
experiments all apparatus was removed, disassembled and then reassembled between repeats.
Furthermore, the machine tool axes were re-homed against their respective datum positions
and the TMBB was recalibrated. The experimental standard deviations increased by a factor
of 7.14, 3.96, 7.71, 3.14, 2.54, 7.85, 3.46, and 3.88 for errors EX0B, EZ0B, EA0B, EC0B, EX0C ,
EY 0C , EA0C and EB0C , respectively. The suitability of the proposed method to machine tool
acceptance testing was assessed by comparing the ±2  interval for each error against the
acceptance thresholds re-purposed from ISO 13041-1:2004 (ISO, 2004). It was found that the
uncertainty associated with radial o↵set errors rendered them broadly unusable against even
the largest acceptance threshold. On the other hand, tilt errors were generally found to have
a suitable repeatability to use them in acceptance testing scenarios.
The variability in measured errors when set-up and compensation variability was removed,
was su ciently low to be used in acceptance testing. Furthermore, tilt errors including these
269
Chapter 9
e↵ects had su ciently low variability to be used in acceptance testing too. This provides
compelling initial evidence to suggest that the TMBB could eventually be used in rotary
axis acceptance testing and general machine tool verification. In its current state, highly
e↵ective compensations can be made when location errors are large compared to the inherent
variability of the measurement process chain. However, without further development of
the process, it would be very challenging to meet small error acceptance thresholds with
a su cient degree of certainty.
9.5.4 Investigating the E↵ects of Measuring Errors at Di↵erent
Centre-Pivot Locations
This research operated under the assumption that all linear and rotary axes could be modelled
as straight-line elements with constant position and orientation. The single set-up method
proposed in this research hinges entirely upon the validity of this assumption. During the
development of the single set-up testing method and associated data processing techniques,
the VMT confirmed that all errors could be measured from unconventional, o↵set centre-pivot
locations. A caveat to this statement is that component errors must be small compared to
location errors and tool-cup errors in the Z-direction must also be small. Repeated TMBB
tests were undertaken at three centre-pivot positions, namely: Oy =  85mm, Oy = 0mm and
Oy = 85mm. This investigation assessed the validity of the straight-line axis assumptions
and also validated the proposed projection of errors back to the machine tool origin.
Statistically significant di↵erences were found between all but two cases for errors mea-
sured at the three centre-pivot positions. The e↵ect size was small in the two cases where a
statistically significant di↵erence was not found, casting doubt upon the equivalence. It was
therefore concluded that the rotary axis location errors could not be measured equivalently at
the di↵erent centre-pivot positions. It should be highlighted that this result is unique to the
machine tool used in this research, including its geometric errors. Therefore, this conclusion
cannot be taken as a general statement for all similar machines. The di↵erences between
error values measured at di↵erent locations is likely to be attributable to component errors
in the linear axes that a↵ect the rotary axis average lines. Alternatively, it is caused by
another un-modelled e↵ect that has not been identified by this, or any previous research. As
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it is only the centre-pivot’s Y -coordinate that changes between positions, component errors
in the Y -axis are the most likely cause of any di↵erences. Future investigations operating
under an wider scope could would ideally focus characterising such influences to confirm this
prediction.
It is the author’s opinion that measurement techniques for rotary axes with an inaccessible
average line require significant further development. There are no standardised direct meth-
ods for measuring errors in axes of this kind. Without such a ‘gold standard’ against which
to validate indirect methods, unequivocally validating indirect rotary axis error measurement
techniques will continue to pose a significant challenge.
9.5.5 Comparisons with Existing Testing Methods
The proposed testing method was compared against existing TMBB rotary axis testing meth-
ods. This was conducted using three testing methods, namely: using a misaligned tool and no
linear axis squareness correction (Method 1), spindle-indexing and no linear axis squareness
correction (Method 2), and spindle-indexing and linear axis squareness correction (Method
3). By calculating the di↵erence between errors measured at conventional centre-pivot lo-
cations and those measured in unconventional locations di↵erent testing methods could be
compared and contrasted. Characteristics within and between sets of errors measured at
di↵erent locations were captured via the mean and the standard deviation of the di↵erence
between paired error values.
The di↵erences between tilt-errors measured at di↵erent centre-pivot locations remained
unchanged, regardless of which method was used. In contrast, the mean di↵erences between
radial o↵set errors when using Method 3 were almost always smaller than (or equal to) those
seen methods 2 and 3 for both B and C-axis errors. The same can be said for the standard
deviation of the di↵erences. The fact that an improved agreement was achieved suggests
that methods 1 and 2 are either identifying errors inconsistently or incorrectly at di↵erent
positions. This introduces the disparities when errors are projected back to the origin. As
these disparities are reduced with Method 3, this gives a strong initial indication that future




9.5.6 Generalising the Research Findings
The combination of the VMT and experimental methods represents a tool-kit for use in the
verification of geometric errors in rotary axis motion. Though this work has focussed on a
particular 5A-MT configuration (tilting-rotary table), the work is also applicable to other
technologies encompassing controlled rotary axis motion. In the first instance, this includes
other machine tool configurations with at least one rotary axis. Beyond this, envisaged ap-
plications include measurement machines with rotary axes (e.g. Coordinate Measuring Ma-
chines (CMMs)) and potentially serial industrial robots. Furthermore, the proposed method
is not restricted to use with the TMBB and can feasibly be reused with alternative length
measurement technologies (e.g. laser interferometer). Extending the method into additional
applications is supported by the inherent modularity and generally reconfigurability of the
VMT via the kinematic modelling, error source profile, testing profile, variance-based sensi-
tivity analysis and Monte Carlo uncertainty analysis modules.
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Conclusions and Further Work
10.1 Introduction
This thesis has documented the development of a new, single set-up Telescoping Magnetic
Ballbar (TMBB) testing method to measure location errors in a Five-Axis Machine Tool
(5A-MT) of tilting-rotary table configuration. In this chapter conclusions are drawn from
this research and areas for further investigation are outlined.
10.2 Conclusions
• A virtual machine tool model was constructed using a modular architecture to simu-
late machine motion, error measurement and error diagnosis. This model significantly
extended existing models by incorporating variance-based sensitivity and Monte Carlo
uncertainty analysis capabilities. This research marks the first usage of variance-based
sensitivity analysis to identify the relative sensitivity of Least-Squares (LS) fitting pa-
rameters to a large number of machine tool geometric errors. Additionally, this research
represents the first usage of Monte Carlo uncertainty analysis to express the standard
measurement uncertainty associated with each relevant machine tool error. This had
previously only been addressed using an analytical approach, for tests that do not
require synchronised linear and rotary axis motion.
• A new, single set-up method was used to capture all radial o↵set and orientation errors
in the axes B and C. Simulations showed that all rotary axis location errors could be
accurately measured in presence of linear axis squareness errors and set-up errors in the
tool-cup and centre-pivot. This has only previously been achieved through the use of a
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linearised kinematic model, where errors were fitted on a maximum likelihood basis. The
proposed method uses the same axially and radially-aligned tool-paths specified in the
international standards ISO 230-1:2012 and ISO 10791-6:2014 and adds little additional
complexity in data processing. This contrasts with other single set-up methods that use
complex, arbitrary tool-paths. The well-defined nature of the tool-paths used in this
research simplifies toolpath programming and subsequently processing of measurement
data.
• Simulations within Virtual Machine Tool (VMT) indicated that tool-cup error, EZT ,
is inseparable from the B-axis radial o↵set error, EZ0B, using the above testing pro-
cedure. It was therefore necessary to minimise error EZT via accurate tool-cup length
measurement. A comparison of an integrated on-machine laser probing system and a
dial gauge was conducted and it was concluded that the two methods could be used
interchangeably from a measurement uncertainty standpoint. There was, however, a
statistically significant di↵erence between length measurements of the two methods.
The laser method consistently produced shorted tool-cup length measurements, high-
lighting that care must be taken when choosing a tool-cup measurement strategy.
• Tool-cup errors in the X and Y -directions have been found to significantly impact
radially-aligned tests. Whereas existing academic literature and international standards
suggest a manual removal of these errors using an adjustable tool-cup, this research has
defined a new approach termed ‘spindle-indexing’. Experiments showed that the mean
di↵erences between LS circle centroid coordinates measured using an aligned tool-cup
and the spindle-indexing method show close agreement. All mean di↵erences were below
1.6µm and all di↵erences in repeated measurements fell within a range of 0.2  2.6µm,
regardless to tool-cup error magnitude. The development of the spindle-indexing has
alleviated the need for a time-consuming manual set-up procedure, facilitates heightened
automation of the testing procedure and removed the need for an adapted tool-cup.
• Linear squareness errors were found to significantly influence the identified centroid
coordinates radially-aligned tests. Correcting for these e↵ects during data processing
was found to be highly e↵ective. Despite a statistically significant di↵erence between
some centroid coordinates, the di↵erence between tests with no tool-tip motion and tests
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using synchronised linear and rotary axis motion reduced by 65% and 68%, respectively,
when compared to the uncorrected case. This resulted in mean di↵erences no greater
than 1µm, which is practically negligible.
• Linear axis squareness errors were found to significantly influence the identification of
orientation errors when using axially-aligned tests. Failure to correctly characterise the
plane containing the linear axis motion will result a misrepresentation of the rotary
axis orientation. These e↵ects were again treated during data processing by correcting
for linear axis squareness error e↵ects. The mean di↵erence between orientation errors
identified using two radial tests and an axial test reduced by 80% and 87% for the X
and Y -components of the C-axis, respectively.
• The experimental standard deviations of rotary axis location errors were found to be
small enough to be used in rotary axis acceptance testing when there was no interaction
between the operator, machine tool and apparatus between repeats (ideal case). How-
ever, when a complete breakdown of the apparatus and re-homing of the machine was
conducted between repeats, the ±2  interval for radial o↵set errors was generally too
large to be meaningful in acceptance testing. In contrast, the same interval remained
su ciently small for tilt errors.
• In the case of the machine tool used in the experiments, rotary axis location errors
could not be identically at di↵erent centre-pivot positions. Statistical analysis identified
a significant di↵erence in all but two errors. However, highly meaningful compensation
can still be made based upon the identified errors as the di↵erences were small. The
proposed testing method resulted in a closer agreement (compared to existing methods)
between errors identified at di↵erent centre-pivot positions. The supports the modelling
and analysis approaches used in this research.
10.3 Further Work
Aside from those identified in the literature reviews, additional research gaps have been
identified throughout this research. These present opportunities for further investigation by
varying or extending the themes and findings presented in this thesis. Each of these are
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summarised in the following sections.
i. Extension to Other Machine Tool Kinematic Configurations
Although the tilting-rotary table configuration is amongst the most popular, mixed-type
and articulating head 5A-MTs are also abundant in industry. Furthermore di↵erent types
of multi-axis machine tool are widespread, such as turn-mill machines and horizontal
machining centres. Aside from kinematic configuration, machine tools also vary in size.
A natural extension of this research would be to develop equivalent testing procedures
for machine tools with with alternative kinematic configurations.
ii. Extension to Larger Machine Tools
When testing larger machine tools, it is possible to increase the nominal length of the
TMBB using one (or more) extension bar(s). When this is the case, it is envisaged that
additional considerations are required alongside those outlined in this research. If the
TMBB is in a horizontal plane relative to the direction of gravitational acceleration,
it resembles a simply supported beam. Therefore, the sti↵ness of the entire TMBB
and extension bar assembly should be assessed to quantify any deflection arising in this
scenario. Additionally, the e↵ects of imperfect contact between the extension bar and
the TMBB should be considered. The vector connecting the centres of the two TMBB
spheres may no longer be parallel to the axis of extension of the device. These two
e↵ects are likely to require representation in modelling and subsequent formulation of
the measurement uncertainty budget.
iii. Validation on a Machine Tool with Two Accessible Rotary Axis Average
Lines
This research has highlighted the need for a method to unequivocally validate the pro-
posed indirect rotary axis testing method. At present, this and all other such indirect
rotary axis measurement methods have relied on equally indirect validation procedures.
This is primarily due to the absence of a method to directly measure rotary axis geo-
metric errors when the tool-tip cannot be placed on the rotary axis average line. It is
therefore proposed that further validation of the proposed testing procedures should be
conducted on a machine tool with two accessible rotary axis average lines. In this way,
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the proposed method can be compared to direct methods already established for this
type of rotary axis.
iv. Development of a Means to Unequivocally Validate Indirect Rotary Axis
Testing Methods
The previous point identified a method to validate the single set-up method by using
a convenient machine tool geometry. This does not address the absence of a ‘gold
standard’ measurement technique for rotary axes with inaccessible rotary axis average
lines. It author’s opinion that the development of a direct measurement method or an
indirect measurement method that does not require synchronised linear and rotary axis
interpolations would be of significant value. This would not only occupy a gap in the
market, but could also provide an invaluable validation capability for research in this
area.
v. Further Investigation into the E↵ects of Component Errors
A statistically significant di↵erence was found between rotary axis location errors mea-
sured at di↵erent centre-pivot positions. It is hypothesised that this di↵erence is likely
to have resulted from angular component errors in the Y -axis. So far as the scope of
this research is concerned, the statistically significant result is su cient to draw the
necessary conclusions. However, it would be of considerable value to ascertain whether
the di↵erence is caused by component errors, exclusively, or by some other un-modelled
source of error.
vi. Alternative Component Error Representation in Kinematic Models
This research has chosen to model component errors in their true sense, which is at the
axis drive coordinates system origin. However, as has been previously discussed, the
perceived component and location errors are entirely dependent on where the test is
conducted with respect to each axis drive. An extension of the investigations pertaining
to measurement uncertainty outlined in this thesis could model error e↵ects in a local
sense. In essence, this would require error e↵ects be captured (via virtual measurement)
at the point of testing. These could then be used as an updated reference against
which to compare the identified errors from the single set-up TMBB tests. This minor
alteration may prevent the estimates of measurement uncertainty presented in Chapter
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7 from being unnecessarily pessimistic.
vii. Alternative Approaches to Linear Axis Squareness Errors
The identification of squareness errors between linear axes have long since been a staple
of the TMBB. As a consequence of this pedigree, this research did not treat these errors
as variables but more like fixed constants. In other words, rotary axis errors were
fitted around linear axis error constraints. However, removing the variability associated
with the linear axis squareness errors halved the variability of some rotary axis errors.
Alternative centre-pivot and tool-cup designs facilitate full 360  testing in all three planes
spanned by the linear axes. Further investigation could assess the opportunities to reduce
measurement uncertainty this way, assuming that partial-arc testing is inferior in terms
of measurement uncertainty. Alternatively, multiple neighbouring linear axis tests could
be conducted by using the rotary axes to relocate the centre-pivot. This could lead to
a more representative depiction of the linear axis squareness errors across the full range
of linear axis motion used to conduct rotary axis tests.
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Virtual Machine Tool Rendering
A.1 Introduction
This appendix contains details of parameters and techniques used in rendering a 5A-MT
within the VMT. For the most part, the ‘geom2d’ (Legland, 2015) and ‘geom3d’ (Legland,
2016) MATLAB libraries were used. Using the coordinate frames of the kinematic model
(Section 6.8.3) and relevant machine tool attributes from the Machine Tool Profile (.xml),
a visual representation of a 5A-MT can be constructed. Table A.1 lists the machine tool
attributes associated with rendering and Figure A-1 shows the element-wise construction of
the rendering. Some parameters appear to be missing from Table A.1, such as the TMBB
rendering parameters. However, these parameters are either derived from the kinematic
model or calculated using other pre-existing parameters.
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Table A.1: A list of rendering parameters used to depict a 5A-MT
Element Geometry Parameter Description
Tool-Cup Cylinder
toolLength Length of cylinder representing tool-cup
toolRadius Radius of cylinder representing tool-cup
Spindle Cylinder
spindleLength Length of cylinder representing spindle
spindleRadius Radius of cylinder representing spindle




baseHeight Length of gantry cuboid in X
baseHeight Length from floor to foundation surface upon
which the table is mounted
Cuboid
backboneLength Length of machine foundation backbone in Y
backboneWidth Length of machine foundation backbone in X
Table Cuboid tableHeight Length of machine table in Z
Trunnion
Cylinder
axleLength Length of trunnion axle cylinder
axleRadius Radius of trunnion axle cylinder
Cylinder
roundLength Length of trunnion rounded casing
roundRadius Radius of trunnion rounded casing
cradleHeight Length in Z from the machine table-top to the
B-axis average line
C-Table Cylinder
cTableRadius Radius of cylinder representing C-axis table
cToCTable Length of cylinder representing C-axis table
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(a) Tool-Cup (b) Spindle (c) Gantry
(d) Table (e) Foundation (f) Trunnion
(g) C-Axis Table (h) Ballbar (i) Centre-Pivot
Figure A-1: Element-wise rendering of a 5A-MT
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XYZ 1020 VMC Machine Tool:
Technical Specification
B.1 Introduction
The general specification for the XYZ VMC 1020 machine tool used throughout this research
are listed in this appendix. The axis travel values are of particular importance, as these have









This appendix contains a copy of the relevant pages of the technical brochure issued with
the Renishaw QC-20W Telescoping Magnetic Ballbar. Particular attention is drawn to the
accuracy and repeatability values.
C1
QC20-W ballbar and ballbar kit
The QC20-W ballbar contains a precision linear transducer 
of Renishaw’s own design (patent applied for). It is used to 
measure variations in radius as the ballbar is rotated around 
a fixed point.  This data is used to calculate overall measures 
of contouring performance (circularity, circular deviation) of 
CNC machine tools, in accordance with international standards 
such as ISO 230-4, ASME B5.54/57 and GB17421.4. System 
software also provides a detailed diagnosis of contributing 
individual error sources when analysed using Renishaw’s 
unique diagnostic report format.  Data is displayed graphically 
as well as in numeric format to support diagnosis.
Signal processing is carried out within the ballbar and data 
transmitted to a suitable PC using a Bluetooth® Class 2 module.  
A standard (non rechargeable) CR2 lithium battery is supplied 
with each unit.  An LED status indicator built into the housing 
shows battery, communications and fault status. 
Ballbar calibrator
A ballbar calibrator is supplied with all QC20-W kits and is 
used to calibrate the length of a ballbar. It is manufactured 
from a material which has a temperature expansion coefficient 
of almost zero. 
When used with the calibrator, the QC20-W ballbar calculates 
absolute (rather than relative) errors for axis scaling and 
radial deviation values as required for ISO 230-4 and ASME 
B5.54/57 analyses. 
In addition the ballbar software will automatically calculate a 
positional tolerance for the tested machine. (The positional 
tolerance value is an estimate of the planar, bi-directional 
positioning accuracy of the machine, within the area enclosed 
by the ballbar test, and under unloaded conditions.)
The calibrator can calibrate 100, 150 and 300 mm lengths. The 
small circle kit contains a 50 mm calibrator.
QC20-W ballbar kit
Kit contents
• QC20-W wireless ballbar (and one CR2 battery)
• Centre pivot
• Tool cup
• 50, 150 and 300 mm extension bars
• Ballbar calibrator
• Offset setting ball
• System software (including manuals)
• ‘Getting started with QC20-W ballbar’ DVD
• Machine validation cards
• Calibration certificates
• System carry case (the case includes cut-outs for the 
optional small circle and VTL adaptors)
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QC20-W ballbar
The Bluetooth word mark and logos are owned by Bluetooth SIG, Inc. and any use of such marks by Renishaw plc is under license. 






The standard QC20-W ballbar kit includes a 100 mm long 
ballbar assembly and 50, 150 and 300 mm long extension 
bars. By assembling the ballbar with different combinations of 
extension bars it is possible to carry out ballbar tests with 100, 
150, 250, 300, 400, 450, 550 or 600 mm radii. With additional 
extensions it is possible to perform tests up to 1350 mm. 
The optional small circle kit allows tests with a 50 mm radius 
and testing can also be carried out on two-axis machines and 
lathes using optional accessories (page 6).
Partial arc testing
Redesigned ball mounts (including new centre 
pivot and tool cup extension) allow the QC20-W 
to carry out a 220° arc test in planes 
through the centre pivot axis. This 
means that you can carry out ballbar 
tests in three orthogonal planes 
without the need to reposition the 
centre pivot, so speeding up testing.
The results can also be used in the new “volumetric analysis” 
report function (see software section) with the assurance 
that all data has been gathered around the same reference 
point.
Partial arc testing also means simpler Z axis testing (no 
custom fixturing is required) and a reduced axis travel 
requirement, e.g. 100 mm less Z axis travel on a 150 mm 
radius test.
 
Certificates and recalibration 
All QC20-W ballbars are delivered with a detailed calibration 
certificate; your guarantee of accuracy. This also gives 
full traceability details in accordance with ISO 17025 
requirements. Machine shops can be an aggressive 
environment and accidents that affect the ballbar’s 
performance can happen. 
Periodic recalibration (typically 12 months) is therefore 
recommended to give you confidence that the ballbar is still 
measuring within specification (see website for further details). 
Renishaw’s QC20-W calibration service includes inspection 
and testing of your ballbar, replacement of tool cups and balls, 
comparison against a laser reference standard, computation of 
a new scale factor, and issue of a certificate of accuracy and 
traceability.
System specification
Partial arc tests of 100 mm and 150 mm radius can be 
carried out using the supplied centre pivot.
* Also referred to as ‘radial measurement variation’  
  Valid 15 °C - 25 °C (59 °F - 77 °F)
L = length over which error is measured 
Specification if measuring 10 µm error on machine    ±0.73 µm 
Specification if measuring 100 µm error on machine  ±1.00 µm
 Sensor resolution 0.1 µm 4 µin
 Ballbar measurement ± (0.7 + 0.3% L) µm ± (27.6 + 0.3% L) µin 
 accuracy*   
 Ballbar measuring ±1.0 mm ±0.04 in 
 range
 Sensor stroke -1.25 mm to -0.05 in to 
  +1.75 mm +0.07 in
 Maximum sample rate 1000 Hz 1000 Hz
 Data transmission 10 m typical 33 ft typical 
 Bluetooth, Class 2
 Operating range 0 °C - 40 °C 32 °F - 104 °F
 System case 395 x 300 15.5 x 11.8 
 dimensions x 105 mm x 4.1 in
 System case weight 3.75 kg (approx) 8 lb 4 oz (approx) 




This is a powerful tool to aid decisions on corrective action 
or maintenance prediction. The simulator allows users to 
see their test results on screen and then to change various 
machine geometry, play and dynamic parameters to see 
“what if” results on the ballbar plot, circularity and positional 
tolerance values. The original test results are maintained 
separately and cannot be corrupted, no matter what 
scenarios are played out in the simulator.
Machine history
The machine history function allows you to build and review 
a test history for any specific machine. Just choose a test 
template and then select some or all of the tests in the 
machine folder. 
Variations in the performance of your machine over time 
can be displayed graphically for any of the standard report 
parameter values e.g. circularity, squareness etc.
You can clearly see how your machine’s performance has 
varied and can even “interrogate” individual plot points back 
to the original test report and polar graph.
In short, review a complete “medical record” for your 
machine!
* Ballbar 20 allows multi-language report generation as well as a choice of operating language.  
  Software is available in English and supported languages (see www.renishaw.com/lasercalsupport for details)
Measurement and diagnosis software
4
Integrated manual Multilingual support*
Ballbar 20 software
Just like the QC20-W ballbar, Ballbar 20 software is powerful 
and easy to use. The intuitive interface and step-by-step 
instructions mean you can be using the system in minutes.
Key features are:
• Easy to use interface (Windows XP, Windows Vista®, 
Windows 7 compatible)
• Live data capture
• Analysis and display of test data to all main standards
• Positional tolerance value calculation
• Comprehensive, integrated help manual
• Multilingual support*
• Powerful file and template administration utilities
Analysis reports
Test data can be analysed and displayed in accordance 
with the latest ISO 230-4, JIS B 6190-4, B5.57, B5.54 and 
GB17421.4 standards.  These reports give a value for a 
single overall indicator of machine positioning performance, 
e.g. circular deviation. The separate Renishaw analysis 
format uses unique maths algorithms to derive values for 
up to 15 contributory machine errors. It can even rank these 
according to their contribution to the overall positioning 
performance. In short it is a true ‘expert’ system that can 
deliver an in depth diagnosis of a machines errors; all from a 




The software also allows you to:
• Set individual warning and failure performance bands for 
each machine characteristic
• Get instant notification, during the ballbar test, if a 
machine’s performance exceeds these tolerances
There’s even a combined history plot which shows the 
independent circularity values for all parameters over time. 
This is a very useful “first stop” in reviewing the performance 
history of a machine and the relative importance of the errors 
that are present. 
Machine history allows you to:
• Predict maintenance requirements in advance to reduce 
unscheduled downtime
• Compare performance before and after a crash to pinpoint 
corrective maintenance requirements
• Review the effects of maintenance and service adjustments 
as they are carried out
• Assess machine history to spot recurring problems, and the 
effectiveness of previous fixes
Volumetric analysis
This is a new report option that allows the user to select three 
test files and then display a numeric “sphericity” result and the 
overall max and min circularity values.  Graphical results are 
given for each of the three planes together with their individual 
circularity results.  This analysis option also shows individual 
test circularity results.  The volumetric analysis is only 
available when viewing results in the ‘Renishaw analysis’ and 
is not supported in ISO, ASME and other standards’ analyses.
To ensure the validity of the analysis the software carries out 
checks on data files, e.g. consistent machine name, feedrate, 
radius and that test planes are orthogonal, and will only 
display an analysis if these criteria are met.
Volumetric analysis will only work with data captured using 
BB20 software, although this can be used with QC10 (3 off 
360° tests), or QC20-W (360° plus 2 off 220° tests).
Part program generator
This facility allows the automatic generation of a part program 
for the specific ballbar test. To create a part program, all the 
user has to do is define a ballbar test or select an existing 
test template, select a pre-defined CNC controller definition 
and then click the “generate” button.
The part program generated can be reviewed on-screen prior 
to printing or exporting to a removable storage device. 
Ballbar 20 compatibility
Minimum computer requirements:
• Microsoft Windows® XP (SP2 or SP3) or Windows Vista®, 
Windows 7 compatible
• Minimum screen resolution 800 x 600 pixels
• CD-ROM drive (for software installation)
• Bluetooth enabled PC (Microsoft enumerator) or 





Small circle accessory kit
The small circle accessory kit is used with the QC20-W 
ballbar to allow tests with a radius of 50 mm. This can be 
useful when testing machine axes with short axis travel, or 
to emphasise the effects of servo and dynamic errors on the 
machine (small circles require higher machine accelerations 
and decelerations).
The kit includes a 50 mm calibrator (and calibration certificate) 
and the small circle adaptor, which is supplied with an 
additional centre ball already fitted. The adaptor is a simple 
screw fitting to the main ballbar body.  The adaptor is available 
separately for customers upgrading from QC10 to QC20-W 
who already have a small circle accessory kit.
VTL adaptor
For 2-axis CNC applications the VTL adaptor is available 
(this replaces the “tool cup” in the standard set-up and 
restricts movement of the centre cup to a single axis only.) 
This enables typical 2-axis machines such as vertical 
turning lathes and laser cutting machines etc, to benefit from 
QC20-W ballbar diagnosis.  
With the zero position coordinates set, the VTL accessory 
allows for one magnetic cup to be withdrawn (to allow it to be 
driven to the test start position using the free axes’ motion) 
and then be pulled forward (to the third axis zero position) 
without introducing any offset error in the other two axes.
The schematic below shows a typical application on a VTL 
where the tool head always runs along the X axis on the 
centre-line of the rotary axis.
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System accessories
VTL adaptor restricts 
movement of the magnetic 
cup to 5 mm in one axis only.
5 mm
50 mm










Renishaw NC4 Non-Contact Tool
Setting System
D.1 Introduction
Contained within this appendix are the relevant pages of the technical brochure issued with




NC4 non-contact tool setting system
Specification
Principal application High-precision, high-speed, non-contact tool measuring and broken tool detection 
on vertical and horizontal machining centres.
Laser type Class 2 laser product.
Electrical connection arrangement Separate system: Hardwired cable on the underside of the unit.
Fixed systems: Hardwired cable on the end of the unit. Other configurations 
are available on request.
Sealing IPX8 (air on or off).
Laser beam alignment Separate system: Various optional adjuster packs are available.
Fixed systems: The unit is supplied with an adjustable mounting plate on 
the underside.
Typical repeatability ±0.1 µm (0.000004 in) 2s
Specified repeatability NC4: ±1 µm (0.00004 in) 2s at 1 m (3.28 ft) separation.
NC4+ F145: ±1 µm (0.00004 in) 2s at 85 mm (3.35 in) separation.
Tool measurement Ø0.03 mm (0.0012 in) or larger depending on the separation and set-up.
Tool breakage detection Ø0.03 mm (0.0012 in) or larger depending on the separation and set-up.
Power supply 120 mA @ 12 V, 70 mA @ 24 V
Output signal (from interface unit) 2 voltage-free, solid state relays (SSR). Each can be either normally open or 
normally closed (selectable via a switch). Current (max.) 50 mA, voltage (max.) 
±50 V. The interface contains an auxiliary relay which can be used for switching 
the output between the NC4 and a spindle probe. This relay could also be used to 
control an air blast kit (not supplied).
Temperature limit Storage: –25 °C to +70 °C (-13 °F to +158 °F).
Operating: +5 °C to +55 °C (+41 °F to +131 °F).
Life Tested to >1 million on/off cycles.
Pneumatic supply Ø3 mm air pipe, 3 bar (43 psi) min., 6 bar (87 psi) max.
The air supply to the NC4 must conform to ISO 8573-1: Class 1.7.2.
Cable Two twisted pairs, 2 individual cores plus screen.  Each core 18/0.1 insulated.
Ø6.0 mm (0.24 in) x 12.5 m (39.36 ft) long.
Weight (single transmitter or receiver 
unit with cable)
0.5 kg (1.1 lb)
Mounting Separate system: 2 off M3 x 0.5 P fixing holes plus 2 off Ø2 mm (0.079 in) 
dowel holes.
Fixed systems: Single M10 (3/8 in) or M12 (½ in) fixing.
Alternative fixing arrangements available.




Sensitivity Analysis Plots and
Results
E.1 Introduction
This appendix includes all of the plots resulting from the variance-based sensitivity analysis
described in Section 7.6.
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Figure E-1: Radial B-axis testing
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Figure E-2: Axial B-axis testing
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Figure E-3: Radial C-axis testing
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Figure E-4: Axial C-axis testing
E5
